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Chapter 1

Introduction

Machine verified mathematical development is a recent enterprise, starting in the
1950s[SW83]. A number of systems exist today[BM79, CH85, GMW79, McA89)],
and the growth of research in this area suggests that such systems will become more
‘widely used in the future.

Our research is based on the Nuprl proof development system[C+86]. Nuprl
is particularly well suited for constructing formal theories. Its logic is a sequent
calculus formulation of an expressive type theory. Special purpose editors support
the interactive development of definitions and theorems within its formal theory.
Nuprl possesses a meta-language, based on the programming language ML, that
allows users to write programs called tactics which assist proof construction. Nuprl
is also capable of extracting and executing the computational content of its proofs.

There is a continuum of possible theorem provers ranging from proof checkers to
automated proof discoverers. Where in this continuum Nuprl falls depends on the
environment or context used when proving theorems. An environment is a collection
of definitions, lemmas, and tactics that are specialized for reasoning about a specific
problem domain. The environment is a foundation that establishes definitions and
terminology for objects of discourse, characterizes their properties, and provides
procedures for domain-specific reasoning.

In an empty environment, Nuprl acts as a low-level proof checker and proving
even trivial theorems can be tedious. Fortunately, Nuprl’s tactic mechanism sup-
ports the development of reasoning paradigms ranging from simple derived inference
rules to sophisticated decision procedures. Furthermore, the level of inference can
be raised by developing theories about relevant objects and data-types. Tactics
can be used to automatically incorporate these theories into subsequent proofs. In
short, where Nuprl falls in the theorem prover continuum depends on how it is
applied to the problem at hand.

Our primary objective in this thesis is to demonstrate how environments are
constructed that make natural and high-level problem solving possible in complex
problem domains. By “natural” and “high-level” we mean that the structure of
mathematical development formalized within these environments closely resembles

1



2 Introduction

its informal counterpart. In [C*86], Constable wrote:

In a larger sense the Nuprl system serves as a tool for experimenting with
ways of applying computer power to solving problems and to generating
exact explanations of solutions, especially in the realm of computational
mathematics.

We hope to convince the reader that our work represents a significant step toward
realizing this potential.

1.1 Research Contributions

Environment Development And Application

The majority of this thesis explores the development and application of environ-
ments in Nuprl. We demonstrate how Nuprl can be successfully applied to a very
diverse set of problem domains. We show how type theory can be used to achieve
abstraction in this development. Moreover, we demonstrate that domain-specific
reasoning can occur in a high-level way with decision procedures and other tac-
tics providing a degree of automation approaching that found in more specialized
theorem provers.
We present three very different environments.

Finite set theory. This environment provides a foundation for reasoning about
finite sets. It includes a number of decision procedures and tactics based on
rewriting and matching for reasoning about members of sets and relations
between sets. On top of this environment, we developed a partial account of
finite graph theory.

Hardware verification and synthesis. This environment includes: a logic, de-
rived inference rules, and decision procedures for reasoning about boolean
valued circuits; theories about bit-vectors and their interpretation as num-
bers; and a collection of verified general purpose combinational cells.

Recursion theory and partial functions. This environment, which is based on
a non-conservative extension to Nuprl’s type theory developed by [CS87], sup-
ports reasoning about possibly nonterminating computation. It is an example
of how Nuprl can be used to prototype and experiment with type theoretic
extensions. It is also the first automated type-theoretic account of partiality.

We employ the ambitious title “problem solving environments” as these environ-
ments have diverse applications, some of which fall outside the scope of traditional
theorem proving. The ease in which these applications were developed, as well
as their depth and diversity, testify to the power of our environments. Moreover,
several applications establish new theorem proving paradigms. Our applications
include:





































































































































































































































































































































































