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A Non-Type-Theoretic Semantics for Type-Theoretic Language

Stuart Frazier Allen, Ph.D.
Cornell University 1987

Since 1970 several methods have been proposed for using formal systems of
constructive logic as programming languages. One prominent approach is
based upon systems of computationally significant terms which either bear
or are assigned types; these systems are essentially lambda calculi or com-
binatory logics in which either the terms are explicitly typed or else types
are assigned to untyped terms in the manner of Curry. This thesis concerns
two such systems, namely, Martin-Lof’s intuitionistic type theory of 1979,
and a variation of that theory upon which Nuprl is based. Nuprl is a system
implemented at Cornell for developing functional programs and constructive
proofs.

The expressive machinery of these theories can be given a rather nat-
ural non-type-theoretic semantics that is not inherently constructive and
yet closely follows the semantical explanation of type theory. The principal
content of this thesis is a careful development of such a semantic reinterpre-
tation with the intention of making the bulk of type-theoretic practice, of the
kind arising from the use of Nuprl and formalizations of Martin-Lo6f’s the-
ory, independent of its original type-theoretic and constructive basis. The
reinterpretation opens the type-theoretic methodology of programming to
nonconstructivists and others who may not subscribe to the intuitionistic
theory of types, preserving the features of type-theoretic language that make
it a suitable language for programming. Moreover, the natural structural
similarity between the type-theoretic concepts and their reinterpretations
yields an analytic tool which may serve type-theorists as well.

The body of this thesis has two phases. In the first, the semantic con-
cepts of Martin-Lof’s theory, including expressions, types, judgements of
functionality, and universes, are reinterpreted. This phase culminates in a
non-type-theoretic definition of the types explicitly defined in Martin-Lof’s
paper of 1979. The remainder of the thesis treats various topics of semantic
significance, including the representation of propositions as types, the antic-
ipation of new terms and types, certain “type-free” forms of inference, and a
sort of “universe polymorphism.” Finally, we shall reinterpret the semantics
of Nuprl’s judgements of functionality which differs radically from that of
Martin-Lof’s judgements in the use of assumptions.
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Chapter 1

Introduction

Proposals for using formal systems of intuitionistic logic as programming
languages were made in [Constable 71] and [Bishop 70]. Development of
this idea at Cornell produced two formal proof systems designed to allow
executable programs to be extracted from proofs. The first of these, PL/CV
(V for verifier) [Constable & O’Donnell 78, Constable, Johnson, & Eichen-
laub 82], accomplished the extraction rather directly by textually embedding
PL/C! programs in proofs, interspersed with nonexecutable proof text. The
proof-theoretic significance of the embedding lay in the interpretation of pro-
grams as constructive proofs.

The other system, PRL (for program refinement logic) [Bates 79|, was
designed to permit the development of programs by rigorous progressive
refinement of program specifications as well as proofs of propositions. Bates
understood his approach to programming to be formalizing the methodology
advocated in various structured programming texts, e.g., [Wirth 73, Conway
& Gries 75, Dijkstra 76|. Refinement in PRL proceeds by reducing the proof
that a specification, the goal, can be satisfied to proving the satisfiability
of zero or more other specifications, the subgoals. The rules of refinement
were designed to enable the construction of a program satisfying the goal
from programs satisfying the subgoals. Thus, from a complete proof that a
specification could be met, a program satisfying it could be automatically
extracted.

Further work at Cornell was based on the correspondence between intu-
itionistic propositions and types proposed by Scott [Scott 70| and elaborated
by Martin-Lof [Martin-Lof 73, HAN], the formal aspect of which was dis-
covered by Curry [Curry, Feys, & Craig 58] and Howard [Howard 80].2 At

'PL/C is a sublanguage of PL/L.

2Without special concern for intuitionistic semantics, de Bruijn independently devel-
oped a similar correspondence between propositions (as the contents of possible assertions)
and syntactic types of AUTOMATH expressions. (See [de Bruijn 68a, de Bruijn 68b, de
Bruijn 80].) The act of assertion is expressed in AUTOMATH as the presentation of a term



































































































































































































































































































































































