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Chapter 1

Introduction

Machine verified mathematical development is a recent enterprise, starting in the
1950s[SW83]. A number of systems exist today[BM79, CH85, GMW79, McA89)],
and the growth of research in this area suggests that such systems will become more
‘widely used in the future.

Our research is based on the Nuprl proof development system[C+86]. Nuprl
is particularly well suited for constructing formal theories. Its logic is a sequent
calculus formulation of an expressive type theory. Special purpose editors support
the interactive development of definitions and theorems within its formal theory.
Nuprl possesses a meta-language, based on the programming language ML, that
allows users to write programs called tactics which assist proof construction. Nuprl
is also capable of extracting and executing the computational content of its proofs.

There is a continuum of possible theorem provers ranging from proof checkers to
automated proof discoverers. Where in this continuum Nuprl falls depends on the
environment or context used when proving theorems. An environment is a collection
of definitions, lemmas, and tactics that are specialized for reasoning about a specific
problem domain. The environment is a foundation that establishes definitions and
terminology for objects of discourse, characterizes their properties, and provides
procedures for domain-specific reasoning.

In an empty environment, Nuprl acts as a low-level proof checker and proving
even trivial theorems can be tedious. Fortunately, Nuprl’s tactic mechanism sup-
ports the development of reasoning paradigms ranging from simple derived inference
rules to sophisticated decision procedures. Furthermore, the level of inference can
be raised by developing theories about relevant objects and data-types. Tactics
can be used to automatically incorporate these theories into subsequent proofs. In
short, where Nuprl falls in the theorem prover continuum depends on how it is
applied to the problem at hand.

Our primary objective in this thesis is to demonstrate how environments are
constructed that make natural and high-level problem solving possible in complex
problem domains. By “natural” and “high-level” we mean that the structure of
mathematical development formalized within these environments closely resembles

1



2 Introduction

its informal counterpart. In [C*86], Constable wrote:

In a larger sense the Nuprl system serves as a tool for experimenting with
ways of applying computer power to solving problems and to generating
exact explanations of solutions, especially in the realm of computational
mathematics.

We hope to convince the reader that our work represents a significant step toward
realizing this potential.

1.1 Research Contributions

Environment Development And Application

The majority of this thesis explores the development and application of environ-
ments in Nuprl. We demonstrate how Nuprl can be successfully applied to a very
diverse set of problem domains. We show how type theory can be used to achieve
abstraction in this development. Moreover, we demonstrate that domain-specific
reasoning can occur in a high-level way with decision procedures and other tac-
tics providing a degree of automation approaching that found in more specialized
theorem provers.
We present three very different environments.

Finite set theory. This environment provides a foundation for reasoning about
finite sets. It includes a number of decision procedures and tactics based on
rewriting and matching for reasoning about members of sets and relations
between sets. On top of this environment, we developed a partial account of
finite graph theory.

Hardware verification and synthesis. This environment includes: a logic, de-
rived inference rules, and decision procedures for reasoning about boolean
valued circuits; theories about bit-vectors and their interpretation as num-
bers; and a collection of verified general purpose combinational cells.

Recursion theory and partial functions. This environment, which is based on
a non-conservative extension to Nuprl’s type theory developed by [CS87], sup-
ports reasoning about possibly nonterminating computation. It is an example
of how Nuprl can be used to prototype and experiment with type theoretic
extensions. It is also the first automated type-theoretic account of partiality.

We employ the ambitious title “problem solving environments” as these environ-
ments have diverse applications, some of which fall outside the scope of traditional
theorem proving. The ease in which these applications were developed, as well
as their depth and diversity, testify to the power of our environments. Moreover,
several applications establish new theorem proving paradigms. Our applications
include:
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Ramsey Theory. We proved a theorem, due to Ramsey, that states that for any
two numbers /; and [;, there is a number n such that all graphs with at least
n vertices contain an /;-clique or /;-independent set[Bas89a].

Hardware Verification. We used our hardware environment to specify and auto-
matically verify a large number of non-parameterized combinational circuits.
In addition, we specified and verified a collection of parameterized circuits
(e.g., n-bit adders) using derived inference rules, rewriting, and specialized
decision procedures. Along with another student, we used these proven cells
to specify and verify a significant part of a systolic array FFT processor. This
component, the MAEC (Mantissa Adjuster and Exponent Calculator), has 118
inputs, 107 outputs, and was constructed from over 5,000 transistors[BD89,
Del90).

Combinational logic synthesis. We proposed a new paradigm for using construc-
tive theorem provers such as Nuprl to synthesize combinational circuits from
specifications. Our paradigm is a specialization of the proofs-as-programs
paradigm; a specification is proven in a manner such that the “program” cor-
responding to the correctness proof specifies a circuit. This methodology, in
which circuit specification is identified with verification, a break from hard-
ware verification methodology where a circuit is first specified and afterwards
verified.

CMOS circuit synthesis. We implemented a synthesis system that transforms
boolean logic equations into CMOS circuit specifications[BBL89]. This system
generates not only series/parallel circuits but also pass-transistor networks.
Moreover, each synthesized circuit is accompanied by a tactic that proves the
transformation correct. The system consists of a series of coordinated ML
programs that access proven theorems. The transformations may be directly
run in ML to generate output that can be implemented in silicon by existing
systems. Alternatively, they can be applied by tactics to proofs whereby
they serve as transformation operators that rewrite proof terms from one
level of abstraction (quantified boolean formulas) to another (CMOS). This
application is representative of a new type of hybrid programming/theorem
proving system where programs interact with theorem databases producing
both data and theorems.

Partial Object Reasoning. Within a non-conservative “partial-object” extension
to Nuprl’s type theory, we proved a number of simple theorems in recursion
theory including the undecidability of the halting problem and Rice’s theo-
rem. In addition, we demonstrated how possibly non-terminating programs
can be extracted from proofs containing not necessarily well-founded reason-
ing[Bas88]. This extends the proofs-as-programs paradigm to partial func-
tions.
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Rewriting and Related Problems

Nuprl is based on theoretical research in diverse areas such as programming lan-
guages, semantics, automated reasoning, applied logic, and constructive mathemat-
ics. Conversely, experience using Nuprl broadens understanding of these areas and
spurs new research.

This thesis addresses problems in term rewriting and related decision procedures
that are motivated by our applications and play important roles in the development
of these applications. We address both practical and theoretical problems. The
practical problem concerns the implementation of a generalized kind of rewriting
in type theory. The theoretical problem concerns the complexity of a term equality
decision procedure that arose in our application of rewriting to hardware verifica-
tion.

The generality of Nuprl’s logic complicates term rewriting. The two most serious
difficulties are:

1. Nuprl does not provide a global equality. Instead, users rewrite over user-
defined relations.

2. Each rewrite step must be proved valid. Because of the expressiveness of
Nuprl’s type theory, there is no recursive procedure to prove rewrites valid.
For example, equality is a partial equivalence relation and given an arbitrary
term t and type T there is no procedure that proves t = t in T since this
necessitates a proof that ¢ inhabits T' (which is undecidable).

Despite these difficulties, we have implemented a package for a general kind of
rewriting[Bas89c]. Our package constructs relational conversions. Given a sequent
p and a term ¢, a conversion yields a triple: a relation R, a term t/, and a tactic
that should prove ¢t R ¢’ under the assumptions in p. Our package provides opera-
tors based on first and second-order mat-hing that construct conversions from user
supplied lemmas. Conversions themselv+ - data-values, and higher order combi-
nators provide a means to compose them aud form new conversions. We have used
our package to construct sophisticated rewrite functions including term normalizers
and simplifiers.

This modular approach to rewriting originated with Paulson[Pau83, Pau87].
However, our package differs in two significant respects. First, Paulson allows rewrit-
ing only over two relations: term equality and formula equivalence. We place no
restrictions on rewrite relations; they need not even be equivalence relations. In-
deed, it is somewhat of a misnomer to call our package a rewrite package since it
can perform more general kinds of inference. We demonstrate, for example, how
our conversions can be used in inequality reasoning. Second, Paulson provides sep-
arate notions of conversions for each relation, each with its own fixed strategy for
proving rewrites valid. Our package takes a uniform view of rewrite relations and
uses a user extensible database to control relational inference and produce tactics
that prove rewrites valid. Whether a conversion succeeds depends on this database.
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This extensibility gives users control over how rewrites are proved valid, which is
necessary since (as described above) no fixed procedure can generate all proofs.

The theoretical problem that we address arose in our design of equality decision
procedures based on term normalization. Such decision procedures normalize terms
with respect to some well-ordering by repeated application of rewrite rules; terms are
equal when their normal forms are identical. However, Nuprl’s logic contains binding
variables and the names of these variables affect the ordering on terms. We demon-
strate that deciding if two terms containing otherwise uninterpreted associative-
commutative function symbols and commutative variable-binding operators (e.g.,
existential or universal quantification) are equal is polynomially equivalent to deter-
mining if two graphs are isomorphic[Bas89b]. The reductions used provide insight
into this result and suggest polynomial time special cases.

1.2 Comparison To Other Work

‘Our research spans many areas and we have made comparisons, as appropriate, on
a chapter by chapter basis. Here we shall make a brief comparison to related work
by Howe and some general comments about alternatives to building environments.

Howe’s thesis[How88a] also concerns automating reasoning in Nuprl. His re-
search, however, centered on the development of a large collection of general-
purpose tactics that are derived inference rules encapsulating common patterns
of reasoning'. Most do not include powerful theorem-proving procedures or make
much use of heuristics. As a result, Howe’s tactics are predictable, and easily com-
bined to construct more specialized tactics.

Our research focuses on integrating tactics with domain specific collections of
definitions and lemmas. Hence, our tactics have very different characteristics from
Howe’s. Most of our tactics are usable only in their intended environment because
they depend on objects being represented in particular ways and refer to proven
lemmas. Our tactics are not always predictable since some use heuristics based
on domain-specific knowledge to make large inference steps. Finally, many of our
tactics are designed as completed decision procedures as opposed to building blocks
for other tactics. '

Alternatives to building environments within an expressive logic are the options
of using less expressive logics with built-in decision procedures or using theorem
provers based on fixed proof construction heuristics. Examples of the former include
resolution based theorem provers for predicate calculus[Rob65, SW83, LMOS86] and
the use of the Knuth-Bendix procedure in equational theories[KSZ86, Hue86b].
The Boyer-Moore theorem prover (as described in [BM79]) and Ontic[McA89) are
examples of the latter.

We believe that there are significant advantages to building environments within

1'Howe addressed other concerns, such as reflecting meta-level inference, but these are not relevant
to this comparison.
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general logics as opposed to working in less expressive logics or using fixed inference
procedures. First, by using an expressive logic, we can formalize and reason about
substantial parts of mathematics. For constructivists, Nuprl’s logic can serve as
a foundation for constructive mathematics?. Moreover, since it is constructive, it
is particularly well suited for reasoning about objects and theories with computa-
tional significance. A number of logics and theories, both classical® and constructive
can easily and naturally be defined within type theory. Recent examples include
category theory[AP] and constructive real analysis|CH89).

A second advantage is that the tactic mechanism is more general than any fixed
decision procedure. While there is no recursive decision procedure for provability
in Nuprl, one can write decision procedures for subtheories. This thesis contains
decision procedures for combinational logic, associative-commutative term equality
in the presence of binding variables, and finite set theory. A more ambitious example
is the project underway at the University of Edinburgh to code the rewrite and
induction heuristics used by the Boyer-Moore theorem prover as tactics{BvEEH* 89).

Finally, our environments allow the development of theories that have explana-
tory content. Definitions and proofs are retained by the system and often correspond
closely to their informal counterparts. This results, in part, from the combination
of Nuprl’s definition facility and tactic mechanisms which can be used to tailor term
display and inference step size to those found in informal proofs. Moreover, users
can employ Nuprl’s editors to interactively explore proofs, expand definitions, alter
proof strategies, and execute the computational content of their proofs. In this light,
Nuprl can be viewed as a sophisticated kind of interactive medium used to discover,
explore, and reason®. Little of this is possible with fixed-procedure theorem provers
that only indicate what they can prove but provide no proof or explanation.

1.3 Thesis Overview

After a brief overview of Nuprl (Chapter 2), this thesis proceeds in roughly three
parts: a general account of environment construction (Chapter 3); rewriting and
the complexity of related decision procedures (Chapters 4 and 5); and specific en-
vironments and their applications (Chapters 3, 6, 7, and 8).

The first part, contained in Chapter 3, provides an account of our approach
to building environments. We detail how mathematical knowledge is represented,
reasoned about, and used computationally in Nuprl. This account is illustrated by
the development of a particular theory: finite set theory culminating in Ramsey’s
theorem.

In the second part, we examine the design and implementation of rewriting and

2As opposed to the ramified type theory of Russell, or Zermelo-Frankel set theory. [ML84]
contains a particularly readable account of this issue.

3[C+86, Mur90] contain examples of classical logics embedded in Nuprl.

*These ideas are explored in [Bat86].
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rewrite related decision procedures. In Chapter 4, we provide an account of rewrit-
ing in type theory and present parts of a rewrite package that we implemented. In
Chapter 5, we analyze the complexity of term equality in the presence of uninter-
preted associative-commutative function symbols and commutative variable-binding
operators.

In the third part, we detail the construction and application of our environments.
In Chapter 3, we describe our finite set theory environment and its application to
Ramsey’s theorem. In Chapter 6, we present our hardware environment and its
application to specifying, verifying, and synthesizing combinational circuits. In
Chapter 7, we apply the hardware environment to the construction of a CMOS
synthesis system. Finally, in Chapter 8, we report on our partial object environment
and its applications to recursion theory and the development of partial programs
with correctness proofs.

A Note On Presentation

In this thesis, typewriter font is reserved for text taken directly from Nuprl
libraries’. The converse is false. Library text is also displayed in math italics
(e.g., “z® + y® = 2%”) and the almost indistinguishable tezt italics fonts. Math ital-
ics is also used (e.g., extensively in Chapter 5) for meta-mathematical discourse, as
opposed to discourse formalized within Nuprl. When confusion can arise, we make
efforts to distinguish between these two kinds of mathematics.

5This text is identical to what appears on a terminal during a Nuprl session excepting minor dif-
ferences in white space. We have also made some manual readjustments to compensate for definition
display forms lost by the current Nuprl implementation.



Chapter 2

Nuprl

This chapter provides an overview of Nuprl’s logic and system. A complete account
of Nuprl exceeds the scope of what can be presented here. Full details of the system
and its semantics are provided in [C*86, ALI87D].

2.1 The Type Theory

Nuprl’s theoretical roots can be traced to the early 1900s with the development
of Intuitionism by Brouwer[Bro67] and its formalization by Heyting[Hey56] in the
1930s. Subsequent work on realizability[Kle45] and the propositions-as-types cor-
respondence[CF58, Sco70, Con71, How80] raised the possibility of interpreting con-
structive logic as a high-level programming language. Besides Nuprl, the theory of
constructions{CH85, CH88], PX[HN88|, and others, arise from such considerations.

Nuprl’s logical basis is an Intuitionistic type theory that is a descendent of
Martin-Lof’s type theory[ML73, ML82]. A type theory is a logic that consists of
computable expressions, some of which are types. A type may be viewed as a
proposition and its members serve as computational content of its proofs. One
uses a type theory to make assertions about types, their members, and equalities
among terms in the theory. As previously noted, Nuprl’s type theory is extremely
expressive and should serve as a foundation for constructive mathematics (e.g.,
[Bis67, BB85)).

In our presentation, we assume that the reader is familiar with common syntactic
notions such as substitution and variable-binding. We denote the simultaneous
substitution of the terms ¢; for the free occurrences of the variables z; in s by the
term s[ty,ts,...,tn/21, T2, ..., Ty).

Computation System

Nuprl’s terms are inductively defined and include the terms in the lambda calculus
— variables, abstractions, and applications — and terms generated from other con-
structors such as 0-ary constants (e.g., integers), type constructors, data construc-

8



2.1 The Type Theory 9

tors (e.g., pairing), primitive recursion (on higher types), list recursion, and arith-
metic functions. Term constructors may bind variables in their argument places.
As examples, z is bound in b in Az.b, and z and y are bound in s and u and v are
bound in ¢ in the primitive recursion combinator ind(m;z,y.s; b;u,v.t). The terms
z,y.s and u,v.t are called bound-id terms!, and we refer to ind and A-abstraction as
binding operators.

Nuprl’s terms, along with an evaluation procedure, comprise a computation sys-
tem. Evaluation is a partial function on closed terms; a term can evaluate to at most
one term. Evaluation divides terms into two kinds: canonical and noncanonical. A
canonical term evaluates to itself; examples include natural numbers, character
strings, lambda abstractions, and pairs. Noncanonical terms contain distinguished
subterms called principal arguments. For example, the principal argument in the
application a(d) is the term a and m is the principle argument of the ind combinator
given above. A noncanonical term may also be a reducible expression, or redez, in
which case it has a corresponding term called a contractum that is given by the
.evaluation rules. Given a closed term ¢, evaluation proceeds recursively:

1. If ¢ is canonical, then terminate with the value t.

2. Otherwise, execute the evaluation procedure on each of t’s principal argu-
ments; if each has a value, replace these subterms by their respective value.
Call this new term s.

3. If s is a redex, then recursively evaluate the contractum of s.
4. Otherwise, s is not a redex, so terminate without result; ¢ has no value.

This evaluation strategy is a lazy or head reduction strategy.

As examples, if a evaluates to Az.a’, then the value of a(b) is the value of a’[b/z].
For the primitive recursion combinator ind, when m evaluates to an integer m’, then
ind(m; z,y.3; b; u, v.t) evaluates to the value of

tlm,ind(m’' + 1;z,y.5; b;u,v.t)/z,y] if m is negative
b ifmis0
tlm,ind(m’' — 1;z,y.s;b; u,v.t)/u,v] if m is positive.

Appendix A contains a complete description of Nuprl’s computation system.

Types

A type is defined by choosing a canonical term for the type, specifying which canon-
ical expressions are its canonical members, and specifying an equality relation for

In [C+86], bound-id terms are not terms as variable-binding is considered an attribute of term
constructors. For example, z.b is not considered a subterm of Az.b. Instead, the operator ) is said
to bind one variable z in its subterm b. For our work in Section 5, it is convenient to view A as an
operator whose arity specifies that its argument is a bound-id term binding one variable.
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Propositions Types

BvC B|C
BAC B#C
B=C B-C

Jz € B.C z:B#C
Vz € B.C z:B-C
a=be A a=bin4d

Figure 2.1: Propositions-As-Types

the type. Equality is a three place relation that respects evaluation and specifies
when pairs of members are equal in a type. If t and s are equal in T we write
this as ¢ = s in T or t =r s; the latter expression emphasizes that equality is a
type-parameterized relation.

The base types in Nuprl are the type of integers int, character strings atom, and
the empty type void. Two terms are equal as integers (or atoms) if they evaluate
to the same canonical term and this term is in the field of the integer (or atom)
equality relation. Complex types such as lists, dependent functions, dependent
products, disjoint unions, set types, and recursive types can be built from the
base types using type constructors. There is also a constructor for equality types;
s =1t n T is a type that is inhabited (by the trivial term aziom) precisely when
s and t are equal according to the equality associated with T'. Equality for terms
in a complex type is defined inductively on its constituent types. For example, two
terms s and ¢ are equal in the function space z: A — B whenever s and ¢ evaluate
to lambda abstractions Az.s’ and Ay.t' respectively and for equal a and o’ in A then
sla/a] = ¢[b/y) in Bla/z]

Types are stratified in an unbounded hierarchy of universes. U; is the first
universe and contains all small types, that is Nuprl’s base types and types built using
the above mentioned type constructors. Universes are cumulative; if ¢ is less then j,
then membership and equality in U; are just restrictions of membership and equality
in U;. Nuprl’s type theory is predicative: Universes are themselves types and one
may form new types by quantifying over all types in a given universe; however, the
resulting types inhabit larger universes. This is in contrast to impredicative theories
such as the Theory of Constructions where propositions are closed under product
formation.

In Intuitionistic type theory, the inhabitation of a Type T by a term t admits
several readings. Aside from the straightforward reading that t is an object of the
type T, we can also conclude that

e t presents (computational) evidence for the truth of T, and
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e tis a program for the task T'.

The first reading is the so called propositions-as-types correspondence. The propo-
sition T' is identified with the type of its evidence. Higher-order logic is defined
within the theory via this correspondence; when we speak of “formulas” or “propo-
sitions” we mean these defined notions. Figure 2.1 spells out this correspondence.
The second reading gives rise to the proofs-as-programs paradigm which we discuss
in the next section.

Nuprl’s type theory is open-ended in the sense that new term constructors and
type constructors may be defined. Recently proposed extensions to Nuprl include
recursive types[Men87b], partial types[Smi88], and reflected types[ACH]. New term
constructors are introduced by specifying their argument places, variable-binding
structure, and how terms are evaluated with these constructors outermost. As
described above, new type constructors are defined by specifying their canonical
members and equalities. For constructivists, open-endness is important as neither
truth nor provability should be circumscribed to fixed collections of sentences.

2.2 The System

Sequents
The Nuprl system is used to prove sequents of the form
zy:Hy, z2:Hy, ..., zo: H, >> P [ext p].

The H; are referred to as hypotheses or assumptions, P as the goal or conclusion,
and p as the estract term. Roughly speaking, a sequent is true if the term p is
a member of the type P whenever the terms z,, ..., z, are members of the types
Hy, ..., H,. Under the propositions as types interpretation, this corresponds to the
proposition P being provable from the hypotheses Hj, ..., H,. The extract term
p is not explicitly part of the sequent. Instead, the system can take a complete
proof and compute this extraction field. The extract term may be accessed (by the
operator term_of) and used in other proofs or executed in Nuprl’s evaluator. This
ability to extract and execute the computational content of proofs is the essence of
the proofs-as-programs paradigm.

Nuprl proofs are trees containing sequents and inference rules and are built top-
down. The root sequent is the goal to be proved. The user applies inference rules
that refine the goal into subgoals such that the truth of the goal may be established
from the truth of the subgoals. The following, for example, might be a node in a
proof tree where A-introduction occurs.

>> P AQ By Intro
>> P (2.1)
>>Q

Here the goal P A Q has been refined to the subgoals P and Q.
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Rules and Tactics

Inference rules in Nuprl are either primitive rules or ML programs called tactics.
Nuprl tactics are similar to those in LCF[GMW79]: given a sequent as input, they
apply primitive inference rules and other tactics to the proof tree. The unproven
leaves of the resulting tree become the subgoals resulting from the tactic’s appli-
cation. Tactics, then, act as derived inference rules; their correctness is justified
by the way the type structure of ML is used. This mechanism provides a powerful
method of raising the level of inference in Nuprl proofs. Ideally, users supply only
the main proof ideas and tactics fill in the details. Moreover, as the tactic calls are
themselves part of Nuprl proof trees, the proofs can serve as high-level explanations
of formal arguments.

Nuprl contains a large number of primitive inference rules?. For each type con-
structor, there are generally four kinds of rules: formation, introduction, elimi-
nation, and computation. These rules prescribe how to form equal types (hence,
reflexively, how to build types), how to build equal members of types, how to use
or analyze members of types, and how to compute with these members.

Nuprl also contains rules for equality reasoning, substitution, and the like. In
particular, the rule arith is a built-in decision procedure that can justify conclu-
sions that follow, roughly speaking, from the ring axioms for integer multiplication
and addition, the total order axioms for the relation <, the reflexivity, symmetry,
and transitivity of equality, a limited form of substitutivity of equality, and trivial
monotonicity reasoning. Nuprl also contains rules for direct computation. These
rules allow redex contractions to be applied to parts of a sequent. Direct computa-
tion can be rather slow. The rule eval uses Nuprl’s (reasonably efficient) evaluator
to head normalize terms in a sequent.

Definitions

Nuprl contains a definition mechanism which is essentially a macro facility. A
definition consists of a display form and replacement text. The body of a definition
has the form

text] == text2

where the left-hand side gives the form in which definition will be displayed and the
right-hand side gives the meaning of the definition in terms of existing notation.
Definitions may contain formal parameters, denoted by strings inside of angular
brackets (e.g., <parameter>), that are instantiated by the user. Some definitions
common to all our environments are presented in Figure 2.2. In Section 3.1, we
explain how definitions are created in an indirect way that associates a type with
each defined object. As a notational convention, we use the “=” symbol to to
separate display forms of indirect definitions from the terms that they (indirectly)
represent.

2These are detailed in [C*86] and [How].
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Representation

(<T>...)

A<z>.<b>

<z>.1

<z>.2

let <z>= <t>1in <tt>

<z>L <y>

N

{<m>...}

{<m>...<n>}

[0 = <b>; <n>, <y>— <t>;@<ad)

Defining Term

(\p-((<T>) THENAutotactic)p)
\<z>.<b>

spread(<z> u,v.u)

spread(<z>; u,v.v)

((\<z>. (<tt>))(<t>))

~(<y> < <z>)

{i:int|0 < i}

{i:int|<m>< 4}

{izint|l<m>< i A1 < <n>}

ind(<a>; -, —.<b>; <b>; <n>, <y><t>)

[nil = <b>; <h>.<t>, <v>— <tt>;@<a>] lst_ind(<a>; <b>; <h>, <t>, <v>.<tt>)

Figure 2.2: Representative Basic Definitions

Miscellaneous

Theorem proving takes place within the context of a Nuprl library: an ordered
collection of tactics, theorems, and definitions. Objects are created and modified
using window-oriented, structure editors. A text editor is used to create and modify
tactics, definitions, and refinement rules. A proof editor is used to construct proofs
and to view or modify previously constructed proofs. Proofs are retained by the
system and can be subsequently analyzed by either the user or tactics.



Chapter 3

Building Environments

This chapter provides an account of how environments are built. It is organized
around:

o representing mathematical concepts in type theory;
¢ building a collection of lemmas about representations;

e writing tactics to automate reasoning;

constructing proofs; and
e executing the computational content of proofs.

Our account is illustrated by the development of an environment for reasoning
about finite set theory. This development culminates in a proof of a version of
Ramsey’s theorem that states that for all positive integers /; and I3, there is some
number n such that any finite graph with at least n vertices either contains an [;-
clique or an l;-independent set. Although the environment we present is relatively
simple! it is sufficient to illustrate our main points.

This development is interesting in its own right as a case study in the relationship
between constructive mathematics and computer science. Moreover, the aspects we
emphasize — the high-level development of definitions and lemmas, the use of tactics
to automate reasoning, and the use of type theory as a programming logic — are
not restricted in relevance to this particular theory and indicate the applicability of
our approach to other branches of mathematics.

3.1 Representation

Mathematical exposition typically follows a predictable pattern: first, basic con-
cepts are defined and notation is introduced, and then lemmas and theorems are

1t is approximately one-tenth the size (definitions, lemmas, and tactics) of the environment used
in the verification of the MAEC.

14
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proven. Similarly, formalizing mathematical notation is the first step in constructing
an environment. Definitions allow us to work directly with familiar logical nota-
tion instead of with the underlying type theory; this facilitates abstraction in both
representation and reasoning.

We expect that terms and operators defined in Nuprl represent actual objects
and operators in some logical domain and that we can only prove true statements
about these objects. Within this constraint there is considerable flexibility since
complex mathematical objects can be represented in multiple ways and at various
levels of abstraction. This multiplicity of choices results from the richness of Nuprl’s
type theory. For example, both Nuprl’s dependent product type constructor and
dependent function space constructor can be used to introduce abstraction in defi-
nitions. The product constructor can be used to define abstract-data types|MP85]
and the function space constructor can be used to define parameterized objects.
Overall, different representation choices lead to the development of different theo-
ries and reasoning paradigms. We return to these points at the end of this section.
. There are many options in developing Ramsey theory. It can be viewed as a the-
ory about relations, graphs, algebras, and other mathematical structures[GRS80).
As a graph-theoretic statement, it is expressible in terms of two-colorings and
monochromatic subgraphs, or cliques and independent sets. We choose the lat-
ter representation and represent graphs by finite sets and finite set relations. These
decisions were guided, in part, by overall development plans. We chose a setting
that was general enough to permit other researchers at Cornell to use our environ-
ment for their own theorem proving projects?. Of course, such generality can result
in greater proof complexity, but in our case the additional burdens were small.

For basic definitions, we directly use the Nuprl definition facility to associate
display forms with terms in the theory. For complex definitions, however, we achieve
a kind of abstraction through a level of indirection®. Instead of directly equating
a display form with a term ¢, t is extracted from a theorem that contains type
information. For example, consider the definition D of discrete pairs, those types
with a decidable equality paired with their equality decision procedure. The type
these pairs inhabit is specified by quantifying over all small types; this specification
is a large U, type. Thus, we prove the typing lemma “>> U,” by explicitly providing
the inhabiting type

T:U#Ve,y:T.za=yinTV-(z=ynT).

D is defined as the extraction from this typing theorem.
This technique of indirect definition provides a uniform way of associating a
type with each defined object. The standard tactic collection takes advantage of

2An undergraduate researcher subsequently used this environment for proving theorems in graph
theory.

3The technique for achieving definition abstraction described here is being supplanted by an
improved definition facility that supports abstraction through second-order operators[All].
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D: D
> U2
T:UL # Vx,y:T. x=y in T V —(x=y in T)

D_type: |<A:D>|
> D -> Ut
A, A1

lmember: <x:A> €{<A:U1>} <1:A list>
>> A:U1 => 1:A list -> x:A -> Ul
AAlx. [ nil — False; h.t,v — x=h in A V v; @ 1]

FS: FS(<A:D>)
> D -> U1
A. { 1:1al 1ist | [ nil — True; h.t,v — —(h e{lAl} t) A v; @€1] }

fmember: <x:|Al> €{<A:D>} <1:FS(A)>
>> A:D => FS(A) -> |Al -> U1
AAsx. xe{lal} s

Figure 3.1: Basic Finite Set Definitions

this in proving membership goals, relieving us of the burden of continually retyping
commonly referenced objects.

The fragment of our finite set theory/graph theory environment used in the
proof of Ramsey’s theorem contains 48 definitions. Nineteen of these are related to
finite sets, four to graphs, and one is specific to the statement of Ramsey’s theorem.
The remainder are part of a general library of basic definitions, such as the direct
encodings of the logical connectives of predicate calculus (e.g., Figures 2.1 and 2.2),
which are useful for any theory built in Nuprl.

Finite Set Theory

Figure 3.1 contains the basic finite set definitions. Definition names are annotated
by their display forms and are followed by their respective typing theorem and
extraction. D is the previously discussed type of discrete pairs. D_type is defined
as a function that projects the discrete type, or carrier, from a discrete pair. Finite
sets are represented by lists, and Imember is a proposition that, given a type A, a
list [ of members of A, and an z in A, is true if and only if z is in /. This definition
uses a primitive recursive search predicate (defined in Figure 2.2) that in the base
case is false and in the inductive case is true if either z is the head of the list, or,
recursively, if z is in the tail. We also define a search predicate to specify finite sets
as functions from discrete pairs A to lists [ over |A|, where no element in ! occurs
more than once. Hence, a finite set is a non-repetitious list of elements from a type
with a decidable equality. We complete the basic definitions by defining finite set
membership as list membership.

The complete library listing is found in [Bas89a] and contains the definitions of



























































































































































































































































































































