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Abstract

We show how to interpret classical proofs as programs
in a way that agrees with the well-known treatment of
constructive proofs as programs and moreover eztends
it to give a computational meaning to proofs claiming
the ezistence of a value satlisfying a recursive predi-
cate. Our method turns out to be equivalent to H.
Friedman’s proof by ”A-translation” of the conserva-
tive extension of classical over constructive arithmetic
for NI sentences. We show that Friedman’s result
is a proof-theoretic version of a semantics-preserving
CPS-translation from a nonfunctional programming
language (with the “control” (C, a relative of call/cc)
operator) back to a functional programming language.
We present a sound evaluation semantics for proofs
in classical number theory (PA) of such sentences, as
a modification of the standard semantics for proofs in
constructive number theory (HA). Our results soundly
eztend the proofs-as-programs paradigm to classical
logics and to programs with C.

1 Introduction

It is well-known that there is an intimate relation
between functional programming languages and con-
structive logical systems. To wit, a natural theory
of typing for a functional programming language is
usually constructive; equally, the natural computation
system associated with a constructive mathematical
system is functional. In this paper we extend this
correspondence, showing that the same relationship
holds between a functional programming language
augmented with imperative control operators (A + C)
and classical number theory. We demonstrate that one
can augment the natural programming language asso-
ciated with constructive (Heyting) arithmetic (HA),
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with the nonlocal control operator C [1] !, and ar-
rive at the natural programming language for classi-
cal (Peano) arithmetic (PA). The method of proof in-
volves appeal to a classical result of Friedman [2] and
Kreisel [3], showing the conservativity of PA over HA
for £9 sentences (and, by consideration of free inte-
ger variables, I1) 2. We demonstrate that Friedman’s
A-translation can be viewed as a continuation-passing-
style translation.

It is by now folklore [4,5,6] that one can view the values
of a simple functional language as specifying evidence
for propositions in a constructive logic, in the following
manner:

e Evidence for ¢ = b, where a,b contain no free vari-
ables, would be completely axiomatic, consisting in
the computation of a,b down to numerals (they could
be, for instance, 2 x 5 = 5 + 5, which would need to
be computed down to 10 = 10).

e Evidence for A A B would be evidence for A and for
B. This could be given as a pair, (u, v), where u is
evidence for A, and v is evidence for B.

e Evidence for A = B would be a function which, when
given evidence for A, would compute evidence for B.

¢ Evidence for AV B would be evidence for A, or for B,
and a tag telling us which disjunct we were getting ev-
idence for. This could be represented as inl(u) (inject-
left), where u is evidence for A, or inr(v), where v is
evidence for B.

¢ Evidence for 3z € N.R(z) would be an integer, n, and
evidence for R(n). This, again, could be represented
as a pair.

¢ Evidence for Vz € N.R(z) would be a function which,
given n € N, would compute evidence for R(n).

IThere are now two different operators with the appella-
tion “control,” both introduced by Felleisen. We will use the
version introduced in [1], whose evaluation semantics can be
summarized (informally) as E[CM]— M (X z.A(E[x])), where
AM =CX ().M.

2¥z. Jy. R(z,y), where R is a decidable proposition



Equally, one can view this definition as specifying a
method of assigning types to program values. One
can then extend this definition to encompass program
ezpressions which are not values, such as (A z.b)(N),
by defining a type system which is sound with respect
to the evaluation system. That is, if M is given type
T, then M evaluates to a value b, and b has type T (is
evidence for T'). We could call such program expres-
sions indirect evidence. In Nuprl[7], as well as other
constructive systems, these program expressions are
purely functional.

Griffin [8] extended this work to classical propositional
logic by showing that one could assign the operator
“control” (C) as the algorithmic extract of the clas-
sical rule of double-negation elimination. He gave a
weak type preservation theorem which allowed one to
prove that, except for nonlocal exits (due to invok-
ing continuations), classical logic could be viewed as
a typed programming language. But this interpre-
tation excluded a semantics of evidence for classical
proofs. Here we find that in fact his program extrac-
tion method works, with some simply modifications,
for total-correctness logics, and that one can give a
total-correctness typing to the nonlocal control opera-
tor C, again, in such a way that when expression M is
assigned type T (a L9 type), M evaluates to a value
b, again with type T'.

Griffin’s result hinged on the fact that continuation-
passing-style (CPS) translation [9] on programs in
the simply-typed lambda-calculus induces a double-
negation translation [10] on their types. He used this
to prove that, except for type errors caused by “escap-
ing” from deep within an expression to the top-level,
reduction preserves typing. But this ignores the fact
that it is exactly at the top-level of a program that it is
most important that reduction preserves typing, since
otherwise we cannot hope to arrive at a semantics of
evidence:

The types of “classical programs” cannot be
given the same operational interpretation as the
types of “constructive programs.” ... In the type
system presented here, the distinction between a
“returning expression” and a “jumping expres-
sion cannot be made by inspecting an expres-
sion’s type. Thus, if M is a classical program of
type @ —  and N is a classical program of type
a, we know only that if the application of M to
N returns to the current control context, then it
will return with a (classical) value of type 3.

Moreover, the “classical” conjuction is defined as
aAB = ~(a— —(B)), and so even if a program of

type a A B does return to its invoking context (if it
does not “goto”), the value computed bears no clear
relation to evidence for A and for B, in the sense
that we understand it constructively. Thus for com-
plete programs, there is no criterion for determining
whether (and how) a program actually produces evi-
dence in the constructive sense.

Our work (specifically Theorem 5) addresses this prob-
lem, and augments double-negation translation with
A-translation [2] to give the desired evidence seman-
tics for £9 and I19 sentences. Thus, in the same sense
as HA proofs stand as evidence for the propositions
the prove, so do PA proofs of £ and II sentences.
Moreover, when considering a sentence ¢ of greater
complexity, we can determine what sorts of types a
program M will exit nonlocally with.

In addition, our work addresses the problem of total-
correctness reasoning for call-by-name or partially lazy
languages with explicit control; in fact, the program-
ming language we associate with classical proofs is a
call-by-name one. The amazing thing about this result
is that (as will be made clear) much of the machinery
we use was discovered by Friedman [2] and Kreisel [3]
in the context of classical logical systems.

2 Background

Consider a functional programming language with in-
tegers (and iteration combinator), binary pairing, and
binary disjoint unions. Call this language Prog;. We
give the syntax of this language in Figure 1. 3 It is de-
rived from the programming language of Nuprl [7], and
hence some of the notation will be unfamiliar to the
reader. The notation spread(Ezp;; Vary, Vary. Exps)
is prefix notation for

let (Var,, Vary) = Ezp; in
Ezp,
end

and the notation
decide( Ezpo; Vary.Expy; Vary. Exzp,) similarly  ex-
pands to

case Fzpy of

inl(Var,) => Ezp;
| inr(Varz) => Ezp;
end.

The form ind(Ezp;; Ezps; Vary, Vary.Exps) is an it-
eration form, where Fzp; is the iteration counter,

3k, is syntax for the integer n



Var,

AVar, . Fzp,

Ezp: (Ezpz)

kn (n € N; integer constants)
S(Ezp1)

Ezp, + Fzp,

Ezp, x Ezp,

ind(Ezp,; Ezpa;Vary,Vars . Exzps)
(Ezp1, Ezps)
spread(Ezp,;Var,,Vars.Ezps)
inl(Ezp,)

inr(Ezp,)

decide(Ezpo; Var,.Ezp:; Vars.Ezps)

azxiom

ind(0;b;z,y.u) —1 b
ind(kn;b;z,y.u) —
ulkn, ind(kn-1; b; z,y.u)/z,y]
(n>0)

decide(inl(t);z.l;y.r) —1  I[t/z]

decide(inr(t);z.l;y.r) —1  rt/y]
spread({t1, t2);u,v.t) —1  t1,t2/u,v]

(A z.b)(t) —1 b[t/z]

S(kn) —1 ka1

kn + km -1 kn+m

kn * km - kntm

Figure 1: The Syntax and Reduction Rules of Progy

Ezp, is the base case, and Ezps computes the in-
ductive case. At various times it will be neces-
sary to distinguish those expressions which are in-
tegers. We do this by annotating them with e?,
e.g., ind(EzplD; Ezxpo; Varln, Vary.Exps). As an
aside, one of the important properties of both HA and
PA is that integer expressions have only integer sub-
expressions, and the reduction rules preserve this.

It is well-known that we can give a specifica-
tion/correctness logic for this language by thinking of
the programs as proofs of sentences in HA. In fact,
we can view a sentence of constructive number the-
ory as a specification of a program, and a proof of
that sentence as a program which meets said specifi-
cation. Alternatively, we can think of the specification
as the type of a program in a particularly rich theory
of program typing. Here, for example, we reproduce
some of the rules of HA, and the corresponding pro-
gram fragments. One reads each sequent of the form
I' W M:® as saying that under the typing assump-
tions T', fragment M has type ®; equivalently, under
the assumptions that I' are true, ® is true, and has
constructive witness M. The refinement calculus tells

us how to inductively construct a witnessing term for
a proposition as we prove it; alternatively, it allows us
to construct a proof of well-typed-ness for a program.

Modus Ponens

HF M(N):T
BY modus ponens A
F N:A
F M:A=T

Symmetry of =

n:N, m:N, u:n=m F aziom:m=n
Transitivity of =

a,bc:N, u:a=>b, v:b=c F aziom:a=c
Monotonicity of S(e)

n:N, u:S(n)=0F aziom:L

The meaning of the above typing rule is that aziom
has type L exactly when u has type S(z) = 0.

Injectivity of S(e)

z,y:N, u:z0 =yP + aziom:S(z)P = S(y)?
Surjectivity of S(e)

z,y:N, u:5()? =S)° F aziom:z0 = 4P
Induction

nP:N F ind(n?; B;i,nP.F(n —1P)({)):T
BY induction
b B:T[0P/2P]
F F:¥mP € N.T[mP /aP] = T[S(m)? /nP]

On this interpretation, we view a proof M in HA of
Vz. Jy. R(z,y) as being a program which, given X,
will compute a suitable ¥ such that R(X,Y’) holds.
We can think of the sentence Vz. Jy. R(z,y) as be-
ing a proposition of which M is a proof, of being a
specification which M meets, or a type, which M is a
member of, and we will use these terms interchange-
ably. We can view program evaluation as just a proof-
reduction operation. For instance, for HA and Progy,
every reduction rule on well-typed Prog; programs
is mirrored in proof-reduction steps on HA proofs
(the so-called subject reduction property). Also, it
is known [11] that any reduction strategy will com-
pute well-formed, well-typed terms to the same normal
forms. Hence for the natural programming language
associated with HA, one reduction strategy is as good
as another. When we add the C operator, this ceases
to be true, and we are forced to either pick a partic-
ular deterministic evaluator, or restrict the reduction
rules in such a manner that we can retain soundness.
We will choose the former, and define






























