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Abstract

This paper provides an account of how mathematical knowledge
is represented, reasoned about, and used computationally in a mecha-
nized constructive theorem proving environment. We accomplish this
by presenting a particular theory developed in the Nuprl proof devel-
opment system: finite set theory culminating in Ramsey’s theorem.
We believe that this development is interesting as a case study in the
relationship between constructive mathematics and computer science.
Moreover, the aspects we emphasize — the high-level development of
definitions and lemmas, the use of tactics to automate reasoning, and
the use of type theory as a programming logic — are not restricted
in relevance to this particular theory, and indicate the promise of our
approach for other branches of constructive mathematics.

1 Introduction

This paper describes our ongoing research in theory development in the
Nuprl proof development system. Nuprl supports the interactive creation
of definitions, formulas, proofs, and terms in its formal theory, a sequent
calculus formulation of a constructive type theory similar to Martin-Lof’s.
During the past three years, a number of experiments have been con-
ducted using the system. Howe used Nuprl to prove the fundamental theo-
rem of arithmetic[12] and Girard’s paradox[13]. Cleaveland developed the
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synchronization-tree model of CCS[3], and Kreitz proved theorems in con-
structive automata theory[15]. This author has used Nuprl to develop an
environment for proving theorems in recursion theory[1l] and has recently
proved Ramsey’s theorem.

Mathematical development in completely formal systems is a relatively
new enterprise — starting in 1968 with Automath[7]. A number of systems
exist today [2,6,16], and the growth of research in this area suggests that
such systems will become more important in the future. We believe that
Nuprl is particularly well suited for theory development. Its logic is expres-
sive. Special purpose editors encourage users to walk through proofs, ex-
pand definitions, and see the effects of different theorem proving strategies.
Its high-level meta-language supports the development of tactics, programs
that partially automate theorem proving. Nuprl is also a programming
logic and provides facilities to extract and execute the computational con-
tent of proofs; proven correct programs are automatically synthesized from
completed proofs. This has the additional pedagogic advantage of sensi-
tizing users to the algorithmic nature of their theories. We explore these
topics in sections 2 and 5.

The ability to build theories in Nuprl is based on theoretical research in
diverse areas such as programming languages and environments, semantics,
automated reasoning, applied logic, and constructive mathematics. Con-
versely, experience using Nuprl provides more than tangible evidence of
theoretical advances. It broadens understanding of these areas and spurs
new research. Our work demonstrates the feasibility of automating reason-
ing about a certain class of objects: those based on proofs of the existence
of set theoretic operators. In sections 3 and 4, we present a uniform method
of constructing characterization lemmas and sequent rewrite tactics from
these objects and develop a powerful decision procedure for automating
reasoning about set membership propositions. In addition, we show how
to reason about these objects in a way abstract to their underlying type
theoretic representations.

Our examples come from our recent work developing finite set and Ram-
sey theory. The theorem that we prove is the finite version of Ramsey’s
theorem which states that for all positive integers [; and l,, there is an n
such that all graphs with at least n vertices either contain an /;-clique or
an l;-independent set. We believe that our theory is interesting as a case
study in the relationship between constructive mathematics and computer
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science. Moreover, the aspects we emphasize — the high-level development
of definitions and lemmas, the use of tactics to automate reasoning, and the
use of type theory as a programming logic — are not restricted in relevance
to this particular theory, and indicate the promise of our approach for other
branches of constructive mathematics.

2 Nuprl

Requisite to understanding Nuprl theory development is understanding
Nuprl itself. Due to space limitations, we offer only a brief overview. The
reader is referred to [4] for details.

The basic objects of reasoning in Nuprl are types and members of types.
The rules of Nuprl deal with sequents, objects of the form

z1:Hy, z9:Hy, ..., z,: H, >> A.

To judge a sequent true essentially means that when given members z; of
type H;, one can construct an inhabitant of A. Nuprl’s rules are applied
in a top down fashion. That is, they allow us to refine a goal obtaining
subgoal sequents such that a goal inhabitant can be computed from subgoal
inhabitants. Hence, proofs in Nuprl are downward growing trees where
each node has associated with it a sequent and a refinement rule. Children
correspond to subgoals that result from refinement rule application.

Refinement rules may be either primitive inference rules or ML pro-
grams called tactics. Nuprl tactics are similar to those in LCF[10]: given a
sequent as input, they apply primitive inference rules and other tactics to
the proof tree. The unproved leaves of the resulting tree become the sub-
goals resulting from the tactic’s application. Tactics, then, act as derived
inference rules; their correctness is justified by the way the type structure
of ML is used. For more on the Nuprl tactic mechanism, see [5], and for a
description of the standard tactic collection see [14].

Nuprl’s type theory is expressive; its intent is to facilitate the formal-
ization of constructive mathematics. Types are stratified in an unbounded
hierarchy of universes. Uj is the first universe and contains all small types
or propositions. As Uj is itself a type, the closure of it and all types con-
tained in it under the type construction operators yields the next level of



the hierarchy, U,. Propositions are represented via the propositions-as-
types correspondence. This correspondence gives a direct translation for
the usual quantifiers and logical connectives. A proposition is true if and
only if the type associated with it is inhabited. Thus, to prove a proposi-
tion P of constructive mathematics, one proves “>> T” for the appropriate
type T by applying refinement rules until no unproven subgoals exist. If P
is true, a proof will produce an inhabitant of T' that embodies the proof’s
computational content. Nuprl provides facilities to extract and execute this
content. Thus, Nuprl may be viewed as a system for program synthesis:
Theorem statements are program specifications, and the system extracts
proven correct programs.

3 Representation

Mathematical exposition typically follows a predictable pattern: first basic
concepts are defined and notation is introduced, and then lemmas and the-
orems are developed. Similarly, formalizing representations is the first step
in building a Nuprl library, a linearly ordered collection of definitions, theo-
rems, tactics, and other objects. Definitions allow us to work directly with
familiar logical notation instead of with underlying type-theoretic notation.
The actual representation is critical as complex mathematical objects can
be defined in various ways; different choices may lead to the development
of different theories.

The tradeoff among representation choices is often between generality
and efliciency. As definitions become more general, they become usable in
the development of other theories. A general finite set theory, for example,
supports the development of finite graph or lattice theory. On the other
hand, overly general definitions can substantially increase proof complexity.
Additional burdens arise in showing that objects meet general criteria. Fur-
ther, it may be difficult to design proofs with eflicient algorithms underlying
them. We will return to these points at the end of this section.

The definition facility is essentially a macro facility. For basic logic
definitions we use this mechanism directly. For more complex definitions,
however, we achieve a kind of abstraction through a level of indirection.
Instead of directly equating a display form with a term ¢, ¢ is extracted
out of a theorem that contains type information. We illustrate this two



step process with an example. Consider the definition D of discrete pairs,
those types with a decidable equality paired with their equality decision
procedure. The type these pairs inhabit is specified by quantifying over all
small types; this specification is a large U, type. Thus, we first prove the
typing lemma “>> U,” by explicitly introducing the type

T:U #Vz,y:T.za=ymTV-(z=yinT).

In the second step, D is defined as the extraction from this typing theo-
rem. This technique has several advantages. Most importantly, it provides
a uniform way of associating a type with each defined object. The stan-
dard tactic collection takes advantage of this in proving membership goals,
relieving us of the burden of continually retyping commonly referenced ob-
jects.

The development of Ramsey’s theorem necessitates numerous represen-
tation choices. It may be stated about relations, graphs, algebras, and other
mathematical structures[11]. As a graph-theoretic statement, it is express-
ible in terms of two-colorings and monocromatic subgraphs or cliques and
independent sets. We choose the latter representation and represent graphs
by finite sets and finite set relations. Although the various formulations are
in some sense equivalent, they lead to the formalization of very different
theories.

Our self-contained library contains 48 definitions. Nineteen of these are
related to finite sets, four to graphs, and one is relevant to the statement of
Ramsey’s theorem. The remainder are part of a general library of basic def-
initions, such as the direct encodings of the logical connectives of predicate
calculus, which are useful for any mathematical theory built in Nuprl.

3.1 Finite Set Theory

Figure 1! contains the basic finite set definitions. Definition names are
annotated by their display forms and are followed by their respective typing
theorem and extraction. D is the previously discussed definition of discrete
pairs. D_type is a type valued function that projects the discrete type, or

LActual text and snapshots from Nuprl sessions are displayed in typewriter font.
Their appearance here, except for annotations and differences in white space, is identical
to their appearance on a terminal during a Nuprl session.






































































































