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In this article we explore uses of the intersection type as another form of uni-
versal quantification. This concept can be expressed naturally in type theories
that allow polymorphic terms, such as Computational Type Theory and Intu-
itionistic Type Theory. We have found this quantifier to be very useful both in
theory and in practice. When we use the uniform universal quantifier, we ob-
tain more efficient realizers of constructive content. Moreover, we have been
able to find the computational content in classical results by restating them us-
ing these quantifiers.

Theorems stated in terms of the usual universal quantifier and implication
can sometimes be restated with the corresponding polymorphic versions and
given new proofs that construct more uniform, polymorphic, witnesses that are
also more efficient.

We illustrate these ideas in the realm of pure logic. We first show how to
prove a lemma from Smullyan’s book First Order Logic and extract its well
hidden computational content. Then we show how to precisely characterize
the computational content of theorems in minimal first-order logic, the logic
underlying Minlog which Helmut Schwichtenberg and his collaborators have
used to create many beautiful examples of how to find efficient computational
content from both constructive as well as classical proofs.

1 Introduction

It is well known from the propositions as types principle that methods for construct-
ing types can also be seen as methods for constructing propositions. For example
the dependent function type constructor can be seen as universal quantifier and the
subtype relation as a new form of implication [9, 11, 10]. These turn out to be very
natural logical operators which in many cases express a computational interpreta-
tion that is precisely what is needed to express an idea and to create an efficient
computational realizer for it.

In this article we explore uses of the intersection type [13, 9] as another form of
universal quantification. This concept can be expressed naturally in type theories
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that allow polymorphic terms, such as Computational Type Theory [8, 1] and Intu-
itionistic Type Theory [12]. We have found this quantifier to be very useful both in
theory and in practice. When we use the uniform universal quantifier instead of the
normal constructive one, we obtain more efficient realizers of constructive content.
Moreover, we have been able to find the computational content in classical results
by restating them using these quantifiers.

Many theorems stated in terms of the usual universal quantifier and implication
can be restated with the corresponding polymorphic versions and given new proofs
that construct more uniform, polymorphic, witnesses that are also efficient. We il-
lustrate these ideas in the realm of pure logic. We first show how to prove a lemma
from Smullyan’s book First Order Logic [16] and extract its well hidden computa-
tional extract. We show that the same idea can be used to indicate when numerical
arguments are used simply as indexes into computation and need not be present in
the computational content. We illustrate this with a theorem whose computational
extract is precisely the Y combinator [3]. Then we show how to precisely charac-
terize the computational content of theorems in minimal first-order logic, the logic
underlying Minlog which Helmut Schwichtenberg and his collaborators have used
to create many beautiful examples of how to find efficient computational content
from classical proofs [5, 6, 4, 14, 15].

This article is good background for our recent results on intuitionistic com-
pleteness of minimal and intuitionistic first-order logic. In the article Intuitionistic
Completeness of First-Order Logic [7], we show that these logics are complete with
respect to uniform validity using the intended BHK realizability semantics.

2 Universal quantification

The standard universal quantifier ∀x : T. P (x) is defined to be the Π-type, Πx : T. P (x),
which we prefer to call the dependent function type and write as x : T → P (x). A
witness f ∈ ∀x : T. P (x) is therefore a function f ∈ x : T → P (x) that maps any
x ∈ T to a witness for P (x).

In some cases, there may be a single p that is a uniform witness for P (x) for
any x ∈ T . In this case, p is a member of the intersection type,

∩
x : T P (x). Such a

p is not a function with input x ∈ T , but is instead a witness for P (x), polymorphic
or uniform over all x ∈ T .

2.1 Polymorphic universal quantification

We define the polymorphic universal quantifier ∀[x : T ]. P (x) to be
∩

x : T P (x).
The brackets around the bound variable indicate that the witness does not “use” the



POLYMORPHIC LOGIC 3

parameter x. Classically, ∀x : T. P (x) and ∀[x : T ]. P (x) have the same meaning,
but constructively they differ. A witness p for the proposition with the polymorphic
quantifier is likely to be more efficient since it does not need to be given an input
x ∈ T .

In an extensional computational type theory like Nuprl, types are members of a
hierarchy of universes, Ui, i ∈ {0, 1, 2, . . . }. When the universe level i is unimpor-
tant or can be inferred from context, we write Type for Ui. Since propositions are
defined to be types, we define Pi = Ui and write P when the level is unimportant
or can be inferred from context. P is the type of propositions which we can think
of as truth values. A false proposition is an empty type, so it is extensionally equal
to False = Void. A true proposition is a non-empty type and the members of the
type are the witnesses for the truth of the proposition.

2.2 Rules for ∀[x : T ]. P (x)

The rules for proving ∀[x : T ]. P (x) are the rules for proving
∩

x : T P (x). These
make use of contexts with hidden declarations. To prove Γ ⊢

∩
x : T P (x) we must

prove Γ, [x : T ] ⊢ P (x). The brackets on the declaration [x : T ] added to the
context Γ indicate that it is hidden.

To prove this sequent, we use whatever rules are appropriate for proving P (x),
and no rules use hidden declarations. The hidden declarations are automatically
unhidden once the sequent is refined to one with a conclusion of the form t1 =
t2 ∈ T . Because the rules for proving an equality proposition all extract a fixed
witness term Ax (because we consider equality propositions to have no constructive
content) the extract of any proof of Γ, [x : T ] ⊢ P (x) will not include the hidden
parameter x.

In particular, the proposition t ∈ T is simply an abbreviation for t = t ∈ T , so
when proving a typing judgement, the hidden declarations are unhidden and may
be used.

More generally, a conclusion C has trivial computational content if we can con-
struct a closed witness w (independent of the hypotheses) such that C ⇔ w ∈ C.
Tactics (usually) recognize when the conclusion has trivial computational content
and replace the conclusion with w ∈ C, so the hidden declarations can be used
while proving such conclusions as well. These include all of the so-called “Har-
rop” formulae that are built from ∀,⇒,¬,∧ but do not use ∃,∨.
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3 A polymorphic induction principle

The principle of complete induction over the natural numbers, N, can be written in
higher-order logic as

∀P : N → P. (∀n : N. (∀m : Nn. P (m)) ⇒ P (n)) ⇒ (∀n : N. P (n))

Here, the type Nn is the set type {m : N | m < n} whose members are the natural
numbers less than n.

A witness for the induction principle is a member Ind of the corresponding
dependent function type

P : (N → P) → (n : N → (m : Nn → P (m)) → P (n)) → (n : N → P (n))

The witness Ind will have the form λP. λG. λn. . . . . It takes inputs P , G, and n,
where G has type (n : N → (m : Nn → P (m)) → P (n)), and produces a witness,
Ind(P,G, n), for P (n).

If we restate the induction principle using the polymorphic universal quantifier,
we get

∀[P : N → P]. (∀[n : N]. (∀[m : Nn]. P (m)) ⇒ P (n)) ⇒ (∀[n : N]. P (n))

Proving this is equivalent to the construction of a witness W of type∩
P : (N→P)

(
∩
n : N

(
∩

m : Nn

P (m)) → P (n)) → (
∩
n : N

P (n))

W will have the form λF. . . . and take an F ∈ (
∩

n : N(
∩

m : Nn
P (m)) → P (n))

and produce a member, W (F ), of (
∩

n : N P (n)). The input F is a function that
takes an x ∈ (

∩
m : Nn

P (m)) and produces a witness, F (x) for P (n). The result
W (F ) is a uniform witness for all the P (n), n ∈ N.

Such a W appears to be a fixed point operator, and we can, in fact, prove the
polymorphic induction principle using any fixed point combinator fix that satisfies

fix(F ) ∼ F (fix(F ))

The relation ∼ is the symmetric-transitive closure of 7→, where t1 7→ t2 if a
single primitive computation step such as β-reduction, expanding definitions (δ-
reduction), or reducing another primitive (+, ∗, . . . , on numbers, projections on
pairs, etc.) transforms t1 into t2. In computational type theory all types are closed
under ∼, so we have subject reduction :

x ∈ T, x ∼ y ⊢ y ∈ T
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Lemma 1.

∀[P : N → P]. (∀[n : N]. (∀[m : Nn]. P (m)) ⇒ P (n)) ⇒ (∀[n : N]. P (n))

Proof. Given [P ∈ N → P] and f : ∀[n : N]. (∀[m : Nn]. P (m)) ⇒ P (n) we must
construct a member of (∀[n : N]. P (n)) (without using P ).

We show that fix(f) (which is independent of P ) is in (∀[n : N]. P (n)). Since
this is a proof of a typing judgement, we may now use the declarations that were
formerly hidden.

Let Γ be the context P : N → P, f :
∩

n : N(
∩

m : Nn
P (m)) ⇒ P (n). We must

show Γ, n : N ⊢ fix(f) ∈ P (n) and we use the complete induction principle on n.
Thus, we show that fix(f) ∈ P (n) follows from the assumptions

Γ, n : N, ∀m : Nn. fix(f) ∈ P (m)

But these assumptions imply fix(f) ∈ (
∩

m : Nn
P (m)), and therefore, using the

polymorphic type of f , f(fix(f)) ∈ P (n). Since f(fix(f)) ∼ fix(f), we have
fix(f) ∈ P (n).

We carried out this proof in Nuprl using for the fixed point combinator the Y -
combinator,

Y = λf(λx(f(xx)))(λx(f(xx)))

The extract of the proof, computed by the system, is simply the term Y .

4 Uniform wellfoundedness and Brouwer ordinals

We can generalize these results. For a type T , a relation R on T , and a member
x ∈ T , we define TRx to be the subtype {y : T | R(y, x)}. We say that R is
uniformly wellfounded on T if the following polymorphic induction priciple holds:

∀[P : T → P]. (∀[x : T ]. (∀[y : TRx]. P (y)) ⇒ P (x)) ⇒ (∀[x : T ]. P (x))

Thus, Lemma 1 states that Y is the witness to the fact that < is uniformly well-
founded on N.

The type N can be seen as an instance of the class of types called Brouwer
ordinals, or following Martin-Lof, W types. These types are parameterized by a
type A and family of types B[a] indexed by a ∈ A. In Nuprl we use the general
recursive type constructor to define the W type

W (A; a.B[a]) = rec(W. a : A× (B[a] → W ))
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Thus every member of type W = W (A; a.B[a]) is a pair ⟨a, f⟩ where a ∈ A
and f ∈ B[a] → W , and we call this pair wsup(a, f). The members of the
set {f(b) | b ∈ B[a]} are the immediate predecessors of wsup(a, f). Following
Martin-Lof, we define two mutually recursive relations < and ≤ on W by:

wsup(a, f) ≤ w ⇔ ∀x : B[a]. f(x) < w

w < wsup(a, f) ⇔ ∃x : B[a]. f(x) ≤ w

Using the induction principle for the recursive type, we can show that these defini-
tions are well formed and define transtive relations on W (A; a.B[a]).

Then, by essentialy the same argument as in Lemma 1, we proved

Lemma 2. For any type A and type family B ∈ A → Type, the relation < is
uniformly wellfounded on W (A; a.B[a]) (and any fixed point combinator, such as
Y , is a witness).

Using Lemma 2 we can show that if R is an ordering on a type T and there
is an order-preserving map from ⟨T,R⟩ to ⟨W,<⟩ for some W type , then R is
uniformly wellfounded, and Y witnesses this.

5 Propositional logic

In this section we carry out some preliminary work to formalize an account of the
classical propositional calculus along the lines of Smullyan’s account in his endur-
ingly used small textbook First-Order Logic [16]. In section 6 we will use this for-
malization as a basis for exposing the hidden computational content in Smullyan’s
elegant classical account of Boolean Valuations.

We cast our account of formulas and Boolean valuations in the Nuprl proof
development environment [8]. All of the definitions (ABS), theorem statements
(STM), proofs (PRF), and rules (RULE) are taken directly from the system.

5.1 Formulas

Our account of formulas is most closely related to Smullyan’s final scheme (“of a
radically different sort”) for defining formulas [16, p.7], in that formulas are not
strings to be parsed, but are recursively structured from their immediate subformu-
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las:

form ==

rec(form.pvar : v : N+

pnot : U : form+

pand : U : form×V : form+

por : U : form×V : form+

pimp : U : form×V : form)

Definitions for injections into the form() type, a case operator, tactics for
induction (structural, size, and depth), and decidability theorems for equality and
membership in the form() type are all generated automatically from a succinct
description of the desired abstract syntax.

5.2 Subformulas

With this definition of the type of formulas in place, we are able to follow Smullyan
closely in his definition of immediate subformula and subformula, which is:

The notion of immediate subformula is given explicitly by the condi-
tions:

I0: Propositional variables have no immediate subformulas.

I1: ¬X has X as an immediate subformula and no others.

I2 − I4: The formulas X ∧ Y , X ∨ Y , X ⇒ Y have X , Y as imme-
diate subformulas and no others.

The notion of subformula is implicitly defined by the rules:

S1: If X is an immediate subformual of Y , or if X is identical with
Y , then X is a subformula of Y .

S2: If X is a subformula of Y and Y is a subformula of Z, then X is
a subformula of Z.

The above implicit definition can be made explicit as follows: Y is a
subformla of Z iff (i.e., if and only if) there exists a finite sequence
starting with Z and ending with Y such that each term of the sequence
except the first is an immediate subformla of the preceding term. [16,
p. 8]
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We formulate the immediate subformula concept as a relation between two for-
mulas, satisfied when the first is an immediate subformula of the second:

IsImmedSubForm(X;Z) ==
case(Z);

var(v) ⇒ False;
not U ⇒ X = U ∈ form;
U and V ⇒ (X = U ∈ form) ∨ (X = V ∈ form);
U or V ⇒ (X = U ∈ form) ∨ (X = V ∈ form);
U implies V ⇒ (X = U ∈ form) ∨ (X = V ∈ form))

This slightly simplifies the use of the immediate subformula concept, avoiding an
unnecessary detour into membership in a list of immediate subformulas.

The implicit definition of subformula is difficult to analyze, as S2 can be ap-
plied an arbitrary number of times by applying S1 with equal formulas. Hence, we
make definition that enforces a strict chain of immediate subformulas from X to Z:

IsSubForm(X;Z) == r
(X = Z ∈ form) ∨
((¬(X = Z ∈ form)) ∧ (∃Y : form.(IsImmedSubForm(Y ;Z)c ∧
IsSubForm(X;Y ))))

We also define set types (i.e., comprehension types) corresponding to the sets of
immediate sub- and sub-formulas of a given formula:

ImmedSubForm(X) == {A : form()|IsImmedSubForm(A;X)}
SubForm(X) == {A : form()|IsSubForm(A;X)}

5.3 Valuations, Extensions and Boolean Valuations

Smullyan defines valuations and extensions as follows:

Now we consider, in addition to the formulas of propositional logic, a
set {t, f} of two distinct elements, t, f as truth-values. For any set S
of formulas, by a valuation of S, we mean a function v from S into the
set {t, f} – i.e., a mapping which assigns to every element X of S one
of the two values t, f .

If S1 is a subset of S2 and if v1, v2 are respective valuations of S1, S2,
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then we say that v2 is an extension of v1 if v2, v1 agree on the smaller
set S1. [16, pp. 9–10]

For convenience, we identify Smullyan’s set {t, f} with the NuPrl type of Booleans,
B. There is little advantage to defining a specific abstraction for valuations; NuPrl’s
function type suffices. We therefore only define the ValuationExtension ab-
straction:

V aluationExtension(S1; f1;S2; f2) == ∀X : S1.f1X = f2X ∈ B

∀S1 : U.∀f1 : S1 → B.∀S2 : U.∀f2 : S2 → B.
((S1 ⊆r S2) ⇒ (V aluationExtension(S1; f1;S2; f2) ∈ P))

In place of “subset” we use the subtype relation (written A ⊆r B). It is a propo-
sition for any types A and B. Note that the subtype relation is placed in the well-
formedness theorem, rather than in the abstraction. This seems more in the spirit
of Smullyan’s definition, although the alternative could be used with little compli-
cation.

The definition of a Boolean valuation is Smullyan’s first “formal” definition:

Now we wish to consider valuations of the set E of all formulas of
propositional logic. We are not really interested in all valuations of E,
but only in those which are “faithful” to the usual “truth-table” rules
for the logical connectives. This idea we make precise in the following
defintion.

Definition 1. A valuation v of E is called a Boolean valuation if for
every X , Y in E, the following conditions hold:

B1: The formula ¬X receives the gvalue t if X receives the value f
and f if X receives the value t.

B2: The formula X ∧ Y receives the value t if X , Y both receive the
value t, otherwise X ∧ Y receives the value f .

B3: The formula X ∨ Y receives the value t if at least one of X , Y
receives the value t, otherwise X ∨ Y receives the value f .

B2: The formula X ⇒ Y receives the value f if X , Y receive the
respective values t, f , otherwise X ⇒ Y receives the value t.

This concludes our definition of a Boolean valuation. [16, p. 10]
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(Note that the set E corresponds to the form() type.) Rather than simply using
the concept of a Boolean valuation for the set of all formulas, we relativize the
concept by defining partial Boolean valuation as a valuation that satisfies B1 – B4

on all elements of a given subset of formulas:

PartialBooleanV aluation(S; f) ==

∀X : S.

case(X)

var(v) ⇒ True;

not Y ⇒ fX = ¬b(fY ) ∈ B;
Y and Z ⇒ fX = (fY ) ∧b (fZ) ∈ B;
Y or Z ⇒ fX = (fY ) ∨b (fZ) ∈ B;

Y implies Z ⇒ fX = (fY ) ⇒b (fZ) ∈ B

Note that this definition does not make sense when a compound formula X is a
member of the set S but it’s immediate subformulas are not. Therefore, we define
the predicate DownClosed on subsets of formulas, which is true exactly when all
subformulas of a formula X are members of the set S whenever X is a member of
the set S:

DownClosedForm(S) == ∀X : S.(SubForm(X) ⊆r S)

∀S : {S : U|S ⊆r form.(DownClosedForm(S) ∈ P)

With this definition in hand, we can state and prove the following well-formedness
theorem for the PartialBooleanValuation abstraction:

∀S : {S : U|S ⊆r form}.
(DownClosedForm(S) ⇒

(∀f : S → B.(PartialBooleanV aluation(S; f) ∈ P)))

6 An application: constructing valuations

Raymond Smullyan’s ”First order logic” [16] begins with a definition of proposi-
tional logic. A key concept is the notion of a valuation of a propositional formula
given an assignment to its propositional variables, and Smullyan gives constructive
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proofs of the existence and uniqueness of valuations. We would like to construct
the valuations by extraction from the proof of a proposition in our logic, and we
want the extracted algorithm to be efficient. We can attain these goals, while re-
maining faithful to Smullyan’s proofs, by expressing an intermediate subgoal of the
existence theorem using the polymorphic universal quantifier.

Smullyan adopted a purely mathematical, noncomputational approach to the
proof of Valuation Theorem. In his text, he writes:

Consider a single formula X and an interpretation v0 of X – or for that
matter any assignment v0 of truth values to a set of propositional vari-
ables which includes at least all variables of X (and possibly others).
It is easily verified by induction on the degree of X that there exists
one and only one way of assigning truth values to all subformulas of X
such that the atomic subformulas of X (which are propositional vari-
ables) are assigned the same truth values as under v0, and such that the
truth value of each compound subformula Y of X is determined from
the truth values of the immediate subformulas of Y by the truth-table
rules B1 − B4. [We might think of the situation as first constructing
a formation tree for X , then assigning truth values to the end points
in accordance with the interpretation v0, and then working our way up
the tree, successively assigning truth values to the junction and simple
points, in terms of truth values already assigned to their successors, in
accordance with the truth-table rules]. In particular, X being a subfor-
mula of itself receives a truth value under this assignment; if this value
is true then we say that X is true under the interpretation v0, otherwise
false under v0. Thus we have now defined what it means for a formula
X to be true under an interpretation. [16, pp. 10–11]

That is, we wish to show that for any formula Z and interpretation v0 of the
variables of Z, there exists one and only one function f assigning truth values to
the subformulas of Z such that f is an extension of v0 and f is a partial Boolean
valuation on subformulas of Z.

The existence of valuations is expressed in the standard way:

∀x : form. ∀v0 : Var(x) → B. ∃f : Sub(x) → B. valuation(x, v0, f)

The formal definitions are straightforward. We define a datatype for the formulas
of propositional logic by:

form := var(Atom) |not (form) | form and form | form or form| form implies form
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This defines the type form together with constructors, destructors, and recogniz-
ers for each case, and also an induction principle and an induction operator that
witnesses the induction principle.

Using the induction operator we define the sub-formula relation q ⊆ p on for-
mulas, and show that it is reflexive and transitive. The types Var(x) and Sub(x) are
then defined using the set type:

Sub(x) = {v : form | v ⊆ x}
Var(x) = {v : form | v ⊆ x ∧ var?(v)}

The induction operator for the type can also be used non-inductively as a simple
case operator, and we use this to define the value of a formula p given an assignment
v0 and a function g defined on the proper sub-formulas of p.

extend(v0, g, p) = case(p)

var(v) ⇒ v0(v)

not q ⇒ bnot(g(q))

q1 and q2 ⇒ band(g(q1), g(q2))

q1 or q2 ⇒ bor(g(q1), g(q2))

q1 implies q2 ⇒ bimp(g(q1), g(q2))

Here, bnot, band, bor, and bimp are the obvious functions defined on B, the
Boolean values.

For a function f of type Sub(x) → B to be a valuation of x given the assignment
v0 of type Var(x) → B it must satisfy the constraint valuation(x, v0, f) defined by

valuation(x, v0, f) ⇔ ∀p : Sub(x). f(p) = extend(v0, f, p)

This defines a valuation as a function that correctly extends itself.

Lemma 3.

∀x : form. ∀v0 : Var(x) → B. ∃f : Sub(x) → B. valuation(x, v0, f)

Proof. We use the induction operator on formulas to define a rank function |x| with
range N that decreases on proper sub-formulas and assigns variables rank 0. Then
we define a bounded valuation by

bddval(n, x, v0, f) ⇔ ∀p : Sub(x). |x| < n ⇒ f(p) = extend(v0, f, p)
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Given the context Γ = x : form, v0 : Var(x) → B we must show Γ ⊢ ∃f : Sub(x) →
B. valuation(x, v0, f). We use the “cut” rule to assert the (polymorphically quanti-
fied)

∀[n : N]. ∃f : Sub(x) → B. bddval(n, x, v0, f)

From the assertion we easily complete the proof by choosing n to be |x| + 1. To
prove the assertion we use the induction principle in Lemma 1.

We must then prove that from n : N,
∩

m : Nn
∃f : Sub(x) → B. bddval(m,x, v0, f)

it follows that ∃f : Sub(x) → B. bddval(n, x, v0, f). For this we let f be a member
of the type in the induction hypothesis, and then use
λp.extend(v0, f, p).

This existence proof is essentially the proof given by Smullyan [16] pages 10
and 11. We carried out this proof in Nuprl and the extract of the lemma, constructed
by the system, is the term

λx, v0.(Y (λf, p.extend(v0, f, p))).

These results extend unpublished work [2] attempting to faithfully find the com-
putational content in Smullyan’s treatment of Boolean evaluation. The draft article
Expressing and Implementing the Computational Content Implicit in Smullyan’s
Account of Boolean Valuations, is available in pdf under Publications at www.nuprl.org.
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