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Abstract

In computer science we speak of implementing a logic; this is done in a programming
language, such as Lisp, called here the implementation language. We also reason about the
logic, as in understanding how to search for proofs or in knowing it is consistent; in the
terminology of mathematical logic, these arguments are conducted in the metalanguage of
the object language being implemented. We also reason about the implementation itself, say
to know it is correct. This is done in a programming logic. How do all these logics relate?
This paper considers that question and more.

We show that by taking the view that the metalogic is primary, these other parts are
related in standard ways. The metalogic must be suitably rich so that the object logic can be
presented as an abstract data type, and it must be suitably computational (or constructive)
so that an instance of that type is an implementation. The data type abstractly encodes
all that is relevant for metareasoning, i.e. not only the term constructing functions but also
the principles for reasoning about arbitrary terms and computing with them.

Our work can also be seen as an approach to the task of finding a generic way to
present logics and their implementations, which is for example the goal of the Edinburgh
Logical Frameworks (ELF) effort. This approach extends well beyond proof-construction
and includes computational metatheory as well.

1 Introduction

1.1 Role of Logical Frameworks and Formalized Metamathematics

At one time logic seemed to be a finished subject, and computers, like radio telescopes and
linear accelerators, seemed to be the tools of big science. Now computers are ubiquitous and
their software systems have brought logics to life. We see limitless expansion in both domains
with computers destined to play a part in nearly every aspect of life and the logics of their
systems needed to bring order and sense to this activity, as well as provide a basis for enabling
the realization of ever bolder dreams. This is a new role for logic and with it come a host of new
tasks and problems; this paper is about some of them, especially those that fall to computer
scientists to address. Part of the job can be understood in terms of past accomplishments in
computer science, and part belongs to a new subfield. Let us be more specific about this new
role for logic and put these tasks in context, starting with the most familiar.
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LF in General Sense Formalized Metamathematics

e Wide variety of logics demands e Mechanized reasoning demands
general tools general metareasoning facilities
(“Next 700 Theorem Provers”) (“Metalogical Frameworks”)

e How to provide generic tools e How to formalize metamathematics
for computer implementations of logics
o define the logic e represent the logic
— syntax, proof rules — wifs, proofs, semantics
e automate theorem proving e metatheory about proofs
— proof search — derived rules

— decision procedures
— normal form theorems

Figure 1: Congruence of Concerns

The first generation of software systems were brought under control with the development
of automata theory, formal languages, and programming logics. Modern compilers are built
with tools and techniques based on a deep understanding of parsing and compilation, and the
methods of rigorous program development make it possible to achieve high levels of reliability
for a range of specifiable programs.

Now the field seeks to do more, to extend the previous successes to a wider range of comput-
ing problems and to carry the techniques forward into more imaginative experimental systems
which have formal logics as components. For instance there will be programming languages with
type systems that are equivalent to logics, and the type checkers will be little theorem provers
(maybe even big ones). There will be formal specification languages and program verifiers both
based on a formal logic of some kind. There will be systems that support program synthesis
and hardware synthesis. There will be data bases with rich querry languages that are formal
logics. There will be more experimental systems such as problem solving environments and
programmer’s assistants. In all of these systems formal logic is playing its new role. Moreover,
there will be many different logics and many different implementations of each. So as in the case
of compiler construction, there will be an industry for building and modifying the implemented
logics.

Thus far there are no tools designed specifically to support the activity of implementing
logics. So systems are built from scratch using tools intended for other purposes. What is
wanting is a framework for designing these logics and supplying the generic tools. One of the
main goals of research in logical frameworks is to offer a setting to guide the building of these
generic tools.

Another way to approach the topic of this paper is to consider the activity of generating
formal mathematics, the project of Automath [8]. This has been taken up with considerable
energy in computer science because it is seen as an integral part of some of the new kinds
of systems mentioned above and because it is related to concerns of Al and because it is a
generalization of programming, an activity central to computer science. For whatever reason
(and there maybe other more subtle ones), this is now done by computer scientists. One
of the subjects that is most promising to formalize is metamathematics, in part because the



results of that work feed back directly to the task of generating formal theorems. In the
context of formalizing metamathematics, we are confronted with many of the same questions
facing the designer of a logical framework; some of these parallels are drawn in Figure 1.
This paper considers why this is so. Moreover we claim that the vantage point of formalized
metamathematics is a good way to look at the task of logical frameworks, and we advocate its
primacy, hence the title of the paper.

Scientists actually doing formal mathematics have come to understand the importance of
metareasoning from experience. They quickly saw that nearly all informal mathematics is a
mixture of object theory and metatheory. The work of Howe [25], comes to our minds in
this connection. Also the style of automating reasoning via tactics involves programming in a
metalanguage, and if one applies the methodology of programming systems based on the proofs-
as-programs principle, such as Nuprl [12] and the Calculus of Constructions (CoC) [14], then
many of these tactics should be extracted from metatheorems. A great deal of work has been
done in this direction at Cornell, [27, 24, 2]. Also even if this principle is not underlying the
programming style, it has been widely noticed that substantial economies in proof generation
are possible if tactics are replaced by the metatheorems that they implement.

The key component, and least understood one, in an implemented logic is usually the in-
ference engine, and our starting point is the observation that the experimental systems will
need ways to quickly modify them, even the workhorse system will need ways to progressively
enhance it. Our response to the situation is to conjecture that the problems of understanding,
specifying and modifying the inference engine are best dealt with in the framework of a for-
malized metalogic, not in the setting of a hybrid system of languages nor in a framework that
enables a generic definition of the syntax and proof structure of a logic. It will be important to
reason about the object logic (the one being implemented) in a very expressive metalogic.

1.2 Conceptual Issues

Logicians have been concerned for years with treating their subject more abstractly and gener-
ally. The elementary formal systems of Smullyan were an attempt to characterize the deductive
machinery of Principia Mathematica, and lately Feferman has proposed more usable formalisms
[19, 18] such as F'Sp for expressing proof theory. There are abstract semantic characterizations
of logic [4, 5] and the theorem of Lindstrém in abstract model theory characterizing first-order
logics. There are other efforts along these lines such as [1].

The work of logicians deals with many of the issues central to the problem of logical frame-
works such as what is a logic, what are the different ways to present them and which are
essentially the same, which are different. Their concern for the most general setting for major
results such as Godel’s theorems, L6b’s theorem, Girard’s normalization methods, etc. is di-
rectly germane to the task of formalizing metamathematics. But some of the issues faced in
defining a logical framework and formalizing mathematics on a machine are new. For example,
how should bound variables be represented, as deBruijn indices or as special terms? How can
a sequent based proof economize on storage? What is the best way to realize computational
content? What is the essential difference between sequent style proofs and natural deduction
style, and does it apply to all logics?

Inevitably discoveries about logical frameworks will contribute to a conceptual understand-
ing of logic. From the vantage point of this paper we see that the efforts to formalize meta-
mathematics will contribute as well. This might not be so obvious a priori.








































































