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Abstract

We present a case study of hardware specification and verification in
the Nuprl Proof Development System. Within Nuprl we have built a spe-
cialized environment consisting of tactics, definitions, and theorems for
specifying and reasoning about hardware. Such reasoning typically con-
sists of term-rewriting, case-analysis, induction, and arithmetic reasoning.
We have built tools that provide high-level assistance for these tasks.

The hardware component that we have proven is the front end of a
floating-point adder/subtractor. This component, the MAEC (Mantissa
Adjuster and Exponent Calculator), has 5459 transistors and has been
proven down to the transistor level. As the circuit has 118 inputs and 107
outputs, verification by traditional methods such as case analysis would
have been a practical impossibility.

1 Introduction

Over the last decade there has been a growing interest in applying formal meth-
ods to the design of real-world circuits. Some of the best known examples of
work in this field are the verification of the VIPER microprocessor by the British
Royal Radar Establishment [6], and the verification of the FM8501 by Warren
Hunt [10]. In addition, using the results of Barrett [1], INMOS Corporation
formally verified the floating-point unit of their IMS T800 microprocessor [11].

The increasing application of formal design methods has been motivated
primarily by two factors. First, when specifications are given in a language
with well-understood semantics, the behavior and structure of devices can be
precisely defined. Second, once the devices have been formally specified, they are
subject to analysis by proof in a formal system; one can rigorously demonstrate
that their structural descriptions meet their behavioral specifications.
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We have recently begun a study, at Cornell, of formalizing floating-point
hardware. Our goal is to specify and prove properties of general-purpose pa-
rameterized components such as shifters, multiplexers, and adders. Our hope
is that by building a general collection of proven devices, we can then build
circuits such as floating point adders and multipliers simply by gluing together
the appropriate specifications; specifics such as exponent and mantissa length
are specified by instantiating subcomponent parameters. Moreover, the proofs
of correctness for these new devices should follow simply from the proven be-
havioral specifications of their components.

The Nuprl proof development system [7] provides the formal basis for our
research. Nuprl’s logic is a higher-order constructive type theory, well-suited
for formalizing mathematical arguments, especially those with computational
significance. The system itself features: sophisticated editors that support the
interactive development of definitions and proofs; a high-level meta-language
that facilitates the development of tactics; and powerful decision procedures for
arithmetic reasoning.

Within Nuprl we have designed an environment that has been tailored for
specifying and reasoning about hardware. The basis of this environment is
an encoding of quantified boolean logic, and a set of decision procedures and
tactics that aid in reasoning about boolean formulas. To date we have used the
environment for specifying and verifying combinational logic. It should serve
equally well as a foundation for sequential logic.

We have used our environment to verify a number of hardware components.
In this report we show how these components can be combined to specify and
verify the MAEC (Mantissa Adjuster and Exponent Calculator). The MAEC
is a section of a floating-point adder used in a systolic array FFT processor.
This processor is being developed under a contract for NASA and will be used
to process images from large ground-based telescopes. The MAEC inputs the
mantissas and exponents for two floating-point numbers and adjusts the two
mantissas so that bits with equal weight are aligned in the two mantissas. Each
of the mantissas has 49 bits. Each exponent has 9 bits. Thus, since the circuit
has 118 inputs and 107 outputs, verification by traditional methods such as case
analysis would have been a practical impossibility.

Our paper is organized as follows. Section 2 contains an informal account
of Nuprl. Section 3 describes our hardware environment. Section 4 provides an
overview of the MAEC and the structural descriptions and behavioral specifica-
tions of its major components. The final section draws conclusions and suggests
future research directions.

2 Nuprl

Nuprl’s logic is a descendent of Martin-Lof’s constructive type theory [12]. It is
an extremely expressive logic; sufficiently rich, for example, to act as a founda-



tion for constructive mathematics. Types are stratified in an unbounded hier-
archy of universes. U; is the first universe and contains all small types. Small
types include data-types common to programmers and mathematicians such as
integers, lists, pairing, disjoint union, function space, equality (e.g., a = b in int),
and first order propositions. Higher-order logic is defined within the theory via
the propositions-as-types correspondence: a proposition is true if and only if
the type associated with it is inhabited. Hence, when we speak of “formulas”
or “propositions” we mean these defined notions.
The rules of Nuprl deal with sequents, objects of the form

x1:H1, x2:Ho, ..., Xq:Hy >> P. (1)

The H; are referred to as hypotheses and the proposition P the goalor conclusion.
“>>” is Nuprl’s equivalent of a turnstile. A sequent is true if the conclusion
follows from the hypotheses. Constructively, this means that given members
x; of the types Hi, we can construct a member of the type P. Nuprl contains
facilities to extract the computational content of theorems and execute this
content in its evaluator. This ability to execute the computational content of
proofs gives rise to the proofs-as-programs paradigm [7].

Nuprl’s proofs are trees containing sequents and inference rules and are built
in a top-down fashion. The root sequent is the goal to be proved. The user
applies inference rules which refine the goal into subgoals such that the truth
of the goal may be established by the truth of the subgoals. The following, for
example, might be a node in a proof tree where &-introduction occurs.

> P&Q Bylntro
>> P (2)
>>Q

Here the goal P & Q has been refined to the subgoals P and Q.

Inference rules in Nuprl may either be primitive rules or ML programs called
tactics. Nuprl tactics are similar to those in LCF [8]: given a sequent as input,
they apply primitive inference rules and other tactics to the proof tree. The
unproven leaves of the resulting tree become the subgoals resulting from the
tactic’s application. Tactics, then, act as derived inference rules; their correct-
ness is justified by the way the type structure of ML is used. This mechanism
provides a powerful method of raising the level of inference in Nuprl proofs.
Ideally, users supply only the main proof ideas and tactics fill in the details.
Moreover, as the tactic calls are themselves part of Nuprl proof trees, the proofs
can serve as high-level explanations of formal arguments.

Theorem proving takes place within the context of a Nuprl library: an or-
dered collection of tactics, theorems, and definitions. Objects are created and
modified using window-oriented structure editors. Nuprl contains a definition
mechanism which is essentially a macro facility. Nuprl’s text editor, together
with this definition facility, permits easily readable notations for objects in



Nuprl’s type theory. A proof editor is used to construct proofs in a top-down
manner, and to view or modify previously constructed proofs. Proofs are re-
tained by the system and can be referred to by either the user or by tactics.

3 The Hardware Environment

A large amount of research at Cornell has been dedicated to designing environ-
ments in Nuprl [2,3,9]. An environment is a collection of definitions, theorems,
and tactics for reasoning about a specific problem domain. Our belief is that
it is better to start with a general logic and build specific environments than
to work in logics specifically tailored around problem domains or to use proof
systems with fixed problem solving strategies. In hardware verification, reason-
ing typically consists of term-rewriting, case analysis, induction, and arithmetic
reasoning. We have built tools that provide high-level assistance for these tasks.

This section contains an overview of our environment. Our emphasis is
on device specification and reasoning paradigms. The specifics concerning the
MAEC will be covered in the following section. The definitions, theorems, and
proof steps that we present appear much as they would on the screen of a Nuprl
session.

3.1 Quantified Boolean Logic

Reasoning about combinational logic, whether at the gate or transistor level,
requires reasoning about bits and functions that operate on bits. Hence, our
environment begins with an encoding of boolean logic. We define the type bool
to be the two element set containing only the integers zero and one.

bool = {iint|i=0inintVi=1inint}

Truth and falsity (tt and ff) are defined as one and zero respectively. We say
that a boolean formula p is true when it satisfies the predicate tr(p) defined by

tr(p) = p =ttin bool

These initial definitions are somewhat arbitrary, as booleans can be defined
in terms of any two element set, but they have far reaching consequences. We
can now efficiently define other boolean connectives taking advantage of special
properties of arithmetic. For p and q booleans, we define the following operators
of type bool—bool—bool (i.e., the operators take two boolean arguments and
return a boolean):

PABQ = p'q
PVBq = p+q-(p'q)

p=>Bq = (1-p)+p'q
—gp = (1-p)



Other binary operators such as <>p (boolean iff) and xor (exclusive or) are
defined similarly. These operations are only sensible on booleans. However,
there is a correspondence between these operators and operators defined on
propositions. Specifically, we proved

trpApq) = tr(p) & tr(q) in U (3)
t(pVpa) = tr(p) Vir(q)in U, (4)
trp=pq) = tr(p) = tr(q) in U (5)
t(—pp) = ~tr(p)in Uy (6)

where the connectives &, V, =, and — represent the propositional connectives
and, or, implies, and negation. We shall generally leave off the boolean B sub-
scripts that label the connectives, leaving context to clarify whether the symbols
in question are boolean or propositional operators.

Boolean quantifiers are now directly definable in terms of boolean conjunc-
tion and disjunction. Specifically, we define the operators Vg and 3p of type
(bool—bool)—bool:

Vex.P(x)
Ipx.P(x)

P(tt) A P(ff)
P(tt) V P(ff)

As before, we can establish the following correspondences between these boolean
formulas and their associated propositions.

tr(Vpx.P(x)) <= Vx:bool. tr(P(x)) (7)
tr(3px.P(x)) <= 3Ix:bool. tr(P(x)) (8)

It is worth noting that the underlying constructivity of Nuprl’s type theory
poses no barriers to reasoning about boolean logic. As integer equality is de-
cidable, it follows that for all booleans p, p V —p is provable. Moreover as our
logic is constructive, the correspondences given in Equations 7 and 8 allow us
to extract functions from true AE (V/3) boolean formulas. That is, if we can
prove

>>tr(VpX1, ..., VBXn.3BY1, -, 3BYm- P),

then we can automatically (via rewriting) prove
>>VX1, ..oy VXn. 3yq, -y IyYm - tr(p).

From this second sequent, Nuprl’s extractor can produce a function such that
given as input Xi, ..., X, the extracted function returns values y;, ..., ¥, such
that p is true when the x; and the y; are bound to these values.



3.2 Circuit Representation

We represent hardware circuits as relations; the methodology we use is similar
to that employed by Mike Gordon’s HOL group [5]. A circuit is specified by
an n-ary relation R(ay, ..., a,) that is built from logical connectives, constants,
simpler relations, and recursion. The a; represent inputs and outputs and we
may think of them as external connections or ports of the circuit. The simpler
relations may be basic logic gates (e.g., nand or xor), transistors, or previously
defined relations. If we view each relation as specifying a constraint on the
ports a;, then anding together the various components gives a constraint for the
entire circuit. Wires are represented by names; internal wires are hidden by
existentially quantifying their names.

Our circuits are specified at the transistor level. We consider two types of
transistors, n-type and p-type MOS, which we model as switches.

ntran(g,ab) = g=(a&b)
ptran(g,ab) = -g=(a<b)

Power is a constraint that the value on a line p is always tt. Similarly, ground
constrains p to ff.
pwrp) = p&tt
gndip) = peff
As a simple example, consider the circuit shown in Figure 1. This circuit
generates the carry_out bit of a one-bit full-adder and is defined as follows:

Carry_ckt(a,b,carry_in,carry_out) =
3p0, pia, pib, p2, n0, n1a, n1b, n2, carry_outb : bool.
Pwr(p0) A Gnd(n0) A
ptran(b,p0,p1a) A ntran(b,n0,n1a) A
ptran(a,p0,p1a) A ntran(a,n0,n1a) A
ptran(carry_in,p1a,carry_outb) A ntran(carry_in,n1a,carry_outb) A
ptran(a,p0,p1b) A ntran(a,n0,n1b) A
ptran(b,p1b,carry_outb) A ntran(b,n1b,carry_out) A
Pwr(p2) A ptran(carry_outb,p2,carry_out) A
Gnd(n2) A ntran(carry_outb,n2,carry_out)

(9)

If we define a relation Sum_ckt for the sum port of the adder, we may then
define a one-bit full-adder constructed as follows:

add_1(a,b,carry_in,sum,carry_out) = (10)
Carry_ckt(a,b,carry_in,carry_out) A Sum_ckt(a,b,carry_in,sum)

Many of the circuits in the MAEC are defined by primitive recursion. These
include an n-bit adder, shifters, multiplexers, and other devices that take bit-
vectors for arguments. For example, it is straight-forward to use the relation

























































