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Inductive Definition in Type Theory

Paul Francis Mendler, Ph.D.

Cornell University 1988

Type theories can provide a foundational account of constructive mathe-
matics, and for the computer scientist, they can also serve the dual roles of
specification and programming languages. In the search for natural and ex-
pressive extensions to the NUPRL type theory, we are lead to consider forms
of inductive and co-inductive definition.

We realize these notions through the addition of two new type construc-
tors, denoted p and v. This represents a step towards a more expressive
theory, without adopting a completely impredicative notion of type. With
these constructors we can define all the common inductive data types, from
natural numbers to infinite trees. Through the propositions-as-types prin-
ciple, these type constructors yield inductively defined propositions. The
induction principle associated with the pu types lets us define well-founded
recursive functions, and dual principle for the v types lets us inductively
define their “infinite” elements. We present another induction principle for

the pu types which takes advantage of the information hiding properties of



the {_| _} type, and can be used to define an unbounded search operator,
or more generally, to compute not with elements of the x type, but under
the assumption of its inhabitation.

After presenting the proof rules for these new type constructors we give
a semantic account, from which intuitionistic consistency is a consequence.
First, we consider the the question of inductive types in the simpler setting
of the second-order lambda calculus, where we prove a strong normalization
property. We also consider typing terms in the presence of type constraints,
and present a condition on the constraints (of polynomial complexity in
the size of the constraints) for determining if the terms will be strongly
normalizable or there will be a diverging typed term. Second, we develop a
semantic account of the basic type theory, then relativize it to account for the
impredicativity inherent in the definition of the new type constructors. We
also show how this model can justify other impredicative type constructors,

such as an impredicative type abstraction operation.
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Chapter 1

Introduction

This thesis is about adding forms of inductive definition to the NUPRL
logic, a constructive type theory, and constructing a semantic account that
justifies the impredicativity inherent in this extension. In this chapter we
motivate the use of type theory in the NUPRL system and the need for
inductive types. We conclude with an outline of the remaining chapters.

1.1 Type theory and the NUPRL project

Type theories, since their initial presentation in Russell and Whitehead’s
Principia Mathematica [36], have been proposed as foundational theories
for mathematics. More recently, Constable [10] and Bishop proposed the
use of constructive theories as specification and programming languages,
and as a foundation for computer science. The desire to formalize Bishop’s
constructive development of real analysis [4], influenced Martin-Lof in his
initial work with type theories [33,32], later he became interested in their
role as a programming language. In turn, the details of Martin-Lo6f’s theo-
ries influenced Constable in the earlier PL/CV project [13,14] and the the
ongoing NUPRL project [12], which is concerned with the development of
a machine assisted environment for problem solving, using for its logical
language such a constructive type theory.

The NUPRL logic is readily seen as a variation on the type theories of
Martin-Lof, but the roots of these logics can be traced back to the founders
of mathematical logic, notably Frege, Brouwer and Russell [28,18]. Its
design was also influenced by the AUTOMATH project [7,8] and work of
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Scott on constructive type theory '37]. Some features of the NUPRL logic
are:

o A rich type structure, which makes it expressive enough to be able to
formalize large amounts of constructive mathematics.

o Higher-order reasoning, through quantification over arbitrary types
and a cumulative hierarchy of type universes.

o Open-endedness — built with the anticipation for possible extensions
by new types and computations.

Key to the logic’s relevance is the “propositions-as-types” principle,
which provides a strong comprehension principle by embedding constructive
logic into the type theory [17,29]. The logic allows proofs to be interpreted
as programs [11], and thus certain styles of programming can be seen as
arising from doing type theory.

We will not go into an extended discussion of the NUPRL system’s prob-
lem solving environment, but we mention here that it supports linguistic
objects such as definitions, theorems, proofs, computational expressions and
libraries, and has a metalanguage (ML [23]) which allows one to write pro-
grams that can construct and transform proofs. The “proofs as programs”
paradigm is manifested in an eztraction facility, which can mechanically
extract the computational content of proofs, and this can then be exe-
cuted by the system’s evaluation facility. Other research being conducted
in machine-assisted formal theories include the Automath project [7,8], the
LCF project [23], the Calculus of Constructions [16], PX [27] and the Log-
ical Frameworks project [26].

1.2 Inductive definition

For anyone doing mathematics or programming, inductive definition needs
no motivation; its natural expressiveness, elegance and computational ef-
ficiency motivate us to include forms of it into the NUPRL logic. In this
thesis we address the problem of capturing forms of inductive definition in
type theory, in the context of the NUPRL type theory.

We introduce two new type constructors, denoted u and v, which allow
one to take the least and greatest solutions to suitable type equations, thus



defining general forms of inductive types and their duals, co-inductive, or
lazy, types. We motivate these constructors though examples of their use in
defining the natural numbers, lists, finite trees, well-founded trees, mutually
defined data types, inductively defined predicates, parameterized inductive
data types, streams and infinite trees. The induction principle associated
with the u types lets us define well-founded recursive functions, and dual
principle for the v types lets us inductively define their “infinite” elements.

While the type theoretic notion of function offered by the II type con-
structor, and its independent “—7 form, requires totality, one can develop a
notion of partial function through the use of the subtype constructor {_| _}.
Thus, for a type ¢ that can be viewed as a predicate function on 4, the el-
ements of type {z: 4| ¢(z)} — B may be considered to be partial functions
with respect to A — B. Given this framework, one wants convenient and ex-
pressive ways of defining ¢ and the “partial” function. Inductively defined
types and functions defined from their induction principles are candidates
for this situation. An example of this is the unbounded search operator dis-
cussed in 2.4, where we use a specific principle of inductive that takes into
consideration the information hiding properties of the subtype constructor.

To justify the p and v type constructors, we give a lattice-theoretic
semantics, for which the intuitionistic consistency of the proof theory is a
consequence. (Intuitionistic consistency is the statement that all types are
not inhabited, and under the propositions-as-types principle, it corresponds
to propositional consistency — False is not provable.) We will also show
how this model can justify other impredicative type constructors, such as

an impredicative type abstraction operation.

1.3 Organization of the thesis

The remainder of the thesis is organized as follows. Chapter 2 begins with
an introduction to type theory, and the basic theory we will be building
upon, and then introduces the inductive type constructors p and v, giving
examples of their use and proof rules for reasoning about them. We wish
to prove a consistency result for this extension, so in chapter 3, we consider
inductive types in the simpler setting of the second-order, polymorphic,
lambda calculus [21,35,19], where we prove the strong normalization prop-
erty for typed terms and also consider strong normalizability in the presence



of equational constraints between types, which allow for the typing of more
terms. These arguments represent the core of the latter consistency ar-
guments, without the additional concerns present in the latter arguments.
In Chapter 4 we construct a lattice theoretic semantics for the basic type
theory, based on the work of Allen [2] and Harper [25]. Chapter 5 extends
this semantics to account for the inductive types through a Girard-like
relativization [21]. Intuitionistic consistency of the proof theory with in-
ductive types is a consequence of this semantic account. Chapter 6 draws
conclusions from this work, and discusses further research.



Chapter 2

Inductive Types

In this chapter we begin with an outline of an intuitionistic theory of types,
based on the NUPRL logic [12]. In section 2 we extend this basic theory
with two new varieties of type constructors, denoted x and v, which allow
one to take the least and greatest solutions to suitable type equations, thus
defining general forms of inductive types and their duals, co-inductive, or
lazy, types. We motivate these constructors though examples of their use
in defining recursive data types and predicates. Finally, in sections 3 and 4,
we present the proof rules needed to define the u and v type constructors
and illustrate how well-founded recursive functions (in the u case) and
“infinite” objects (in the v case) may be defined with the principles of
induction associated with these types.

2.1 Introduction to type theory

The definition of a theory of types is done in three stages. First, the terms
of the language are defined. This is straightforward: for instance, if b is
a term and z a variable, then Az.b is a term where the = in front of the
dot and all free occurrences of z in b become bound; and if B and C are
terms then (IIz : B)C is a term where the z in front of the colon and all
free occurrences of z in C become bound. Second, an evaluation relation >
is defined on closed terms. Evaluation is a partial function on closed terms
— a term can evaluate to at most one term. The reduction algorithm
is often referred to as lazy or head reduction, and terms which evaluate to
themselves are called canonical. We define evaluation inductively, by listing



the canonical terms and listing clauses for the other terms. For example,
Az.b and (Ilz : B)C are taken to be a canonical terms, and we write the
rule of 3 reduction as:
c>Az.b blajz| > e
cla) > e
An important computational property of a type will be that all its elements
evaluate to some canonical form; from this we will be able to deduce that

functions in II types will be total, that elements in a ¥ type will evaluate to
pairs, and so on. In the third stage, we define types and their membership
relations by way of a sequent style proof theory. We now give an outline of
the notions of typehood and type membership, and discuss the rules of the
proof theory, then introduce the principle of propositions-as-types, which
will allow us to embed intuitionistic logic into type theory.

2.1.1 Typehood and membership

A type is a prescription for constructing equal members. In our theory, the
types are defined inductively: there are atomic types, such as void, a type
with no members, and the universe types U;, U,,...; and there are type
constructors, which let us build new types from old in a uniform fashion,
such as II, which takes a type B and a family of types C(z) indexed by
elements of B, and constructs their indexed product, denoted (Ilz : B)C.
Types are collected into the cumulative series of universe types Uy, Us, ...,
where they, too, have equality relations imposed upon them, based on their
structure (rather than extensionally, on their membership relations).

In a theory of types one of the basic judgements is “terms a and b are
equal elements of the type A4,” which we denote a = b & A. One could also
introduce the judgement “A and B are equal types,” but it suffices to use
the judgements A = B € Us. The judgement “a is an element of type A” is
expressed by a = a € A, and we often use the abbreviation a € A for this
reflexive case. Terms in a type are called its inhabitants, and in the context
of propositions-as-types, the question of type inhabitation is a fundamental
one, because it corresponds to truth.

In defining a logic to reason about types and their elements, it is natural
to extend judgements to express hypothetical assertions. We choose to do
this in a sequent style [20], where the basic unit of inference is a hypothetical
judgement called a sequent:



z1:Aq,... e A Fb=b € B
where:
1. 0<n
2. Ay,...,A,, b0 and B are terms.
3. ©1,...,z, are distinct variables
4. For 1 <1 < n, variables occurring free in A; are among z1,...,T;_1
5. the variables occurring free in b, ¥’ and B are among zy,...,Tn.

The A;’s are called hypotheses, and z;: A;,...,z,: A, is called a contezt.
Let T' range over contexts. We will formally define truth for sequents in
chapter 4, but roughly speaking, a sequent is true if, for two vectors of
terms that are equal in the context, the two instances of B are equal types,
and the instances of b and b’ are equal elements of that type.

A type, or type constructor, is typically presented in the proof theory
by rules which prescribe how to form equal types (hence, reflexively, how to
build types), how to construct (equal) members in the type, how members
of the type are analyzed and how to compute with elements. Thus, rules
defining a type fall into the categories of formation, introduction, elimina-
tion and computation.

We now illustrate the type theory and single out some important charac-
teristics of it through examples. Appendix A contains a complete definition
of the basic theory adopted in this thesis.

2.1.2 Example: the II type constructor

For type (Ilz: B)C, we can present simpler versions of the rules for the case
when the family of types C(z) is independent of its indexing by elements of
B: as in the corresponding set theoretic case, the result is a function space
from B to C, and for this case we abbreviate (Ilz : B)C' by B — C. The

type formation rule, in its reflexive form, is:

FFB—%CEU]'
T+ BeU;
Ff‘CEUj.

-1



We are introducing a convention for displaying sequent style rules called
the refinement or top-down style, in which the subgoal sequents that can
justify the goal sequent are written indented and below the goal. We can
read this rule as “In the context [, for A — B to be a type of universe level
7, it is sufficient that A and B are types of level j”. The non-reflexive form
of the rule is:

I+-B—C=B—Cecl,
T'+B=B el
THC=CeUj.

As in this case, it is usually a trivial matter to infer the general form of the
rule from its reflexive case, so we often state rules in their reflexive form.

Now that we know how to form types with the arrow constructor, we
want to describe their elements. Informally, equal elements of B — C' are
normalizable terms which map equal elements of A4 to equal elements of B.
One rule of introduction is:

' Az.c=Az.c' € B—-C
I'z:BFc=ceC
I'-BeU;.

The first subgoal asserts c[b/z] and ¢'[b’/z] will be equal elements of C for
equal elements b and &’ of B. The second subgoal is necessary to guarantee
B is a type: recall that for the goal sequent to be true, instances of B — C
must be equal types, and while the truth of first subgoal implies this for
C, we need the second subgoal in order to conclude this for B. Subgoals
such as the second are informally called well-formedness subgoals, and by
convention are listed last. Type theory has a rich enough language that the
well-formedness of expressions in it is, in general, undecidable, and thus our
sequent calculus is designed to simultaneously prove the well-formedness
and inhabitation of types. We have a second introduction rule for this
type, referred to as the eztensionality rule:

'rd=deB-C
I['z:BFd(z)=d(z) e C
'deD
'FdeD
I'-BeU,.



In contrast to the previous rule, here we do not require the terms being
equated in B — C to display an outermost “A,” (for instance, one can imag-
ine constants symbols in arrow types) but for technical reasons the second
and third subgoals are necessary to ensure that d and d' are normalizable.

The second introduction rule has already hinted at how elements of
B — C are used — by function application. The elimination rule is:

TFed)=C0)eC
're=cdeB—-C
'-b="% € B.

This rule embodies the fact that equal elements of B — C' map equal ele-
ments of B to equal elements of C', but it does not say how one actually
computes with a Az.c term. This is prescribed in the computation rule:

I'F Az.c(b) = c[b/z] € T
T cb/z] € T.

Thus, equality in a type is preserved under 8 reduction.

As an example of these rules, suppose' - B € U and ' = C € U;. Then
we have the following derivation, showing a typed version of n conversion,
where for readability we omit well-formedness subgoals.

INz:B—-CFz=MAyz(y)e B—=C by eztensionality
1. ...z:BFz(z) = (Ay.z(y))(z) € C by computation
1.1 oFz(z)=2(2) e C by elimination
1.1.1 ...Fze B-C by hypothesis
1.1.2 ...Fz€eB by hypothesis

2. ...Fze B-C by hypothesus

3. ...F dyz(y) ¢ B—-C by introduction
3.1 ...y:BFz(y) e C like 1.1

(The rule of hypothesis lets us assert that the variable bound to a hypothesis
does indeed inhabit that type:

Iz:A, T"Fze A)

Now we briefly consider the proof rules for the general form of the II
type. Formation reflects the fact that the second component is a family of

types:



I'-(Iz:B)C = (Ilz: B")C' = [;
Iz:B-C=C"elj.

Introduction, elimination and computation are as is the simpler arrow case,
if we replace B — C by (Ilz : B)C' — except that in the elimination rule,
we must indicate the dependence of C'-on B:

I'Fe(d) =c(b)eClb/z
'Fe=d e (lle:B)C
'Fb="¥ € B.

While it seems appropriate in the case of a function space to represent a
function by a lambda term, note that an indexed sum can also be repre-
sented by a lambda term that maps an index b to an element in C[b/z].

2.1.3 Other type constructors

We briefly consider the other type constructors in the logic. In each case
their proof rules can be grouped into the categories of formation, introduc-
tion, elimination and computation.

Analogous to II, there is a ¥ type constructor for forming indexed sums.
Its formation rule is the same as I[I’s and we form canonical members by
pairing an element b from B with an element ¢ from C[b/z], hence the
introduction rule:

L'E (b, c)= (¥, ) e (Ez:B)C
'Fb=be€B
'Fe=¢ € Clb/z]
I'yz:BFCeU;.

The elimination form is called spread and it allows one to analyze pairs:

I'F spread(d; z,y.t) € T[d/z]
I'yz:B, y:C+teT|z, y)/z
I'-de (Xz:B)C.

In the term spread(d; ,y.t), the z and y in front of the dot and free
occurrences of them in ¢ become bound. The computation rule is:

10



[+ spread({a, b); z,y.t) = tla,b/z,yl €T
T'F tla,b/z,y| € T.

As in the II case, the ¥ type has a useful characterization when C is inde-
pendent of B, and that — as one can easily check against the rules — is as
the cartesian product of B and C. For this case we abbreviate (Xz: B)C
by B x C.

Another important type construction is the formation of the disjoint
union of two types: we denote this by B+ C. The formation rule is simply:

[FB+C=B+C€el;
I'-B=BcU;
r-Cc=0=CeU;.

Elements of the union type are tagged by inl or inr to indicate from which
component type they arise:

T+ inl(b) = inl(b') € B+ C
THb=VtcB
THCeU,;

[+ inr(c) =inr(d) e B+ C
F'e=cdelC
'-Bel;.

The elimination rule analyzes the disjoint union element:

[+ decide(d; z.b; y.c) € T[d/z]
[, z:BF be Tlinl(z)/z2]
T, y:Ct ce Tlinr(y)/z]
'de B+C.

Decide’s rules of computation distinguishs between tags:

[ F decide(inl(d); z.b; y.c) = bld/z] € T

C'Fbld/c] €T
[+ decide(inr(d); z.b; y.c) = c[d/y] €T
['Fecld/yleT.
There are two further type constructors, I and {_| _}, which are best

motivated after we introduce the principle of propositions-as-types.

11



2.1.4 The principal of propositions-as-types

Succinctly put, the propositions-as-types principle [17,29] is the identifica-
tion of a proposition with the type of its justifications. An element of such
a type encodes the computational content of a proof of that proposition,
hence the aphorism: “TRVTH 1S INHABITATION.” This also justifies calling
the types listed in the context “hypotheses,” for to assume we are given a
term in A, when A represents a proposition, is to assume 4 is true. We
stop short of considering elements in a type as being actual proofs of a
proposition, because the property of being a proof of a proposition should
be decidable, and as already noted, membership is not.

Under this principle, we make a correspondence between propositional
connectives and type constructors, arriving at a translation, H, from propo-
sitions to types.

H(False) = wvoid
H(BVC) = H(B)+H(C)
H(BAC) = H(B)x H(C)
H(B = C) = H(B)—H(C)
H(3z € B.C) = (Zz:B)YH(C)
H(vz € B.C) = (Ilz:BYH(C)
H(a=be B) = I(a,b,B)

As in the usual intuitionistic reading of negation, we regard —A as an
abbreviation of A = False.

In the last clause of the above definition, we used a new type to reflect
the judgement a = b € B into a type. Its formation rule is:

'+ I(a,b,B) € U;
Fi—BEUJ'
'a€eB
I'-be B.

Novices often confuse this type or the judgement a € B for the € predicate
of set theory. Firstly, a € B is a judgement about types and their elements
and not a formula in type theory — it corresponds to the judgement “A
is true.” Secondly, it is more illuminating to think of type theory as a
many-sorted logic (sorted by types) and I(a,b, B) as the formula a =p b
— the equality predicate for sort B; for this formula to be well-formed it
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is natural to require a and b to be terms of type B. Thus, one can not
encode the set-theoretic proposition a € b as I(a,a,b) because, if it is a
well-formed type, it necessarily will be inhabited.

The introduction rule for an [ type states that it is inhabited by the
atom true when it represents a true judgment:

[+ true € I(a,b, B)
'Fa=b¢ B.

The elimination rule shows this is the only situation when the I type is

inhabited:

'Frae=0b€B
I'+te (a,b,B).

Our final type constructor is unusual in that it does not prescribe how
to form new objects. Rather, it allows us to hide or trivialize the com-
putational content of a type. In the reflexive case, the formation rule is
unremarkable:

I'-{z:B|C}eU;
I'-Be UJ‘
I'yz:B+ C e Uj,

but the general rule displays a unique property: subtypes are equated when
their second components are merely co-inhabited:

I'{z:B| C}={z:B'|C'} € U;
'FB=B¢cU;
I'z:BFCeUj
I'z:BFC'eU;
[z:B,y:CHt el
ILz:B,y:C'HteC.

(The choice of this courser equality is unrelated to the type’s other prop-
erties; we could have adopted the same notion of type equality given to
IT and ¥ types.) Equality in this type is the restriction of B’s equality to
elements b for which C[b/z] is inhabited:

F'Fb=¥¢c{z:B|C}
F-e=4eB
I'FceClb/z]
Iz:BFCeU,.
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Note that ¢ is not a component of the element of {z : B| C} — this is
the point at which information is suppressed. The elimination rule lets us
assume C(z) is inhabited, but note that its inhabitant y can not appear in
the conclusion:

F'Ft=teT
I, y:Clb/z], w:I(b,b,B)Ft=¢ €T
'Fbe{z:B|C}
I'yz:BFC e Uj.

In a derivation, subtype elimination and introduction rules often work in
concert, in their suppression of information. The following example shows
that inhabitants of {z : 4| B} also inhabit {z: 4] B + C}: note how z is
used to inhabit the union type, but does not appear in the goal sequent.
(As usual, we suppress well-formedness subgoals.)

y:{z:A|B}Frye{z:4 B+ C} by elim
1. ...z:Bly/z], w:I(y,y,A) -y € {x: 4] B+ C} by intro
1.1 ...Fye A by I elim
1.11 oFwel(y,y, 4) by hyp
1.2 ... Finl(z) € Bly/z] + Cly/z] by intro
1.2.1 ... z € Bly/z] by hyp

2. ...Fye{z:4| B} by hyp

If we are to take the propositions-as-types principle to heart, then the
form of the rules appears to put the cart before the horse, because a sequent
doesn’t assert a type is inhabited and so a proposition is true, so much as it
asserts (in the reflexive case) that a particular element inhabits a type and
so there is a proof of a proposition with that as its computational content.
But this presentational route is only taken to simplify the formalization of
the theory: an examination of the proof rules will reveal that the inhabiting
term or terms can be mechanically generated in a bottom-up fashion. In
the NUPRL system, this procedure is referred to as eztraction: one proves
a proposition in top-down fashion and an inhabiting term is synthesized
bottom-up (although one can imagine more elaborate paradigms, so long
as the completed proofs are valid). These extracted terms are often large
(searching for a “looping combinator,” Howe [30] extracted a term of over
forty pages) so a usable computer implementation of the logic must cer-
tainly allow for their suppression in display.
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When the rules are displayed in this style, the propositions-as-types
principle leaps off the screen. For instance, the introduction and elimination
rules for arrow are now presented as:

I'-B—-C r-c
' BFC and r-B—-C
'+ B,

which are the rules for = introduction and elimination. Similarly, the
introduction and elimination rules for the general II type, cartesian product,
the general ¥ type and the disjoint union type can be presented as in
figure 2.1. In further agreement with the translation H, we see these are
the introduction and elimination rules for ¥, A, 3 and V, respectively. How
are the other rules to be read in this light? The formation rules assert a
distinct judgement, “4 is a well-formed proposition,” and the computation
rules assert equivalences among proof expressions.

This completes our overview of the basic theory of types. One more
important property of type theories we note here is extensibility: their
design allows for possible extension by new atomic types, type constructors
or elements. In the next section we take advantage of this by extending the
basic theory with new type constructors.

2.2 Examples of inductive types

In this section we introduce two new type constructors, written p and v, to
allow us to solve certain type equations. Both of the p and v constructors
are given in a simple and a parameterized version. We motivate these
types through a series of examples. OQur syntax is (u:U;)B and (vz:Uj;)B,
for simple inductive types, where the px type is meant to denote the least
solution to z = B(z) in Uj, and the v type, the greatest solution. For
the parameterized inductive types, our syntax is (pz : C — U;)B@c and
(vz:C — U;)BQc, where the u type is defined as being a type z(c) where
is the least solution to ¢ = B(z) in C — Uj, and the v type is the greatest
solution of this.

With simple y types, one can represent basic inductively defined types,
such as the natural numbers, lists, binary trees and well-founded trees:
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'+ (llz: B)C
[Cz:BFC

'-BxC
'-B
r-cC

'+ (¥z:B)C
' Clb/z
'beB

'-B+C
I'-B

'-B+C
r=cC

[=Clhb/z
[+ (0z:B)C
r~beB

r-rmT
I'B,C+HT
'-BxC

r=rm
I'z:B,CHT
'+ (Zz:B)C

THT
[,BFT
I,CFT
T-FB+C

Figure 2.1: Proof rules with suppressed inhabiting terms
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N = (uN:U))1-N
List = (pL:U;)1+(Ax L)
Tree = (uT:U)A+(BxT xT)
Wtree = (uW:U)(Ez:4)B—W.

Each type provides an inductive principle for computing with its elements.
With the simple v types, one can represent “infinite” objects, such as
streams, types of finite and infinite trees, and types of just infinite trees:

Stream = (vS:U;)Ax S
Fltree = (WT:U1)A+(BxTxT)
Itree = (vT:U)BxT xT.

Dual to the p case, each v type provides an inductive principle for defining
elements of it.

The parameterized versions of the p and v types allow us to recur-
sively define predicates, under the propositions-as-types principle, as well
as to create more complex data types. For example, let f be an arbitrary
operation on N; ¢(n) is inhabited when f has a root greater or equal to n:

é(n) = (pD:N —Uy)Iz.I(f(z),0,N) + D(z + 1)Qn.

We will return to this type later in the chapter in defining an unbounded
search operation. One common example of data types defined with a pa-
rameterized p type is that of mutually defined data types. Suppose we wish
to inductively define T} and T, where:

A(T15T2)
B(T,T).

T
T,

It is easy to define a type Two with canonical elements L and T and the
elimination form case(a;b;c), where:
a>1l b>e a>T c>e

case(a; b;c) > e o case(a;b;c) > e

With this simple type, we can define 7; or T, by:
(uT : Two — Uy)Az.case(z; A(T(L), T(T)); B(T(L),T(T)))Qd,
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with b being | or T, respectively. With the parameterized v type, we can do
similar things, only obtaining the greatest solutions. For example, suppose
we wish to define a type that asserts proposition p is common knowledge
— p is true and for the collection of individuals 7, it is common knowledge
that everyone knows p. Let P be the type of propositions, true € P — U,
and K € (I x P)— P. Then the common knowledge of p can be expressed
by the type:

(vC:P —Uy)Ag.true(q) x (IIi: I)C(K (3, q))@p.

We continue now by presenting the proof rules for these inductive types.

2.3 Proof rules for simple types

The formation rule for simple p type prescribes how such a type may be
constructed:

'k (pe:Uj;)B e U;
r, z:U; - B eUj;
I, z:Uj, y:Uj,e Cyk-te B C Bly/z|.

(pz : U;)B is defined as being the inductive solution to z = B(z) in Uj.
The first subgoal asserts that the body of the u type must be an operation
on universe level 5. Up until now, all type constructors were predicative
in nature: they defined new types in a universe level without needing to
quantify over the types of that level, but this quantification is implicit in
inductive types, and so we must come to terms with it in some way. Most
of the effort invested in chapter 5 will be in justifying this impredicativity.
Moreover, the second subgoal is asserting that the body is a monotonic
operation on U;. In chapters 4 and 5, we will model type universes by
complete lattices, and this subgoal ensures the body of the inductive type
represents a monotonic operation on such a complete lattice. Thus, we may
take least and greatest fixed points of this operation to be the meanings of
p and v types, respectively. The formation rule for the simple v types is
identical to the last rule:

I+ (ViL‘:Uj)B € UJ‘
I'yz:U;-Be U;
[, z:U;, y:Uj,z Cyt+te BC Bly/z].
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The introduction rule for the simple p type prescribes how we may
construct equal elements in that type:

'b=0¥¢€(pz:U;)B
'tb=1"¥ € B|(uz:U;)B/z]
'+ (pz:U;)B e Uj.

This is the essence of an inductive type: to construct equal elements in
(uz:U;)B, one constructs equal elements in the “unrolling” of the type. As
an example, the following are elements of type List (where L € 1).

nil = inl(Ll)
la;] = inr((aq, nil))
[az,a1] = inr({as, [a1]))

The corresponding rule for the simple v type is its elimination rule, which
prescribes how elements of the type are used:

[+ out(b) = out(¥') € B[(ve:U;)B/x]
'-b="%¢€(ve:U;)B.

Thus, out is a projection function that maps an element of the v type into
its “unrolling.”

The elimination rule for simple u type prescribes the use of its elements:
how we may compute with them. [t embodies the induction principle for
these types.

[+ p_ind(b; z,y.d) € D[b/y]
U, z:U;, ¢ C (pz:U;)B, z:(Ily:z)D, y:B-de D
I'-be(pz:U;)B

Under the propositions-as-types principle, we can read this as a proof by
induction on the inductive definition of a type: to conclude D(b) is true,
show that by assuming D(y) for y in a fixed subset z of (uz : U;)B, we
can infer D(y) for y in B(z). As an example of the p_ind form defining a
recursive operation on a data type, take T to be the type of binary trees
with natural numbers at the leaves: T = (uT:U;)N + (T x T). Then the
following sums the values in the leaves of t € T

p_ind(t; sum,t.decide(t; L f.Lf; u.spread(u; 1, r.sum(l) + sum(r)))).
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The corresponding rule for the simple v type is the introduction rule, which
asserts an inductive principle for defining elements of the type:

I'Fv_ind(d; z,y.b) € (vz:U;)B
I, z:U;, (ve:U;)BCz, z:D—z,y:DF-be B
'deD
'k (ve:Uj)B € U;.

Let S be the type of streams of natural numbers: § = (vz:U;)N xz. Then
the following is a stream of increasing numbers, starting at n:

v_ind(n; z,y.(y, z(y +1))),

and the following takes streams s and ¢, and interleaves their elements to
form a third stream, by outjecting s into the number n and the stream u,
then forming the stream where n is followed by the interleaving of ¢ and u.

v_ind((s, t);z,y.spread(y; s, t.spread(out(s);n,u.(n, z((t, u))))))

Lastly, we have the following rules for computing with ind forms, which
show the p_ind and v_ind forms to be fixed point combinators.

[+ u_ind(b; z,y.d) = dAy.p_ind(y; z,y.d),b/z,y| €T
['Fddy.p_ind(y; z,y.d),b/z,y] € T

[+ out(v_ind(b; z,y.d)) = d[Ady.v_ind(y; z,y.d),b/z,y| €T
[+ d[Ay.v_ind(y; z,y.d),b/z,y] €T

2.4 Proof rules for parameterized types

In this section, we will use the following abbreviations.

p@c = (pz:C—U;)BQc p = Aw.pQu
vQc = (ve:C—U;)BQc v = lwrQuw
ACe B = (Iw:C)A(w) C B(w)

The proof rules for the parameterized versions of the u and v types gener-
alize the simple rules in a straightforward manner — here we are defining
a family of types, indexed by a type C, instead of a single type. The
formation rule for the parameterized p type is:
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'+ pQ@ce U;
r, :Z::C—>Uj|— B e C—.‘Uj
[,2:C—Uj y:C—U;, e CcyFte BC¢ Bly/z
'-cev;
'-ceC.

puQc is defined as being the type z(c) where z is the inductive solution to
z = B(z) in type C — U;. As before, in order for this equation to have
a solution it must be well-formed and monotonic, and that is ensured by
the given subgoals. The formation rule for the parameterized v type is
identical:

I'vQce Uj
r, :l::C—*U]‘"‘ B e C—‘U]'
I,2:C—U;, y:C—Uj,z Ccyrte B C¢ Bly/z]
Fl‘CEU]'
'FceC.

The introduction rule for the parameterized u type prescribes how to
construct equal elements in that type:

'+b=1% € p@c
I'Fb=1"¥ € Blp/z|(c)
I' - p@c e Uj.

As in the simple case, to construct equal elements in the inductive type,
one constructs equal elements in the “unrolling” of that type. The only
complication here is that Bu/z] is a family of types, so we evaluate it for
parameter value c. The corresponding rule for the parameterized v type is
its elimination rule:
I' F out(b) = out(d') € Blv/z|(c)
F'-b="% € vQc.

As before, out maps an element of the v type into its “unrolling.”
We give two versions of the elimination rule for parameterized p types.
The first is a generalization of the simple case’s elimination rule:

['F u_ind(c,b; z,w,y.d) € Tlc,b/w,y]
I, z2:C—Uj, ¢ Ceop, 2:(Mw:C)Iy:z(w))T, w:C, y: B(w)
FdeT
' b€ pQc.
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The corresponding rule for the parameterized v type is the introduction
rule, which asserts an inductive principle for defining elements in that type:

' v_wnd(c; z,y.d) € v@Qc
Iz:C—-Uj, vCeux, 2:(lly:Cz(y), y:CHd< B
I'-vQc e Uj.

We have another version of an elimination rule, which differs from the previ-
ous rule in that elements of the u type are not involved in the computation:
the rule tells us not so much how to compute with elements of the inductive
type, but how to compute, knowing that the inductive type is inhabited.
Note that this rule makes crucial use of the information hiding capabilities
of the {_| _} type and that in the first subgoal, the element of type B(w)
can not appear in term d.

I'Fp_ind(c; z,w.d) € T|[c/w]
[, z:C—=Uj, ¢ Cop, z:(Hw:{w:C| z(w)})T, w:C, B(w)
FdeT
b€ p@c

With such a rule we can prove an unbounded search property, and extract
a “u” operator from the proof. For example, let ¢(n) be defined as earlier
in the chapter:

é(n) = (uD:N —U)Iz.I(f(z),0,N) + D(z + 1)@n.

Recall that ¢(n) is inhabited when f has a root greater than or equal to
n. We will show that knowing, for some n, ¢(n) to be inhabited, we can
compute a root of f, without actually needing n or the inhabitant of #(n) in
the computation. The problem statement is: (in program extraction style,
we suppress the display of the extraction term)

fHAf:N—>N|(Zn:N)¢(n)} F (En:N)I(f(n),0,N).

Let P = (¥n : N)I(f(n),0,N). We proceed by eliminating on the hy-
pothesis and applying the second induction rule. The induction subgoal
reads:

co.z:(Iln:{n:N|z(n)})P, n:N, I(f(n),0,N) + z(n + 1) - P.
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We can prove this by cases on whether of not n is a root of f: if f(n) is 0,
the solution is immediate; otherwise we claim z(n + 1) € P, which follows
from hypotheses I(f(n),0,N) + z(n + 1) and —~I(f(n),0,N). For the last
subgoal of the induction rule we prove ¢(0) is inhabited using assumption
(Zn : N)¢(n) and the fact that (IIn : N)¢(n) — ¢(0) is inhabited, which
follows by induction on n. What is the term inhabiting type P? It is a
recursive procedure that, starting at n = 0, tests to see if n is a root of
f and returns n, if that is the case; otherwise it recurses with n +1 — in
short, an unbounded search.

Finally, we have the following rules for computing with nd forms, which
show the p_ind and v_ind forms to be fixed point combinators.

['F p_ind(b;c; z,w,y.d) =
dAw. Ay.p_ind(w;y; z,w,y.d),b,c/z,w,y| €T
['Fddw.dy.p_ind(w;y; z,w,y.d),b,c/z,w,yl €T

T+ p_ind(b; z,w.d) = dAw.p_ind(w; z,y.d),b,c/z,w,y} €T
['Fddw.Ay.p_ind(w;y; z,w,y.d),b,c/z,w,y| €T

[+ out(v_ind(b; z,y.d)) = d[Ay.v_ind(y; z,y.d),b/z,y] € T
[+ d[Ay.v_ind(y; z,y.d),b/z,y] € T

Summary

We have introduced type constructors into a constructive type theory that
let use solve monotonic type operations for their least and greatest solu-
tions, giving us inductive and co-inductive (lazy) types. This gives us types
which naturally represent recursive data types and recursively defined pred-
icates, without introducing diverging or partially defined elements. We will
eventually arrive at a semantics for this theory in chapter 5, but first we
examine the issue in the simpler setting of the second-order lambda cal-
culus, then build a semantics for the basic theory in chapter 4, which we
finally extend to inductive types.
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Chapter 3

Inductive Types and Type
Constraints in Second-Order

Lambda Calculus

Before attempting to verify the consistency of the extension of the basic
type theory by inductive types, it is advisable to consider the same question
in the simpler setting of the second-order lambda calculus. This will allow
us to separate the core of the consistency argument from the additional
concerns of the type theory. Thus, in this chapter we consider the problem
of extending the second-order lambda calculus with recursive types in ways
so as to maintain its strong normalizability property, which is the property
corresponding to intuitionistic consistency in the type theory case. We
do this extension in two ways. In section 1, type constructors u and v are
added, which give the least and greatest solutions to positively defined type
expressions. While in section 2, we consider typing terms in the presence of
equational type constraints. In both cases, the method of proof employed
is based upon Girard’s candidat de réductibilité method.

The chapter is organized as follows. In section 1, we give an extension to
the second-order lambda calculus [21,35,19,6], which permits the definition
of least and greatest solutions to positively defined type expressions using
type constructors u and v, respectively. With p, one can define inductive
types such as the natural numbers, constructive ordinals, lists and trees, and
there are induction combinators available for each type; with v, “lazy” types
such as streams and potentially infinite trees can be defined. The focus here
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