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Abstract

Higman’s Lemma is a special case of the more general Kruskal’s tree embedding
theorem and the graph minor theorem. Prior to this work, only classical (and impred-
icative) proofs of the Lemma were known. Recently there has been much interest in
developing a constructive proof of the Lemma, primarily via Friedman’s A-translation.
In this paper we present a direct constructive proof. We achieve this by reducing the
problem to a construction of certain sets of sequential regular ezpressions. We then

exhibit a well-founded order on such sets, and the Lemma then follows by induction.

1 Introduction and History of Higman’s Lemma

The so called “Higman’s Lemma” asserts that certain constructions on well quasi ordered
sets preserve well quasi orderedness, and was first considered by Higman [Hig52)]. It is a
special case, and an essential component, of the more general Kruskal’s tree embedding
theorem and the graph minor theorem. Until recently, only classical (and impredicative)
proofs of the Lemma were known.

We originally became interested in the problem of finding a constructive proof of Hig-
man’s Lemma via Gabriel Stolzenberg. He drew our attention to the fact that Friedman’s
A-translation [Fri77] would lead ome to believe that Higman’s Lemma had a constructive
proof, but he could not see such in the classical proof. That is, he could not interpret the
classical proof in such a way that the construction (which must be implicit, due to Fried-

man’s result), could be seen. In the course our work on A-translating the classical proof
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using the NuPRL proof development system [Con86], we discovered a direct constructive
proof of the Lemma. Our proof resembles an algorithmic specification, which makes the
ordinal of induction quite apparent, and the proof itself easy to follow.

We view our work on Higman’s Lemma as a first step towards constructive proofs of
Kruskal’s tree embedding theorem and the graph minor theorem. Also, since in our proof
the ordinal of induction is evident, it may assist an investigation of the minimal theories
in which such a proof exists. Finally, the direct comstructive proof provides a context
in which we can compare and evaluate the result of the mechanical A-traslation of the
classical proof.

We now present some essential definitions and the statement of Higman’s Lemma.

Definition 1. Given a set ¥, a binary relation < is a well-quasi-order (WQO) if and

only if < is a preorder on ¥, and for any infinite sequence 81,82, 83, ... of elements of &

there are ¢ < j such that s; < s;.

Definition 2. Given strings v = wjuy -+ 4,, and v = vyvy---v, in ¥*, we say that u
" can be embedded in v (written u < v) if and only if there is an injective, order-preserving
mapping ¢ from {1,...,m} to {1,...,n} such that for all ¢ in {1,...,m}, u < v05).
Simply put, u can be embedded in v if we can erase some of the v; and produce a string

which is pointwise above u. We call u a substring of v, and v a superstring of u.

Note that the string embedding < is a preorder on X*. Higman’s lemma states the

following;:

If < isaWQOon X, then « isa WQO on I*.

2 A Classical Proof of the Lemma

In this section, we sketch a classical proof of Higman’s Lemma. The classical proof
of Higman’s Lemma is interesting because it contains a minimal bad sequence (MBS)
argument. The proof proceeds by assuming that Higman’s Lemma is false, and arguing
to a contradiction, by defining, by transfinite induction, a MBS. This sequence turns
out not to be minimal, and we get a contradiction. This MBS argument turns up in
Kruskal’s Theorem, of which Higman’s Lemma is but a small part. The version of the
proof we present is due to Gallier [Gal87], and originally presented in this form by Nash-
Williams [NW63].

First we state a (classically) trivial lemma.



Lemma 1. For any sequence (@i)i>1 over a WQO set I, there is a subsequence
@g(1)s o (2)) Go(3), - - - Such that for all i, a,() < @g(i+1) (i-e. the sequence (a,(;))i>1 is

monotonically increasing).

We now prove Higman’s Lemma.

Theorem 1 (Higman’s Lemma)
V(E,L).(£isaWQOon ) = («isaWQOon IT*).

Proof: Assume that < is not a WQO on I*. Then there is at least one sequence
8 = 81,82,83,... such that for all ¢,j with ¢ < j, s; £ s;. We will call such a sequence
bad, and we will call non-bad sequences good. We define, by impredicative quantification

across all bad sequences, a minimal bad sequence, t = t;, 3,13, ... as follows:

e Let ¢; be a string of minimal length which starts a bad sequence.

o Given that t;,1;,13,...,%; have been defined, let ;,; be an i+ 1-st string of minimal

length from all bad sequences which start with t,,2,,13,...,t.

It is easily seen that the new sequence ¢ is bad, since any prefix of it is also a prefix
of a bad sequence. Note that there can be no instances of € (the empty string) in ¢ since
€ may be embedded into any string. It is also clear that ¢ is a minimal sequence, in the
sense that for any other bad sequence, z, there exists a k € N such that z; = ¢; for i <k,
and |teq1] < [zk41]-

Since all strings in ¢t are non-null, let ¢; = a;s; where a; € ¥ is the leftmost symbol
of t;. The elements a; define an infinite sequence a = (ai)i>1 in ¥ and the elements
8; define an infinite sequence (8i)i>1 in T*. By the lemma above, we know there is a
monotonically increasing subsequence a’ = (a,('.) )i>1. We claim that the corresponding

sequence 8’ = (S,(;))i>1 is good. If not, there are two cases:

1. ¢(1) = 1: The infinite sequence s’ is bad, with |s;| < [t;|, which contradicts the
minimality of t.

2. 0(1) > 1: The infinite sequence s’ = t,,1;,13, .. Ta(1)=15 So(1)s S0(2)s So(3)» - - - IS also
bad, because t = axsy for all k > 1, and ¢; < So(;) implies that ¢; < ts(;) by the
definition of <. But |s,(1)| < |t,(1)|, and this contradicts the minimality of ¢.



Since the sequence s’ = (s,(;))i>1 is good, there exist positive integers i < j such that

o(7) < o(j) and s,(;) < S4(j)- We know a’ is monotonically increasing, so we have

Lo(i) = Go(i)Se(i) K Go(5)S0(j) = to(j)-

Hence, we conclude t is good, which is a contradiction.
|

The important things to notice about this proof are
1. The use of excluded middle.

2. The use of impredicative quantification across the set of bad sequences.

Of course, our constructive proof cannot use either of these two devices, so it will be

a bit more involved.

3 The Constructive Proof

3.1 Requirements and Preliminaries

Throughout this section we will assume ¥ is well-quasi-ordered by <. Because we are

working in constructive mathematics, we require certain other assumptions on (%, <). To

wit, we require:

e < must be a partial order on ¥. In the section on Extensions to this result, we

discuss how to relax this requirement to allow < to be a general preorder.

< come equipped with a well-founded induction scheme over non-increasing se-
quences of elements from . The fact that < is a WQO on ¥ tells us that non-
increasing sequences of elements from ¥ may not be infinite. We require more, to
wit, that we may use well-founded induction upon these sequences, under the prefix
ordering. Classically, this is easily gotten from the WQO-ness of <, but construc-
tively we must have this as an assumption. Of course, this assumption also tells us
that < is a well-founded order, with an induction scheme. We denote this ordering
by Caeq, and A C,eq B exactly when A and B are both non-increasing sequences
over ¥, and 4 is a proper extension of B. After a moment’s reflection, it should
be obvious to the reader that the constructive equivalent of the classical notion of
WQO is a well-founded order on sequences under the prefix ordering. That is, the

classical notion of WQO entails that there are no infinite decreasing or incomparable
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chains. This tells us classically that the prefix ordering on sequences of elements
of ¥ is well-founded, and so we assume this constructively. The proof we present
will basically prove that the prefix ordering on sequences of elements from T*is
well-founded also, from which the Higman’s Lemma result will fall out.

e < is decidable. This requirement is obvious.
We also require that the proof system be powerful enough to:

e encode and manipulate the decidable fragment of regular expression theory.
¢ manipulate regular expressions as structured data types in the theory.

¢ do well-founded induction on a (constructively) well-founded set which will be given

later.

Finally, in the proof we will make considerable use of a class of regular expressions we
will call sequential regular expressions. Sequential r.e.’s are (possibly empty) concatena-

tions of r.e.’s from the following two categories:

o Expressions of the form (b — A), where b € £, and A is a finite non-increasing
sequence, say of length k, over L. z € (b— A) & z < bandVi € {1,...,k}.q; £ z.
That is, z is beneath b, but not in the upward closure of A. We will also write these
expressions as (b — A)k, which is understood to be equivalent for all purposes to k

concatenations of (b — A). We call these constant expressions.

o Expressions of the form (¥ — A)*, where A = a;,a5,a3,...,q;, is a non-increasing

sequence, and we think of this expression as denoting the set
{w € £*|no symbol of w is in the upward closure of A}.
We call these starred expressions.

An example of a sequential r.e. for the set & = {a,b, ¢,d}is (X — (b))*bd(Z - (c, d,b))*a.

In the case where ¥ = {1,...,m}, we can specialize sequential r.e.’s and, for instance,
instead of {1,2,3,4} — (2,4), write {1,3}. Of course, in this case, the partial order < is
just the equality on integers.

We need to use this kind of r.e. so that we can “subtract” a string z, and all strings
which it can be embedded into, from an r.e. ¢ and end up with a finite set of “simpler”

r.e.’s as a result. We will write s € o to mean that the string s matches the r.e. o.



3.2 An Overview of the Constructive Proof with Examples

In this section we will give a general overview of the constructive proof and present some
examples to motivate the detailed version which follows. The object of our proof is to
show that any sequence of strings in £* is good - that is, for s = 81,82, 83, . . . there are
it < j with 8; « s;. The key to this is the observation that for a prefix s1,382,...,8, of 8
we can use a set of sequential r.e.’s to represent all the strings that could follow s, without
containing any s;,1 < i < n, as a substring. If for some prefix of s the corresponding set of
r.e.’s is empty, then any following string must contain one in the prefix as a substring and
the sequence s must be good. As we consider successively longer prefixes of s, we can see
intuitively that there are “fewer” possible following strings, and that the corresponding
sets of r.e.’s must get “smaller” (closer to empty). In essence, what our constructive proof
does is formalize the construction of the sets of sequential r.e.’s, and inductively show that
starting with any prefix the corresponding sets must eventually be reduced to empty, and
hence any sequence s is good.

To give a general feel for this construction, we present some examples. For a prefix

81,82,...,8k-1, we will call the corresponding set of r.e.’s E.

Example 1. Suppose £ = {1,2} and the sequence s under consideration begins 1, 22222, 2222, 22, ....

We construct the F; as follows:
1) By ={Z} ={(1+2)"}.

2) 81 = 2, so E; should represent all strings which do not contain “1” - that is, strings

in 2%; any other string will be a superstring of s;. Thus, we set E; = {2*}.

3) s = 22222, so E3 should represent strings which don’t contain a “1”, and don’t
have “22222” as a substring. These are the strings 2222”7, “222” “227, “2”, and e,
so we set E3 = {2222,222,22, 2 ¢}.

4) s3 = 2222, so Ey is further restricted to {222,22,2, ¢}.

At this point we see that there are at most four more strings in s before we find one

containing a previous string. Hence, s must be good.

Example 2. This is a more complicated example. ¥ = {1,2} as before, and we will just

show the strings s;, and the regular expression sets E;:

1) By = {(1+2)*}.
























