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Abstract

Existing verification technology, thougp theoretically adequate, is
not directly ap;licable to the construction of large software systems.
This thesis ecxplores the view that reasoning about code is not the
propes paradiga for correct program development. Instead,
specificaticns should be the objects of study and a logic should be
formulated for comstructively proving that specifications have
acceptable implementations; from these proofs code may pe extracted.
Thus, constructive exiutence. proofs become the programmer's main

concern, while exccutable text is seen as a valuable by-product of

correct ressoning which cannot be produced from incorrect reasoning.

The thesis captures this view of program development in a logic for
the formal refinement of specifications. Specifications are writtem in
an  imperative notation of generalized assignment; they allow
calculations in integer arithmetic and finite set theory. Classical
reascning techniques are shown inconsistent in this domain (where
propositicns may clsim the constructive existence of programs), hence an
alternative logic is developed based on intuitionistic reasoning.
Pzoofs in this constructive refinement logic are trees, stylistically
similar to those of Gerhard Gentzen's sequent calculus. It is argued
that while linear proots are appropriate when reasoning.is developed and
sresented on paper, hierarchical proofs are appropriale when rcasoning
is developed and presented with machine aid. A mechanism is described

that extracts correct code from valid proofs; its existence assures the



consistency of the logic. Finally, several code optimization techniques

are examined and applied to code extracted fron sample proofs.

The thesis concludes with a discussion of the expounded view of
correct program development, suggestions for s program development
system based on this view, and a look at the numerous research problems

remaining in this area.
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Chapter 1

Introducticn

1.1 Ihe saftware probhlem

With the advent of the silicon integrated circuit in the early
1960*'s, the fundamental electronics technology that underlies mnodern
ccuputers began doubling in eE[ectivenees every year [Siewiorek et. al.
1978, Bhandarkar and Juliussen 1978). Pricr to this technological
achievement, machires vere limited, society's expectations modest, ond
pctential applications of computers wvere adequately realized. Hovever,
as exponentially improving hardware encouraged increasingly complex
aprlications, the burden of producing correct, efficient, ever larger
systems came to rest on the programmer. Too often the programmer failed

miserably.

As hardware advances continued into the 1970's, the growing gap
between the expectation and reality of software development prcapted
computer scientists to examine the progremming task in deptii. Dijkstras
wrote the frequently mimicked "GOTO Statement Considered Haimful™ letter
[Dijkstra 1968a] advancing the idea that the goto statement led to
programs with "jntellectually unmanageable" cunt;ol flov. The term
"softvare engineering™ was coined to convey the notion thal programs are

structured objects to be constructed according to sound engineering
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principles [Randell and Naur 1968]. Progrcamicg langusge semantics took
on a new significance as Hoare's axiomatic method provided an effective
tool for analyzing beth the complexity of languages and the properties
of individual progroms [Hoare 1969]. Thesz ideas grew into several

broad areas of research aimed at solving the software problenm.

Languages:
Progranming language designers realized :that languages =must aid,
not burden, the programmer [Hoare 1973, Wirth 1974). Laagueges
vere developed to support the majcr intellectual techmiques for
handling cxplexity -- abstraction, casc analysis, i.nduction. etc.
-- without tiemselves becoming too cczplex to understand. tudy of
such areas as data absiraction, control abstrecticr, scoping, ard
mcdularity led to propusals for various supporting larguage

constructs.

Methodolegy:
After coneiderable debate, the "code then debug" philosophy gave
wvay to t:he idea that programs could and should be constructed to
function properly the first time executed (Mills 1975]. Top down
design from well specified requirements became an accepted
development technique. Projrammers recognized that testicg alcne
conld only mildly increase their ccrfideance that a prograr was
properly constructed; assured correctness had to be built in, it

couldn't be tested in.

Verificatior:
The notivn of program correctness was forwalized in various ways

and techniques were developed to prove programs ccrrect.
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(Correctness means performing according to specifications.
Avsuring the aptness of specifications is an importamt, but
distinct, problem.) These ideas affected programming languages and
methodology; they led to the suggestion that programs and their
proors be developed simultaneously. Systems were built to support

program verificatico with varying degrees of automated aid.

As of the late 1970's, many of these advances in programming
languages and methodology have had an impact on the comstruction of real
world sottware. Top down development and structured programming have
been adopted by a wide variety of software producers. Articles
proposing or analyzing other techniques appear constantly in the data
processing industry's trade journals. Myriad introductory programing
texts doscribe top down development in PL/I subsets or PASCAL.
®Structured programming™ preprocessors for FORTRAN, COBOL, and other old

lacguzges sewm as common as the compilers themselves.

In contrast, though the idea has been in the technical literature
for over a decade. formal verification of progrums has not had a direct
inpact on real world software production. That is, people almost never
carry out CO:I;PIE:Q formal verifications of their programs. For
icteresting algorithms, existing formal proof techniques and their
iaformal counterparts are adequate. These short programs, often
published, are subject to the dctailed scrutiny of many individuals.
RPeal programs, hovever, zre often so dull that only the original
frogracser ever reads them. Existing techriques, though theoretically
adequate, are exceedingly tedious in this domain, even if mechanical aid

is supplied. Thus, one finds that enforced formal verification with
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current technology is unacceptable in practice; yet, because real vorld
programs are too large to be fully tested and are produced by
programmers with a. persistent tendency to err, formal reasoning of some
kind (checked by machine) is exactly what is needed to guarantee the

correctness of large programs.

1.2 Ioward a solution

The work presented herein is based on the belief that current
verification technology is inadequate largely because it fails to
directly support effective methods of program development. Most
verification techniques are analytic tools, applicable to arbitrary code
segments divorced from their development; similarly, most verification
systems analyze arbitrary programs and yield a set of leomas
(verification conditions) that must be proven. In my experience,
however, careful, accurate programners having low error nt'es develop
correct programs with informal reasoning -- they seldom verify completed
programs with formal reasoning. Though formal techniques for analyzing
code can help guide informal development .e.g.. Dijkstra's use of
predicate transformers [Dijkstra 1976]), verification systems based on
these techniques are code readers -- they can only insure correctness by
analysis performed after code is written. In contrast, this tkesis
claims the need for a habitable formal logic and associated support

system for correct program gonstructiop.

A logic for program construction should formalize a particular
development methodology, mnot just the semantics of a conventional

programming language. The text produced by a programmer should contain
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the complete record of an idealized (i.c., no backup) development of his
progran, including all reasoning nceded to demonstrate its cor:-ectness.
Progromaers are generally aware of this reasoning during development of
correct code. Providing s formal notation for recording it permits
pregraa and proot synthesis to be integrated into one unified process,
vwith correctuess of the evolving program insured at all stages. This
apprcach formalizes the wmethodology advocated by many authors of
structured programming texts [Wirth 1973, Conway and GCries 1975,

Dijkstra 19763.

Establishing program correctness is viewed differently from this
vactage. Verification as a distinct activity no longer exists since
incorrect programs cannot be produced. Executable code is obtained only
by oeans of correct formal development. This change in viewpoint is of
great psychclogical importance because it captures the ides of
prograrming as a methodical process of discrete, manageable decisions in
vhich the concepts of bugs, quick and dirty programs, etc., never arise.
When constructing programs to wmeet given specifications, I believe
limiting omne's thought in this way is not just appropriate, but

essential.

A program development logic requires programmers to manipulate
substantially more text than is usual. Aleo, formal reasoning has an
advantage over rigorous reasoning only when it is mechanically checked
for validity. Thus, an interactive system that assists and watches the
prcgrammwer is an irdispensable part of this approach. The minimal
version of such a ‘sylten must provide clerical help in manipulating

program developments and should check the validity of reasoning used
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therein. In addition, the system should take over the work of prcving
the mass of trivial propositions found in developments. The constantly
increasing ratio of software to hardware costs has made any su:h‘
assistance economically attractive, even at the expense of substaatial

dedicated conmputing power.

The view ot program development acvocated here clearly contradicts
the well known argument that "programs should not' be writtea at
terminals™. The reasoning behind that claim applies to coanventicnaal
(edit-run-debug) cyléus. because they effectively support only the
"modify until all the test cases work" methedology. My proposal is for
a system supporting a more tenable wethodolciy. requiring and helping
the programmer to reason about all possible executions. I envisicn
construction proceeding via a man-wachine dialogue, perhaps a variaticn
of that cuggested by Floyd [Floyd 1971]. The dialogue wculd epphaszize
correct reasoning in a style suited to expressing complete idealized

developuments.

1.3 Organization of the thesis

The body of this thesis is the presentation and analysis of -PP.L.l a
logic for the top down development of programs. PRL, an acrooyn for
Program Refinement Logic., is a formalism that provicdes for the
apecificatig'n and correct refinement of programs operating on integers,
booleans, and well typed, homogeneous, finite sets. The logic is the
result of my attempt at the "habitable formal logic ... for program

construction" called for in the previous section.
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Chapters 3 and 4 contain the major technical results of my work.
Chapter 3 describes PRL in depth; it includes examples dispersed
throughout the text. Chapter 4 presents a detailed account of a method
for extracting (i.e., compiling) programs from proofs. Inkerent in this

account is a demonstration of the logic's conmsistency.

Though I have tried to limit the bulk of the thesis, chapters 3 and
4 have steadfastly resisted my efforte. In chapter 2, the “casual"
reader vill find the general ideas of refinement logics, motivated and
developed from previous work on program correctness. Chapter 5 first
sumnarizes the three fundamental ideas that underlie !RL. then
enucerates a varicty of areas subject to future study. Thus, chapters 2
and 5 provide an overview of refinement logics in the context of past

and suggested research.



Chapter 2

Correct Program Development by Formal Refimcmest

2.1 Some existing approackes Lo correctness

I shall now discuss a variety of methods aimed at helping people
produce correct imperative progrems. These methods range from the early
work on formally defining correctness to automatic systems for
synthesizing correct code from specifications. They roughly fall into
three catagories: development methodologies, formal logics, and computer

based programming support systems.

The fundamental idea iq establiehing correctness is that executable
programs may be interpreted as defining clusses of computations. One
can analyze a given program to determine its meaning., that is, the class
of computations it performs. A program is said to be correct exactly
when its determinea meaning is consistent with a separate specification

of its intended meaning.

Early workers on program verification [Naur 1966, Floyd 1967}
developed a method of assigning predicates, called inductive assertions,
to various points in the control flow of a program so that every time
execution reaches any particular point the corresponding assertion is
true. By choosing assertions appropriately and examining all execution

paths between each pair, the progran may be proved correct, in that the



qutpul assertion will hold at termination whencver the input assertion
holds initislly. The pair of input/output assertions forms s
specification of the program. For example, consider the following

asserted program segment to sum the first N positive integers.

(21}
S+ 1;
K« 1;
{1SKSN A S=sum of ] up to K)
while K2N do
[1SK<N A S=sum of 1 up to K)
K « K¢l3 '
S « §+K;
{1<KSN A S=sum of 1 up to K)

{S=sum of 1 up to N}

The assertions are boolean expressions of the variables of the program.
They are written in curly braces and serve to describe the state of the
variables when control passes by the assertion. The specification for
the program segment is that if N2l initially then S will be the sum of 1

up to N when the segment completes.

Hoare extended the idea of adding assertions to programs into a
logical system that provides both a formal definition of the semontics
of several language constructs and a method of reasoning -about
individual programs [Hoare 1969). This axiomatic technique defines each

language construct by describing the relationship that must hold between
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assertions placed before and after any instance of the construct. Thus,
the meaning of an assigmment statement x+e is defined by lPx*el r-e {P],
where Px*e is the assertion P with all free occurrences of x repiaced by
e. (Roughly, sn occurrence of x is free in P if it represents the value
of the variable x global to P. Thus, in x=5 v (Ix)(£(x)=5) the first
occurrence of x is free but the remaining two are not, they are bcurnd
occurrences of x.) For example, {x+2=3) x+x+2 (x=3) and {1=2) x+1 [x=2)
are both valid since the truth of the precondition (to the.le(t) before
executing the assignment in;urel the truth of the poatcondition (to the
right) aftcrward. In a correct asserted prcgrom, if a precondition is
equivalent to false (as in the latter example) them cortrol will never

reach the succeeding statement.

The axioms that characterize simple staterents are sugmented by

inference rules that describe composite comstructs, thus:

(PAB) 5, (@), (pr+B) 5, (Q)

aelection
(P) if B then S else 5, £i (Q)
(PAB) s (P)
iteration
(P) while B do S od (PA4B)

(P is called an jinvariant because
it is true before and after every
iteration of the loop.)

P=pP', Q'=Q, (P') 5 {Q')
Lonaequence

{r) s (qQ)

where the horizontal line indicates that the conclusion below follows
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froc the hypotheses above. Siace Hoare's original work, much attention
bas been directea at axiomatizing a wide variety of additional language
constructs [Clint and Hoare 1972, Hoare 1972a, Hoare 1972b, Clint 1973,

Hoare and Wirth 1973, Owicki and Gries 1973, Shaw et. al. 1976].

A program may be formally shown correct by providing assertions
tbroughout that are retated by the axioms and inference rules of the
logic. The following shows a fully assertcd program to search a sorted

array. It is correct according to the above rules.



_l 2-

let sorted=(Vi, j)(1sisjsN=A[i)<A[j])

and  in(i,j)=(H)(isk<j A A(k)=X)

the total specification for the program is

{N21 A sorted]

lin(1,N)=>A[K]=X A +in(1,N)=K=0)

(N2]1 A sorted)
(1S1SNSN A sorted A in{l.N)=in(1,N))
Lel;
(1SLSN<N A sorted ~ in(1,N)=in(L.N)}
HeN;
{1SLSHSN A sorted A in(1,N)=in(L,H)}
while L<H do
. {1SLSHSN A sorted A in(1,N)=in(L,B) A L<H}
{1<LSFLOOR((L+H)/2)<iSN A sorted A in(1,N)=
( [ACFLOOR((L+1)/2) J<XAin(FLOOR((L+1)/2)+1,H))
v [ALFLOOR((L+H)/2))2XAin(L,FLOOR((L+H)/2))] )}
K+FLOOR((L+H)/2);
(1SL<K<HSN A sorted A in(l,N)=
(CALKI<XAin(R+1.1)] v [A(K]2XAin(L,K)]))
if A[K]<X them
(1SL<K<HSN A sorted A in(1,N)=
([A[K]<XAin(K+1,H)] v [A[KI2XAin(L,K)]) A A[K]<X)

[12K+1<HSN A sorted A ju(l.N)=in(K+1,H))



-13-

L+K+1;
{1SL<HSN A sorted A in(1,N)=in(L,H)}
else
(1SLSK<HSN A sorted A in(1,N)=
([ACK]<XAin(K+1,H)] v [A[KI2XAin(L,K)]) A -A[K]<X)
(1SLSK<N A sorted A in(1,N)=>in(L,K))
HeK;
(1SL<HSN A sorted A in(1,N)=in(L,H))
£
{1SL<HSN A sorted A in(1,N)=in(L,H))
od
(1SL<HSN A sorted A in(1,N)=in(L,H) A <L)
{1sLsN A in(1,N)=>A[L])=X)
Af A[L)=X them
‘(1SLSN A in(1,N)=A[L)=X A A[L)=X)
{in(1,8)=>A[L)=X A 2in(1,N)=L=0)
K+L;
{in(1,N)=>A[K])=X A 1in(1,N)=K=0)
else
(1SL<N A in(1,N)=A[L)=X A +A[L]=X)
(in(1,N)=>A[0]=X A ~in(1,N)=0=0)
K+0;
(in(1,N) =A[K]=X A +in(1,N)=K=0)
£i

(in(1.8) =>A[K]=X A +in(1.N)=K=0)
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Certainly the above text is lacking in readability, but hupan
engineering concerns aside, there are three technical ways in which the
asnerted text shown fails to capture one's intuitive understanding cf
the program's correctness. First, the progran need not terminete -- the
output assertion will hold if control reaches it, but it has not been
shown that this will necessarily occur. The difficulity lies in the
iteration rule; it gusrantees oanly partial correctness. To show gtotal
correctness, i.e., that the program will indeed terzinate with the
output assertion true, a hypothesis must be added to the iteration rule
placing some further constraints on the loop body. The usual technigue
is to require each execution of the loop bgdy to decresse the value of
some integer expression that must remain strictly positive for continued

iteration. Thus, a total correctness iteration rule might be written

PABAt=t' (S} PAt<t', t20=>1B

P (while B do S ed) PA+B

where t is an integer expression of the pregram varisbles and t' is a
nev name not occurring elsewhere in the proof. In the search program
loop one could choose t=H-L since H-LSO=>+L<H and the body will bring B
and L closer st every iteration. Several recent formalisms, recognizing
this limitation of Hoare's original approach, are based on total

correctness [Dijkstra 1976, Constable and 0'Donnell 1978].

The second failure of the asserted progranm method is that progran
segments cannot convemently be restricted to changing only selected

variables. Thus, the specification
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(ti2l A sorted}

iin(l.N):A[K]:X A 1in(1,N)=>K=0]}

is satisfied by a progran that sets all N elements of A to one and K and
X to zero, The usual solution here is to introduce logical canstants
that canoot be referenced by the program. These may be used to record
the initial values cf any program variables that should not change. The

conplete specification for the search example is then

[N21 A sorted A X=X' A N=N' A (Vi)(1sisN=>A[i)=A'(i])])

(X=X' A n=K' A (Vi)(1sisu=ALi)=A'[i)) A
in(1.8)=>A[K]=X A -in(1,N)=>K=C)

vhere X', K', and A' sre logical constants. A difficulty with this
solution is that every assertion in the program must include clauses
stating the invariance of selected variables. With ‘top down development
eack progra: contains indcpendent scgments that have their own
specifications; the proofs of these segments are then permeated with
asserticns a%out the iovariance of ylobal variables that are not

referenced and shculd not even be considered within the segments.

The final problem with asserted programs is that uses of the rule
of cocsequence are not fully justified in the asserted text. In the
tearch example, each occurrence of two adjacent assertions corresponds
to a logical iwmplication that must hold for the proof to be valid.
Trese j=plications, called yerification cocditions (VCs), are nss\m;d to
be proven in text exterral to the asserted program using the theory of
the underlying logic (e.g.. integer arithmetic). Since these proofs are

cecessary to demonstrate the correctness of the program, and often
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contain reasoning essential to understanding it, I believe they should
be an integral part of the program text. As will be shown, PEL

overcomes these technical problems of Hoare's logic.

Floyd's early work on the inductive assertion method has been used
as the basis for many verification systems [King 1969, Good 1970,
Deutsch 1973, Bledsoe and Bruell 1974, Waldinger and Levitt 1974,
Igarashi et.al 1973, von Henke and Luckham 1975, Good et.al. 1975].
These systems typically require only that the user provide invariants to
cut every loop; they automatically genecrate the necessary verification
conditions [King 1976) which are sent to a theorem prover that atteapts
to complete the verification, u;metimes with interactive user guidance.
The fundamental approach to correctness here is "after the fact"
verification in which completed programs are submitted for VC generatiorn
and proot. Thus, these systems are completely independent of the

methods used to construct input programs.

Many researchers interested ‘ in correctness find existing
verification systems lacking. Their objections divide them into two
d.istlnct groups, however. One group finds that the information users
must supply to allow a posteriori verification is too great a burden;
their goal is to increase the power of mechanical verifiers as much as
possible so that all internal assertions can be automatically generated
and proven from the specifications ard code [Elspas 1974, German ard
Wegbreit 1975, Katz and Manna 1976). The other group rejects a
posteriori verification as a means of achieving correctness; rather,
they argue that programs should be constructed along with their proofs

in such a way that correctness is assured at all stages of development
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[Dijkstra 1968b, Mills 1975. Dijkstra 1976; Gries 1976]. Study of this
constructive approach to correctncss, generally considered programming
methodologys has yielded informal techniques as well as psychological
sttitudes that enable programmers to greatly increase their productivity
[Mills 1975). This thesis is based in part on the belief that automated
aids for insuring correct software should support these techniques for

correct program development rather than after the fact verification.

Dijkstra's calculus of guarded commands is a useful mathematical
tool that aids in the formal development of correct programs [Dijkstra
1975a). In his recent book each program is developed with an informal
discussion that makes heavy use of formal techniques, but the correct
programs that result are pure code with none of their correctness proofs
contained in the program text [Dijkstrs 1976J. 1 see this as a
significant fault; since proof and program should be developed as a

unit, so should they be presented.

In contrast, PL/CV is a formal logic whose well-formed formulas are
correct program/proofs [Constable and 0'Donnell 1978, Constable and
Johnson 1979), These ccombined objects are a variation of asserted
prograas in which all the reasoning needed to establish total
correctness is combined with the program text in a relatively natural,
readable vay. The formality of the logic allows reasoning to be checked
mechanically, thus justifying a high degree of confidence in the

correctness of programs.

PL/CV is a significant step in the solution of the software crisis,
yet it too is only a step. Its major failing is the lack of a

methodology for producing program/proofs in stages, as the constructive



approach calls for. PRL is the result of an attempt to resedy this
failing by formalizing a logic of program development, not just
programs, where each well formed formula describes a wmechanically
verifiable idealized top down development of a program. Such a logic
should be 'a sound foundation from which to build sutomated interactive

systems tnat aid in the construction of programs.

The interactive development of correct programs is an attractive
idea that has been discussed before. Flcyd presents en imaginary
dialogue between man and machine that lcads to a search program similar
to the example above [Floyd 1971). Though quite brief, his discussion
provides much worth considering and clearly dcmonstrates the potential
benefits of the system he envisions. Moriconi has developed s system
for incrementsl development that aids the user in determining the
effects of changes to .ﬁeciﬁcatlons. code, and proofs when using the
embeddea VC generation based verifier [Moriconi 1977). A licited
facility is provided for partially refined programs and top down
development, but Moriconr is mostly concerned with an iatelligent
natural language interface and reducing verification effort by keepirg
intact any work still valid after given changes asre made. A recent
paper from MIT delcribgn the theory and initial coonstruction of a
programmer’sa apprentice that aids experts in the development of LISP
programs [Rich and Shrobe 1978). The proposed system "knows™ enough
about the programming task and specific programs to watch developrent,
notice inconsistencies, suggest corrections, write programs by
instantisting abstract schema, and answer questions. Though still under

development, the LISP apprentice appears to be an important step toward
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the realization of Floyd's ideas.

A somevhat different approach to correct program dcvelopment is
taken in work on gorrectness preserving transformaticns [Gerhart 1975a,
Gerbart 1975b, Burstall and Darlington 1975, Balzer et.al. 1976,
Wegbreit 1976, Schwartz 1977). Here much of the complexity of real
prograas is thought to result from the need for efficient execution.
Thus, a methodology is proposed whereby the program is first written in
as simple 3 form as possible, so that correctness is easily shown, and
then c.onectneu preserving optimizing transformations are applied to
produce an acceptably efficient equivalent. Gerhart further proposes
that =many cummon program constructs, e.g., search loops, could be
abstracted, proven correct, and listed in a handbook of valid schema.
Large segments of the initial (simple) program might then be formed by
combining appropriate instances of these 'established- schema. A catalog
of prograa - transformations has been developed to support this

methodology [Standish et.al. 1976].

In its pure form, the program transformation approach is limited by
tke ability of programmers to express short, clear solutions to real
prozgramning tasks. It seems to me that the apprc;ach would benef it from
the introduction of a specification language of substantially greater
pover thaa the programming language. Creating a fully recorded
traasfordation from initial specification to final code is similar to
constructicg a PRL program development. There are two main differences.
First, PRL restricts the class of transformation rules to refinements of
individual specifications, guaranteeing that' each development is a

simple hierarchy of transformations. Second, PRL specifications may be
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statements of pure logic, rather than only prograx specifications.
These logical statements carry constructive (executable) meaning, thus,
correctness and execution are highly intertwined concepts (see section

2.4).

The final area of correctness research that will be considered is
automatic programming. The goal is to automate the prograxmer, and
possibly the analyst, out of existence. There are two overall phases in
the use of an asutomatic programming system, though they may overlap in
time: problem acquisition and program synthesis. Some researchers,
studying the simpler task, describe techniques for synthesis that start
from some formal specification of the problem [Manna and Waldinger 1977,
Long 1977, Manna and Waldinger 1978). A few more ambitious researchers
are attempting the construction of synthesis systems czpable of
acquiring the problem epecifications directly from conversation in
natural language with relatively naive users, much as would a
prograzmer/analyst [Balzer et.al. 1974, Green 1976]. Though Dijkstra
considers efforts at producing su::h systems "a theme that recurs with
thg same regularity as influenza epidemics" and the likely result of
-\uing them "design specifications produced as & kind of Pavlovian
slobber” [Dijkstra 1975b], it seems probable that systems of this type
would be extremely useful in bringing the power of cozputers to the
public. In any case, many of the problems studied in automatic
progranming relate to similar concerns in conventional programming
(e.g.» specification languages, program synthesis methods, insuring
correctness) and the work being done is of interest, even if successful

automated systems are far off.



This cmplet.el my lengthy but necessarily incomplete review of
existing work on the problem of producing correct imperative programs
(see [London 1972, Elspas et.al. 1972, London 1975, Greenspan and
Horning 1977, Barnard. 1977) for further references). The last decade
has seen a tremendous volume of work done in this area with the
attendant publication of many hundreds of papers. 1 have tried to
present enough backpround to enable the reader to understand and
evaluate this thesis in the light of current knowledge; I will provide

my own couments and analysis in the following pages.
~

2.2 TIhe fornal refinemenr approdch fa correctnesa

I have had the valuable opportunity to observe several programmers
wvhose programs almwost always work properly the first time executed. The
most important aspect of their rare nbilltyb seems to be an attitude of
precision that might be phrased "programming is a task in which I must
carry cut a series of discrete decisions and actions, each of which is
simply acceptable or not; therefore, I can and will take care never to
introduce a line of code whose correctness I am unsure of". Given this
attitude, the appropriate time for machine aid in avoiding coding errors
is not during program execution, nor is it during a post-development
reading or verification. The appropriate time for machine aid is during

program development.

In order to determine mechanically whether the construction of s
program is proceeding elong an acceptable path, one needs a formalism
for expressing both the stages of partial development and the reasoning

that justifies their correctness. The method of top down programming,
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in which problems sre repeatedly broken down into & composition of
smaller ones, has been proposed by many and found beneficial for
constructing complex systems [Wirth 1971, Mills 1971, Liskov 1972, Baker
1972a, Baker 1972b]. I have chosen to explore a logic of formal top
down development in which the well-formed formulas are correct partial
ret inements of programs from their specifications. The remaining three
sections of this chapter informally describes the fundamental features

of PRL in preparatioa for the formal development of chapter 3.

Consider the following top down description of the search program

that was presented in section 2.1.
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/* If X occurs in A[1:N] then set K so that A[K]=X
othervise set K to zero. Assume N21 and A[1:N]

is sorted in increasing order. */

var L,B: integer:

L~1; ' -

HeNg

/* With the invariant (lSLgﬂsN. A[1:N] is
sorted in increasing order, and A[L:H] contaians

X if A[1:N) does), decrease H-L to zero. */
while L<H do

/* Split A[L:H) into nonecmpty parts
and adjust L, H to bound a .
part of A that must contain X

if A[L:H] itself does. */

K+FLOOR((L+4) /2 ;

if A[K]<x
then L+K+]
else H+K
f£i
od
if A(L)=X

thea K¢L
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else K+0

fi

N

Each English comment describes the function of the program text
indented below it. In genaral, one may delete the refincments for any
set of comments and obtain a correct., though incomplete, program. This
provides a natural view of the text as a tree of specifications with the
initial specification at the root and executable code at the leaves.
The program may be read and understood level by level. 1Its correctness
can be insurea by checking the validity of each refinement step without
regard for either surrounding text or lover levels of refinement. These
two properties of refinement validity are most important: the freedom to
ignore deeper refinements allows correctness to be checked continually
during development, thus (in Eheoty) permitting use of the attitude of
precision; the freedom to ignore context insures that correctness is a
local property of limited complexity, thus guaranteeing the practical
feasibility of developing only correct programs. A formalization of top

down description should maintain these essential properties.

The first step in creating a logic of program refinezent is to
capture the tree structure of developments. In PRL, each level of s

development has the form

specification by
. refinement

vhere the retinement specifies a set of subprdblemn and describes how

solutions to these subproblems may be composed to form a solution to the
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original problem. All specifications are expressed in the same
notation. A certain class, subject to direct implementation by the

"coapiler”, may be written at the leaves of a completed development.

A specification is said to be yalid when it defines a terminating
cozputation. The easily implemented specifications that need no further
refirenent are the axioms of PRL. The rules of inference (allowing
validity to be extended to other specifications) are formulated as a set
of x&ﬁnmnl.'xnlga that describe legal reasoning steps in formal
developuments. A successful development begins with a problem
:p;cification. proceeding by repeated application of refinement rules
until all remaining unrefined specifications are axioms. Although
backup and modification may occur during its construction, the final
text describes a complete, ideslized, top down development of a program
meeting the original specification. Equivalently, the final text is a

tree structured procf of the original specification's validity.

The informal example developed above leaves out much of the
reasoning needed to assure correctness. In the formal esystem, however,
each refinement should include the complete argument by which solutions
of the subproblems may be combined to form a solution of the whole.
Hence, refinements will include subproblems that are statements from the
domain of pure logic. These will be proven in the same refinement style
by which programs specifications are implemented. This style is o
variation of Gentzen's natural deduction systems [Kleene 1952, Prawitz
196>, Szabo 1969] in which the structure of proofs is made explicit. I
vill use the temm proposition to denote both program specifications and

logical statements; the refinements of both are proofa. A program
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develop-ent' is the constructive proof of its specification.

Since correctness should be a local property of the text., it is
important in the development of a.luge proof that the validity of
ref inements not depend on dispersed information. This mesns that
propositions must be stated in full without any hidden assumptions or
dependency on surrounding text. Ncvertheless, they must also be concise
and readable, so PRL provides for a uniform user-defined global
environment of definitions and 'theotuu that can be explicitly
referenced. Definitions allow the specification language to be extended
to higher levels of abstraction; theorems serve to capture and caxze
generally useful facts so that they can be used later without repeated
proot. For instance, since s specification is proved by a program
developnent'. a theorem that claims a specification associates a name
vith a program development (i.e., a segment of code). Such a theorem is
simply the definition of a procedure. The uniformity of the global
environment allows non-local references to be interpreted without

concern for their context.

The development of PRL has been confinea to the study of imperative
program segments whose only noticeable effects when executed ‘are .lo
modify the values of global variables. Though I believe the idea of
formal refinement is np.plicable to other constructs, such as
expressions, data types, and (;I.U iterators [Liskov et.al. 1977), these
extensions are not herein discussed. Facilities for input/output are

aleo omitted, though they may be modeled by introducing explicit input

and output variables of appropriate types.
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The specification for an imperative program segment must state Lhe
ay in which variables global to the scgment are changed by its
xecution and the precocdition under which the program segment may be
‘xecuted to achieve the desired effect. 1 shall discuss the
pecification language in depth in the next section; for now it is
ufficient to assume these two components. Thus,

K>0 set X to the minimum of A[1:N]
pecifies that the refinement only need apply if N is positive and then

t should change only the variable X (to the minimum array element).

The folloving shows how the search example might look when

xpressed (still informally and incompletely) according to the above

iscussion.
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def sorted = (Vi,j st 1sisj<N)(ALilsALj])

def in(i,j) = (HK)(isk<j A A[k)=X)

N2lAsorted get K st if in(1,L) them A[K)=X else K=0 fi by
var L.H;
N2lAgorted set L,H st 1SLSHSN A in(1,N)=ia(L.H) by
set L.H to 1,1;
with invariaat 1SLSHSN A sorted A (in(1,N)=>in(L,H))
as H-L} while L<H do
LsL<H<NAsorted set K,L,H to K',L',H' st
LSL'SH'SH A W'-L'<B-L A (in(L,B)=>in(L',H')) by
LSH prove LSFLOOR((L+H)/2)<H; g
set K to FLOOR((L+H)/2);
1<LSHSNAgortedALSK<ll set L,H to L',H' st
LSL'SH'SH A H'-L'<H-L A (in(L.,H)=>in(L',H')) by
1<L<HSNAsortedALSK<H prove
if A[K]<X them in(L,H)=in(K+1,R)
else in(L,H)=in(L,K) fi
if A[K]<X them ler L to K+l
else set H to K £i
1<L=HSNAsortedA(in(1,N)=>in(L.H)) preve in(l,L)=>A[L]=X

if A[L)=X them set K to L else set K to 0 fi



The text of a development in PRL is not & program in the usual
senss; rather, it is a proof presenting all the reasoning needed to
establish that some program exists which meets a given specification.
All such existence proofs are required to be.conottuctive so that a
compiler for the logic can extract a suitable program without undue
difficulty. Aside from this restriction, however, there is considerable
freedom in the choice of proot system employed. This work explores only
a rather siople system in which the construction of programs from proofs
is easily accomplished. However, I can imagine an interactive facility
supportirg semi-automated refinement in which a proof is any discussion
or strategy that leaas the system to an acceptable implementation of
guaranteed correctness [Gordon et.al. 1977a, Gordon et.al. 1977b). The
final recorded text may be either the complete discussion (including
dead ends) or only the reasoning actually needed to construct the
implenentation. I have chosen to study the latter variation. where

texts are both idealized developments and static proofs.

This view of an entire development as a proof helps keep the
progrenmer's attention on the logical soundness of his reasoning, not on
the extracted program and its execution. It also assures that the
development process is not programming followed by verification, but a
unified activity of proor in a single logical system. In contrast,
asserted program logics allov the development of code before much
consideration is given to correctness. The very existence of executable
ccde as an entity independent of any reasoning encourages the view that
verification is a diversion from the true task of producing code. In

reality, careful ressoning is the essence of programing. Avoiding a
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notation im which pure executable code can be expressed forces the
shift., that I believe essential, away from the paradigm of verification

by program analysis.

The natural method for producing PRL proofs is, of course, top down
development. In such s development each refinement step represeots a
decomposition that the progremmer feels {is most appropriate and
understandable. The pure logical propositions that must be proven arise
only from local considerations of refinement correctness. Since they
follow the top down development, r:ther than resultiog from analysis of
lower level code, they are expected and understcod by the programrer.
Thus, PRL avoids the problems of logics for program analysis in which
programmers must oftean prove verification conditions iaovolving
assertions that have been "pushed through™ large segments of prograa
text. For example, in contrast to Dijkstra's weakest precorndition
method of code analysis [Dijkstra 1976), the top down derivation of
specifications yields 'appropriate" preconditions, i.e., logical
formulas whose terminology and content are appropriate to their

ref inement level.

An apparent disadvantage of the PRL notation is that the
hierarchical nature of proofs is not easily asccoxnodated on paper.
Reading and writing of tree structured proofs requires display of a node
and its sons alone, without the descendants of the sons getting in the
way. However, in an age of inexpensive and powerful computing hardware,
there is reason to believe that the inherent limitations of paper are no
longer relevant to programming logic design. Rather, sdvantage should

be taken of the flexible modes of text structuring mede possible by
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dedicated personal camputers [Kay and Goldberg 1977, Nelson 1974). One
can eavision the "smart editor™ component of an interactive program
development system conveniently allowing one to traverse hierarchical
proots, examining and creating them level by level. The presentation of
PRL proofs ian this exposition is hi-ndeted by the linear nature of the
paper, but the reader should imagine that proofs asre being manipulated
on a display screen sufficiently large to present any single refinement

step in full.

I vould like to make one final comment on the refinement style of
reasoring. Even before it was so apparent to we that PRL should be
considered a logic for reasoning about specifications, I had decided to
use refinement as the fundamental technique for structuring
develcpzents. When I needed to introduce a method for reasoning about
logical foraulas, I chose Gentzen's natural déduction wethod and
transforzed its inference rules into equivalent refinement rules.
Subsequently, I have learned that in his later work Gentzen performed
this very transformation himself. Though he still thought natural
deduction was proper for presenting completed proofs, he developed the
sezuent galzulusg as a vehicle for studying decision procedures, i.e.,
methods for finding proofs [Kleene 1952, Szabo 1969]). If one considers
the progranmer as embodying a general decision procedure, Gentzen's
argumects favoring the sequent calculus over natural deduction systems
apply to the domain of progran/proof development. With the advent of
the technology discussed above, it is. my belief that the refinement
style is appropriste not only to proof development,. but to proof

presectation as well. This notion, one step beyond Centzen's ideas,
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must await a PRL implementation for verification. If it is a valid
view, it is applicable to more than the thecory of program developmwent;
the refinement style applies to any proof system that might benefit from

machine support.

2.3 TIhe specification of imperative program segmenta

The question of correctness for a well specified program may be
divided into two distinct concerns: first, that the program meets its
specification and, second, that the specification adequately captures
one's intuitive understanding of the program's intended behavior. The
former is assured in PRL, since any executable code is always extracted
from a correct proof ot the specification. The latter, however, cannot
be guaranteed. Nonetheless, the validity of "correct™ prograns is
limited by the aptness of their specifications. Thus, the design of a
good specification language requires careful attention to the probtlex ‘of
obtaining appropriate specificatiows; it is iosufficient that the
language be technically complete (i.e., powerful enough to express any

computable operation).

There are several ways to deterrine the aptness of a specification.
One's intuitive understanding of the desired program behavior ié often
most precise for a set of epecific inputs. In this case, the
specification may be' tested at selected points for corformity with the
expected results. The known limitations of testing (that omly a very
small part of the full meaning of the specification is likely to be
examined) apply here. of course. An alternative is to express the '

desired behavior in another form and prove the two specifications
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equivaleat. However. this not only requires substantial additional
effort, but reminds one of the philosophy of post-development program
verification ("ve can't get it right the first time so let's fix it up
later"). Clearly. the point in producing a specification is to capture
fully and precisely the ideas one has in mind, with the hope that after
careful formulation the original sepecification is eo concise and
understandable that its correctness is evident from a simple reading.
If this hope is to be realized, the specification language must permit
the easiest and most natural (formal) expression of one's informal

»
ideas.

The execution of an extract®d progrem segment results in the change
of a selected set of global variables. A PRL specification describes
the wvay that these variables are accessed and modified. Thus, since a
specification defines a mapping from initial to final state, it may be
vieved a#s & very high level program. However, it need not be
(efficiently) executable; indeed, a gosl of the specification language
is to separate completely concerns of correctness from those of
performance, so that the complexity of specifications results from

correctness requirements alone [Pratt 1977).

At each point of execution the state of a PRL computation is quite
simple: it is e mapping from program variables to values of the
npproérinte types. The meaning of a particular specification is a
(nondeterministic) mapping, called a transition. from initial to final
states. The comments used to specify transitions in the top down
description of programs tend to be high level imperative statements,

such as "set X so that ..." or “find the least Y satisfying ...". These



-34-

imperatives frequently allow the specification of transitions in a more
nstural fashion than is poseible with precondition/postcondition

notation. For example, "increment X" would be written
[X=X*) ... (X=X'+1)

in the latter notation with the necessary introduction of a logical
constant X' to record the old value of X. As was noted in section 2.1,
the complete specification of transitions using assertions requires the
introduction of 1logical constants to guarantee the invariance of
variables that should not be changed. In an attempt to avoid the
cumbersome task of carrying these assertions throughout proofs, I have
chosen to base the PRL specification language on an imperative notation
of generalized asssigment. (As will be seen, this attempt has not
entirely succeeded. Logical constants still enter into proofs., though
less frequently. Some fuxt‘er approaches toward their elimination are

discussed in chapter 5.)

The assigmment symbol "+® has the property that the name on the
left represents the new value of a variable while the sazme name on the
right represents the old value. Taking advantage of this
interpretation, "increment X" is specified by writing "X « X¢1",
requiring that sny valid refinement increment X, but change no other
variable. In general, a transition modifies the vaslues of several
varisblesy the corresponding transition epecification bas a tuple of
names to the left of the arrow and a construct on the right that yields
values for each variable. Thus, "X,Y «+ Y,X* interchsuges the values of

X and Y.
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In addition to conventional assignments, which define deteministic
(functional) transitions, the specification language must permit the
expression of wnondeterministic transitions (those that do not have
uniquely specified final states). Typically, this is accomplished by
characterizing the final state with a predicate. One might apply this

technique here by allowing transition specifications of the form
X + X' such that P(X,X')

vhere X' is & nev name that denotes the final value of X. My interest
in specification languages has led me to study a generalization of this
form that retsins the imperative flsvor of conventional assigmments.
This specification notation is largely independent of other aspects of
refinenent logics; 1 view it as an orthogonal excursion into methods of

program specification.

Nondeterninistic transitions are specified by placing to the right
of the arrow a construct that }toduce: o set of (tuples of) values.
Such a generalized assigrment characterizes any program segment that
places one of the generated (tuples of) values in the variables. Since
set generating counstructs of this sort are used in several contexts
throughout PRL, 1 shall digress briefly to discuss their form and

meaning.

A generaror is a construct that evaluates to an unordered,
nonrepeating group of values. For example, a set valued expression may
be formed by placing a generator inside of the set brackets {...}. All
the values produced by a generator are of the same type; the type may be
determined easily by examination of the proof text. Generators include,

among others, the forms:
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expression denoting a single value,
expression to expression denoting a closed range of values,
€ set-expression denoting the elements of a set,
type denoting all the values of a type.

Some contexts require a generated group of values with a locally
defined bound variable ranging over elcments of the group. The
construct serving this function is called an jiterator. It is used., for
instance, in quantified boolean formulas such as (Vx:l te 50)P(x).
vhere the bound variable x (ranging over the first fifty natural
numbers) is accessible from P(x). Though generators simply yield sets
of values, iterators way define several variables that are
simultaneously bound to distinct values. For ekxample,
(3x:€S,y1€T)P(x,y) contains an.iterator in which the pair of bound
variables x,y range over the cross product of sets § and T. Thus, in
general, an iterator demotes a tuple of bound variable names ranging
over an unordered, nonrepeating group of tuples of values. They

include, among others, the forms:

var i generator denoting a variable ranging over
all values of a generator,

iterator st boolexp denoting an iterator filtered to
range only over valuec‘satisfying

a boolean expression,

iterator , iterator denoting the cross product of iterators.

One may use an iterator with one bound variable in place of a generator.

A set of small prime numbers could be formwed in this way by writing
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{p: 1 to 100 st prime(p)).

Generators and iterators are presented formally in section 3.2. My
development of them is based on ideas present in VERS2 [Earley 1973,
Earley 1974a). and SETL [Schwartz 1975). Their precise meaning depends
on the context in which they are used, but the above informal
description should suffice for the remainder of this chapter. I shall

ncw Teturn to their use in the specification of transitions.
The general form of a trensition specification is
Var s.eopvar, + amy iterator

where the iterator defines n bound variables and varjse.osvar, are all
distinct names. PRL is a language of pure values; it provides no
structured variables. In conjunction with restrictions on procedure
invocations, this assures that distinct names are never aliases for the
sane variable. Any valid refinement of the above transition

specification must set varjs...ovar_ to some n-tuple that the iterator

n
vould produce (if evaluated), but must mot modify any other variable.
The reader may consider the following specifications and their informal

ioterprectations.

X + amy b:eS

Set x to an arbitrary element of S.
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x;y.: + any (a:fiat, biist, c:imt) st a.d,c>0 A a%p%=c®
Find positive values for x.y,z thst

satisfy x"+y"=z" (without changing o).

closure + any S:set(edge) st nodes(8)cnodes(G) A (Ve:edge)
(ees<(Fp:path)(first(p)=tail(e)alast(p)=head(e)))

Set closure to the transitive closure of hr-ph G.

A trensition specification, interpreted as a proposition, clsims
the existence of some program that changes variables in the specified
vay. Two aspects of such a claim are not presented in the transition
specification, however. They wust be provided by extending the form of

propositions.

First, given a specification, a program wmight exist only under
suitable restrictions on the initial values of variables. In this case,
the proposition is written ss an implication mediated by the symbol pr
(prove), as in

§2f pxr x + amy b:eS. .
In fact, for syntactic uniformity, the refinesble propositions -of PRL
alvays take the form

hypothesis,...,hypothesis pr conclusion

where the hypotheses sre boolean expressions and the conclusion is

either another booiean expression or a transitiom specification.

Second, any program implementing a given specification may access

only those variables declared in surrounding text. These variable
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names, together with their types, are collected into an environment for
the proposition. The well-formedness of the proposition is detemined
by amalyzing its hypotheses and conclusion in its enviromment. At the
start of a refinement, the enviromment is small. It contains only those
names needed to state the original problem. As refinement proceeds, new
variables may be declared acd added to the enviromment of lower level
propositions. Alternatively, variable names may be dropped from
environments to eluminate clutter or assure modularity of the proof.
Each PRL refinement rule describes the enviromments of its subgoals in
terns of the enviromment of its goal. Thus, environments carry global
ioformation dowoward into proofs with wodifications at each refinement

step determined by the choice of refinement rule.

These three components, hypotheses, conclusion, and eavirooment,
constitute each refineable proposition. They are formally developed in
chapter 3. Hovever, the above  background will suffice for an

introduction to the PRL refinement rules.

2.4 hij.nmnr.mlg'amxhenmanm:nnunntnm

1 shall oow turn from the specification language to methods for
reasoning about specifications. These methods, the refinement rules,
enable oue to extend the class of valid formulas from the axioms by
successively developing propositions of increasing complexity. The
rules described in this thesis formalize reasoning in the domains of
first order predicate calculus, integer arithmetic, set theory, and
inperative programs. They sre briefly discussed below, as motivation

for their formal introduction in chapter 3.
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Following Gentzen's ideas on natural deduction systems [Klecene
1952, Constable and 0'Donnell 1978, Prawitz 1965, Szabo 1969], I have
divided the refinement rules into two classes according to their
treatment of the goal proposition: the synthegis rules derive subgoals
from the conclusion, the analysis rules derive subgoals from hypotheses.
This division is somewhat fuzzy, indeed all the rules are of eqgual
semantic standing and of similar form, but it sids one's memory and

provides convenient terminology.

Consider the synthesis rule for a conclusion that is a conjunctioan

(Asynthesis):

A S pr AAB by
S pr A

S pr B

where A,B are boolean expressions and S is a set of hypotheses. This
rule is one of a class for proving structured logical conclusions. In
this case, the éroox of AAB from S breaks into two independent pruofs,
that of A from S and that of B from S. Wf these two propositions can be
refined, then the original conclusion, AAB, follows from the hypothesis

set S.
A similar rule, =>synthesis, is as follows.

=g § pr A=B by
S:A pr B

This allows the implication's antecedent to be brought over into the

hypothesis set. If B follows from S and A, then A=>B follows from S.
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Besides producing composite logical formulas, the synthesis rules
refine transitions specifications into imperative control structures
such as looping and sequencing. The following example is s valid

instance of the gcomposition rule, presented with other transition

tefiné:ent rules in section 3.7.

x20 pr X,y + l/xz.l/x by
x20 pr y + 1/x

Pr X ¢ y*y

Corresponding to Asynthesis there is an Aanalysis rule for refining

8 proposition whose hypothesis set contains a conjunction:

Aa S.AAB pr F by

S-A)' Pr F

vwhere A,B,S are as asbove and F is a traosition specification or a
logical formmula. This rule allows one to replace the hypothesis AAB by
the two distinct hypotheses A and B. With the remaining analysis rules,

it allows the proof of propositions containing structured hypotheses.

Two further exmaples follow.
va S,AVB pr F by

S:.A pr F

S,B pr F
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aimplified Ja
8:(Ix:dime)P(x) px F by
SoP(c) pr F

where ¢ is a nev name ot type integer

The first rule, or analysis, permits the conclusion that F follows from
AvB if it follows from A and salso follows from B. The second rule,
exists analysis, permits the conclusion that F follows from (3x)P(x)
if it follows from P(c) for souwe fixed ¢ (of which nothing else is

known) .

Executable programs must be sutomatically extractable frca proofs
of propositions whose conclusions are transition specificationms. That
is, proots of the existence of progrzms must be constructive. This is
insured by associating with each refinement rule an inverse operation
that combines the solutions of the subgoals into a solution of the goal.
Scarting with the solutions of axioms, which are provided by the
"compiler™, the extraction process proceeds up the proof tree
inductively until an implementation is produced for the proposition at

‘Ehe root. Though this method is intuitively clear, I shall demonstrate
that treating transition specifications as propositions introduces some
subtlety into the logic gnd the extraction process. In pa}licnlut. the
classical semantics for boolean expressions must be abaadoned in favor

of a constructive interpretation.

Consider an instance of As in which the conclusion is a transition

specification, T.
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S,AAB pr T by

SsAB pr T

The goal describes a program that computes T whcnever S and AAB are
true. A solution to the subgoal provides just such a program., since the
truth of AAB guarantees that of A and that of B, so extraction from this

rule is trivial.

Extraction from Va, hovever, presents problems. Choose a specific
Turing machine, M, sund consider an instance of Va in which § is empty, A
is "M Lalts”, B is "M diverges", and F specifies a program which yields
®1" if M Lalte and "O" othervise. A, B, and F are all easily formalized
in aay sufficiently powerful logic (including PRL). Thus, one has the

folloving instance of va.

M halts v M diverges pr x + 1 if M halts, 0 othervise by
M halts pr x + 1 if M halts, 0 otherwvise

M diverges pxr x + 1 if M halts, 0 othervwise

Clearly, the first subgoal is satisfied by the simple program x+l, while
the second subgoal is satisfied by x+0. Further, the hypothesis of the
main gcal is usally considered equivalent to trwe. Thus, the progranm
extracted from the above broof should set x to 1 if M halts and to 0 if
H diverges. Since this argument can be built for any given M, the
assumption that programs can be extracted from va leads to a solution of
the halting problen. Therefore, programs cannot be extracted from the

above form or va.
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The preceding argument shows that classical logic is inconsistent
when applied to formulas having constructive meaning. In particular, Va
may be incorrect when the conclusion is a statement of the form "we can
find a program such that ...". However, transition specifications are
conclusions of precisely this form. Thus, if specifications and logical
formulas are to be treated uniformly in couclusions, PRL must adopt a

non-classical approach to reasorning.

One possible approach is to replace the conventional Va rule by the

rule

S.AVB pr F by
S,A pr F
S.B pr F

S.AVB pr Q=A A Q=B

vwhere Q is an obviously testable boolean expression (one that does not
involve unbounded quantifiers, large sets, etc.). Though logically
sound, this approach may require repetition at each use of AVB of the
reasoning that initially established its truth. Further, one would
pfobably apply this rule only to the refinement of transitions and use
the original, less restrictive, Vanalysis rule for refinement of logic;l

propositions, counter to the desire for a unified set of analysis rules.

The alternative I have taken is based on the relatively well
studied area of constructive (intuitiomistic) Jogic. In this approack,
one maintains most of the classical rcasoning rules by assigning a non-
classical interpretation to logical comnectives, and thus to logical

formulas. For example, the interpretation of AVB is that not only is
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one of A or B true, but we can determine which one is t':ue. Thus, &
proof of AVB must supply a way of detemmining which alternative is true.
Including AVB as a hypothesis allows one to make use of the supplied
decision method. With this interpretation, .va is a valid ressoning
technique, because the decision method supplied with AVB provides & way

cf choosing the subgoal that gives the desired result.

I cannot motivate and develop, in this dissertation, all of the
constructive logic relevant to PRL. Instead, I will simply preseat an
interpretation of connectives that i‘l appropriate. Actually, PRL {is
fcunded on only the most basic ideas of conmstructive mathematics. I
understand these ideas in termssof Computer Science concepts (e.g.s
compilation), so I will present them in these terms. The reader
desiring a deeper understanding of intuitionism is referred to the

bibliography [Klecne 1952, Prawitz 1965, Dummetc 1977).

The following table informally describes the constructive meaningse
of the conmon logical connectives. These meanings might be used for
ioformal constructive reasoning, e.g.» reasoning constructively sbout
PRL. Sections 3.4 and 4.2 introduce a formal interpretation for PAL

formulas, minicking the interpretation presented here.

Let C(F), for any formula F, be read as “F is constructively true".

Then,
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C(ArB) . weans C(A) and C(B),

C(AvB) means either C(A) or C(B) and a method (called the
selector) is available for deciding which,

c(A=>B) means that if C(A) then C(B),

C(+A) means from C(A) s contradiction may be
constructively proven,

C((3X)P(X)) wmeans a value. b, may be determined such
that C(P(b)),

C((Vx)P(x)) wmeans that for any value. b, C(P(b)).

For example, (Vx)(3Jy)(y>x) is constructively interpreted as “for any x,
one can find a value y which is larger than x". This statement would be

satisfied by the program ™set y to xt1".

The constructive interpretation of formulas forces the abandomment
of certain classical truths. In particular, AV+A is no longer valid for
any A, e.ges if A is "M halts®, because no mechanism may be availabdble
for deciding which alternative is true. Loss of this axiom forces loss
of the method of proof by comtradiction. Showing that <A leads to a
contradiction establishes ++A (by the definition of =), but does not
assure A, since both A and <A could fail to be constructively true.
Abandoning these “truths" is entirely appropriate when ome is trying to
constructively demonstrate the existence of programs that meet
specifications. A programmer is generally not sided by s proof that the
non-existence of the program he is about to write iwmplies s

contradiction.
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Consider, nov, how the comstructive interpretations are treated in
PRL.. Each formula is justified by an object that provides the
constructive mcaning of the formula. Thus, a proof of AVB yields a
Justification that simultaneously tells which alternative is true and
provides s justification of the true alternative. A proof having AVB as
a hypothesis can only be used when AVB is comstructively true. In that
case, a justification of AVB is provided as the certification of AVB's
constructive truth. In turn, ‘the proof may use the information
contained in the justification of AVB to produce a justification
certifying' its conclusion. Thus, proofs denote justification
transfornera.

It shkould be clear how the Va rule uses the justifications for 8
aad AVB provided to it. The justification for its conclusion, F, is
produced by one of the subgoals. The correct subgoal is determined by
examining the selector of the AVB justification. If, say, it selects A,
then the justification transformer for S§,A pr F is applied to the
justification of S and that of A (which alséo is a component of the AVB
justification). Thus, the subgoal yields a justification for F which is

then yielded from the va rule.

Justifications for AvVB can be provided in several ways. An
instance of vsyathesis looks as follows. '

8 pr AVB by

S pr A

This rule simply applies the justification transformer for 8 pr A to

the justification for § to obtain one for A. Then it returns s
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justification for AVB that always sclects A aod provides the

justification for A. The rule of trichotomy,
S pr x<0 v x20,

simply tests x, then yields an V-justification which tells which
alternative is true and justifies that alternative (it happens that the
justifications for retational expressions are trivial, in the sense that

they oeed not supply any interesting information).

These notions of justifications and justification transformers are
further developed in section 3.4. Chapter &4 includes s recursive data
type definition for justifications which is used in an extractor that

maps proofs into justification manipulating executable programs.

My ideas on extraction and constructive logic have developed, in
part., from an early paper of Conetable's [Constable 1971) and his recent
work on PL/CV. The latter system has a constructive foundation which
enables proofs to be interpreted as executable text. Constable has
developed such an interpreter on paper [Coustable 1978]. An
implementation of this facility, integrated into the existing PL/CV

system, may be forthcoming.



Chapter 3

PRL: A Logic fer Correct Program Development

Chapter 2 motivated and introduced the major ideas of formal
refinexent. This chapter presents a formal system for program

development based on those ideas.

Sections 3.1-3.3 introduce the fundamental syntactic components of
propositions. Section 3.4 discusses the form and meaning of
propositions, the interpretation of free names in propositions, the flow
of environments down proof trees, and the constructive interpretation of
propositions. Refinement rules for constructing proofs are presented in

- sections 3.5-3.7 with examples of their use. Section 3.8 describes the
definiticns and lemmas that extend the conceptual base of PRL to more
abstract notions. The chapter concludes with thg presentation of rules
for checking that proofs satisfy the type and naming constraints set

down in earlier sections.

I have used several nonstandard notations in the logic's
description. The form AL+ where A is any syntactic unit and x is a list
of names, has the same meaning as the unadorned form A, except that
attention is being brought to the possible use of the names of x as free
variables in A. There may be other free variables in A and not all

nanes of »x need occur free in A. This device, though of no [formal
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significance, i useful for communicating the intent of various
constructions presented below. . The common notion of substitution is
vritten At*' vhere e is @ list of formulas to replace all free
occurrences of corresponding names of x in A. Again, the names of x
need not oécut in A and, if they do., only the free occurrences are
replaced. There is an important restriction, called absence of capture.
that a substitution is valid only if no free name of e becomes bound in
Ax*e' Thus, the meaning of e in the substituted form is identical to
its meaning before substitution. The refinement rules later in this
chapter are applicable only when this condition is satisfied. The
determination of free and bound variables for the syntactic forms of PRL

is informally explained with the introduction of each form; it is made

precise in section 3.9.

3.1 Iypea and expressions

An expression is a structured formuls that wmsps each possible
execution state into a single value. Evaluating 2n expression never has
any side effects on the state; this makes the semantics of expressious,
tractable. in particular, it guarantees the validity of such cozmon
algebraic laws as the commutativity of addition. The criterion of an
understandable and readable specification language would be hard to

satisfy without these widely known properties.

The values produced by expressions are divided into an iofinite
number of typest booleans, integers, and a variety of sets. Booleans
and integers are atomic types whose values may not be decomposed. Sets

of type set(T) are unordered, nonrcpeating, finite collections of
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values of type T, where T is integer or another set type, but not
boolean (for technical reasons that are explained in section 3.6).
Thus, boolean and integer are base types and set is a type comstructor.
The names for types may be gemerated by the following context free

graamar.

type + bool element type + imt

| element type | set ( element type )

Each type has forms for denoting constants and operators for
combining values. The operators are defined only for operands of
certain types; they yield precisely typed results. The table below
enumerates the methods for foming expressions. Within each type, the
operators are listed in order of decreasing precedence (e.g.. A binds
tighter than V). Assume thu‘mghout that i..j are integer valued
expressions, A,B are btoolean valued expressions, T is an element type
name, R,S are set(T) valued expressions, and e is an expression of type
T. Finally, individual variables are free when considered as complete
expressiors and- t;:e frce variables of composite forms are those of the

components, unless stated otherwise.
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INTEGERS

type: imt

values: <oep =2, =1, 0, 1, 2, ...

basic forms: ..., -2, -1, 0, 1, 2, ... constants
variable name the current value of
the variable
definition reference the value returned from
an instantiated
definition (further

explained in 3.8)

composite forms: i*j + int product
itj, i-j, -i » int sum, differcnce, negatioa
int-list relation int-list
relation ... relation int-list + bool
.
where each relation is one of =, 2, <, S, >, 2
and each int-lis; is a list of integer valued
expressions separated by commas. This is
logically equivalent to the conjunction of
the binary relations formed between each

element of adjacent int-lists. For exaple,

121, j<k, 1Sn means 1SiAlSjAi<kAi<lAj<kAj<lAkSaAlsa.
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BOOLEANS
type: bool
values: truwe, false

basic forms: trme, false
variable name

definition reference

-composite forms: “B + bool negation

(Biterd)Bd + bool existential quantification

(Vitetd)Dd + bool universal quantification
The notation iterd is defined in section 3.2,
It $eprelent- an iterator that defines the names
given by the name list d. The free variables
of these forms are those of the iterator together
wvith those of By not appearing in d. Free
occurrences in B, of names of d become bound

in the complete quantified expression.

AAB  + bool conjunction
AvVB -+ bool disjunction
A=B + bool implication

A<B + bool equivalence
A<B means A=B and it is treated this way, but

equality is always written < for boolean operands.
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SETS

type: set(T) (for sny given element type T)

.

valuess all finite sets of elements of type T

basic forms: mull set(T) the empty set of type set(T)

( generator )} the set of elements produced by the
generator. The free names are those of
the generator. The generator must be
autcmatically evaluatable (defined in
section 3.2), hence, the set finite zud
easily computed.

variable name

definition reference

set(T) intersection

+

composite forms: RnS

RuS + set(T) union

R-8 + set(T) difference

#s + iat ouzber of elements (size)
xeS + bool element of

x£S + bool not element of

set-1ist relation set-list
relation ... relation set-list + bool
wvhere each relation is one of =, ¥, ¢, c and
each set-list is a list of set valued expressions
separated by commas. For example, RnScR,ScRuS

is a fact about union and intersection.
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In the present formulation, all expressions are total functions,
i.e., they are defined for any choice of input values. This simplifies
the logic since the well-formedness of expressions is reduced to the
juestion of type correctness, rather than requiring more general
reasoning about the properties of possibly undefined computations.
Though this restriction rules out many useful partial functions, such as
integer division, it does not hinder presentation of the essential ideas
of PRL. Nonetheless, as this is a central concern for any practical
logics '1 have spent significant effort toward finding a pleasing
treat=ect of partial functions that introduces the least additional text
into proofs. I have not yet found a satisfying solution, but my
thoughts and some directions for further research are presented in
chapter 5. The PL/CV project has considered several solutions to this

problem in their programming lozic (Constable and 0'Donnell 1978].

With the type xe;lrictfons presented above, the types of all
expressions may be statically determined. Illegal expressions are
forbidden from specifications and proofs by easily applied type checking
rules. The envisioned program development system performs this checking
as proofs are interactively produced so that all iotermediate
developnents are assured type correct without any programmer assistance.
A more flexible type system, e.g., allowing heterogeneous sets through
union types or a typeless semantics, would require the introduction of
prcof text to show the absence of type errors. Such a system might be
appropriate if ome had a general approach to handling errors as called
for sbove, but it is inconsistent with thg present philosophy of

treating only non-erroneous expressions.












































































































































































































































































































































































































