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Ia computations by abstract computing devices such ss the Turing
machine, head reversals are required for searching the imput or
retrieving intermediate results., Hence the number of.hud reversals is a
measure of the complexity of a computation.. This thesis is s study of
reversal-bounded computations om three models of abuﬁct computing
devices. .

The first model is the l-tape Turing machine with finite bounds on
bead reversals. It is koown that such machines recognize exactly the
regular setz so that for recognition purposes, reversals can be
eliminated entirely., For transduction purposes, that is, if ao output is
expected on the tape, a single reversal suffices. Hence these machines
sre most appropriately called finite automata. Clearly they are among
the veakest possible computing devices, and nany. decision problems about
the?: are solvable. We use this fact and a very simple imput-output
encoding scheme to obtain greatly simplified proofs of the decidability .
of some weak mathematical theories, including the weak monadic second-
order theory of one successor and Presburger arithmetic. Similar
techniques yield limear size bqunds as well as linear time complexity
bounds (on the multitape Turing machine model) for functions definable in
Presburger arithmetic. As corollaries, we find applications in linear

diophantine systems and linear integer programuing,



The second model is the multicounter machine with genersl bounds oa
counter reversals. By relating counter reversal to time and space, vo'
show that recursiveness of reversal bounds implies recursiveness of the
sets uc;epted, For bounds that are at least linesr, counter reversal is
polynomially equivalent to Turing machine time in both the deteministic
and the nondeteminiliic cases. This result leads to a general
deterministic reversal hierarchy and a natural formulstion of the P=15P
bquestion on the multicounter machine model. It also suggests that on
evet.y ressonable universal computing model, there is a ®"patural®
complexity measure that is polynomially equivalent to Turing machine

l“. ve shov that

times For reversal bounds that grov more slowly than n
the nondeterministic 2-way reversal complexity class is not closed under
complementation and strictly includes the corresponding deterzinmistic
class. In contrast, the analogous questions are open for 2-way 2-tape
Turing machines with logarithmic space bounds. Finally, wve consider
finite bounds on counter reversals. For both the l-vay and the 2-vay
models, ve obtain very sharp upper bounds on the Turing machine time and
space complexity of the languages accepted. In ;he l-vay case, ve
present a unified account 'ot the known results, interspersed with our
contributions, which include (1) equivalence to l-way simple nultihead
finite automata, (2) an easy technique for proving nonrecognizability.
(3) an abstract characterization of the power of finte reversal-bounded
counters, and (4) nhi‘applicntion to the theory of program schemes.

Lastly we consider finite reveru.l-bonnded multitape finite automata,
We show that over a single-letter alphabet, the languages accepted are

exactly the unary encodings of Presburger relations. :This result holds

wvhether the model is detecrdinistic or nondeterministic, .nnd even if it is

H



sugmerted with, for example, finite reversal-bounded counters snd an
warestricted pushdowvn store, or if the reversals are restricted to
gevinds, that is, inetructions that simultaneousiy positinn all heads st
the beginoings of their respective tapes. For both deteministic and
pondeterministic rewind asutomata, ve establish exhaustive hierarchies
based on the finite number of revinds. When restricted to a single-
letter aslphabet, the deterministic hierarchy stands but the

sondetemministic one ulhpie-.
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Chapter 1

Iatroduction

0. Genexal discusaion

The aim of this thesis is to study the role of bead reverssls ia
abstract computing devices such as finite automata sad Turing machimes.
Typically, an abstract computing device consists of a finite comtrol, one
or more input tapes, and any number of auxiliary tapes. The asuxiliary
tapes are used as 2-wvay read-write vork tapes. In some devices, the
input tapes can also be used as work tapes, vheress in others, they are
"read-only", The function of these devices is wusually set, or
®language", recognition, i.e. they are only asked to compute "yes® or
®no" answers. Within this general framework a host of computing devices
have been defined: the finite control may be deterministic or
nondeterministic, the input tapes may be l-wvay or 2-way, the auxiliary
tapes may be restricted to stacks, queues or counters, etc. Many such
devices have been studied and extensive qualitative comparisons of the
computational powers of the different physical ®resources™ have been
made. Clearly, the most general model -- the multitape Turing machine
vhich has a single l-vay input tape and one or more 2-vay read-vrite work
tapes -~ is the most powerful in that it can simulate all other devices.
It turns out that the Turing machine can also simulate all other knowva
formalisms of mechanical computation. Church's Thesis is a statement of
the conviction that this will remain true no matter hov many more
Yreasonable" formalisms we may define in‘the future.

A’refinement of the qualitative classification of machines with

different physical resources is the quantitative classification of



.';'chinu vith different smounts of the same resources. The most popular
such classifications are the time snd space hierarchies for the multitspe
Turiog machine model. It has become standard practice to wmeasure the
difficulty, or complexity, of ‘abstract problems in terms of the time
and/otr space requirements for their solution on this model.

Another measure of computational complexity is the number of head
geversals on the iomput tapes snd/or auxilisry tapes 8 computing device
gequires to solve 8 problem. Intuitively, he;d reversals are rtequired
for searching and comparing the input and/or the intermediate results
wvritten dovn on the wvork tapes, and ome uigl;t expect that the oumber of
geversals required reflects the degree of intricacy in the computation.

Reversal bas beea studied on a1l the familiar computing devices, 8o
far the emphasis has been on fioite (i.e. constant) reverssl bounds.
There sre several reasons for this. Firstly, vhereas finte 'boundu on
time are pathological aud finite bounds onm space yield trivial
computations (i.e. regular sets), finite bounds on teverul.‘ .otun yield
ioteresting bierarchies of nontrivial computations. Secondly, even
though finite reversai-bounded devices can recognize nonregular sets, in
msny cases they are quite tractable. For example, questions about them
such as eaptiness and finiteness often turm out to be decidable. Lastly,
the classes of languages recognized have many pice structural propertiess
.such as semilinear Parikh maps and natursl al;ebui'c or gramumatical
characterizations.

Ve nov summarize the nlﬁ fuulu concerning reversal that occur ia
the litersture. Rabin and Scott (1959) and Shepherdson [1959) showed

that sny l-tspe 2-vay deterministic finite sutomaton can be effectively
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converted to an equivalent l-way ‘deterministic finite automaton; h. fact
the ssme is true of l-tape 2-way nondeterministic fipite automata, so
that for l-tape ﬂnitc automata reversals are ee-phtdy redundant. It
is easy to see that this oo longer holds when the finite sutomata bave
more than one input tape, in either the deterministic or nondeterministic
case. Rosenberg [1967) studied deterministic multitape finite automata
with revind instructions which linqluneo;uly position all heads at the
beginnings of their r.espectivc tapes, He shoved that for each such
device, finite rewinds always suffice, and that for each n, the class of
n-tspe deterministic rewind automaton llngu:g.u is the Boolean closure of
the class of n-tape l-way deterministic finite automaton' languages.
Ibarrs [1978) considered the decision problems of various finite
reversal-bounded multitape automata.

Cinsburg and Spanier [1966b) studied pushdown automata with finite
.tcvernl bounds on the pushdown stores. They showed that such pushdova
sutomata accept exactly the conte‘xt-itec languages generated by each of
tvo specisl classes of context-free grammars =- the ultralinear gramcsrs
and the ponterminal-bounded grammars. In particular, l-reversal pushdown
automata accept exactly the linear context-free languages. Whereas the
equivalence problem is unsolvable for l-reversal pushdovn automata and
open for unrestricted deterministic pushdown automats, Valiant [1973]
gave a decision procedure for finite r'everul-l;ounded deterministic
pushdown sutomata. Baker and Book [1974] considered l-way machines with
more than one pushdown store. 'rl.uey shoved that vith nondeterminism, evean
wmachines with only two l-reversal pushdovn stores have the full pover of

Turing machines. On the other hand, deterministic wachines with



gecursive reversal bouads om their pushdown stores alvays accept
recursive sets. _

A special case of the multipushdovn machine is the wmulticounter
machine .h\ wvhich each pushdown store is restricted to a single-letter
alphabet. Deterministic 1-way 2-counter wmachines have been shown
equivalent to Turing machines (Minsky [1961]) whereas nondeterministic
2-vay l-counter machines always accept in n3 time and hence can recognize
only a very small class of recursive sets (Greibach [1975b]). With
finite reversal bounds imposed on the counters, l-way nondeterministic
machines alvays accept in linear time (Baker and Book [1974]), and the
class of languages accepted can be characterized in terms of simple
languages and simple language operations (Baker and Book [1974], Latteux
£1977)). 1Ibarra [1978) showed that these same machines accept only
semilinear languages and hence have many solvable decision problems, and
that alloving finite reversals on the input tape does not enhance the
class of languages accepted. Recently, Gurari and Ibarra [1980] studied
the complexity of the solvable decision problems of Ibarra [1978]. They
showed that for the class of nondeterministic l-way machines with m r-
reversal counters, where m and r are fixed, many decision problems are
solvable in deterministic polynomial time; when m and r are allowed to
vary, the complexity jumps up to NP-harduess, PSPACE-hardiess, etc. In,a
different vein, Gurari and Ibarra [1979) showed that when restricted to
unary ioput, detern;i‘nhzic 2-wvay machines with finite reversal-bounded
counters can be effectively converted to eq\:ivnlent finite automata.

Finally ve come to the general Turing machine model. First consider

1-tape machines in which the single tape serves as both input tape and



work tape. Hennie [1965) showed by a crossing sequence argument that
vith finite reversal bounds such machines asccept exactly the regular
sets. Pischer [1968] generalised the argument to show that for this
model, linear speed-up .h reversal by any coastant factor is alvays
possible., More work was done on the 2-tape Turing mnachine model which
has a read-only input tape and a 2-vay read-vrite auxiliary work tape.
Hartmanis [1968a) established a rich hierarchy based oo reversal bounds
on the deterministic l-way model, and lhoved. that for slovly groving
bounds no speed-up in reversal is possible. For both the deteministic
snd the nondeterministic l-way models, reversal bounds are recursively
related to time and work tape space bounds (Hartmanis [1968a), Baker and
Book [1974]), so that recursiveness of the reversal bounds implies
gvecursiveness of the sets nccepted.. In two papers, Greibach ([1978a,
1978b] made & thorough study of both the 1l-wvay and Atho 2-vay
nondeterministic models with finite and more gemeral bounds oa work tape
head reversals, crosses or visits. The machine model uas generalised to
sllov the initial contents of the work tape to be preset from a base
langusge (note the nond;teminisn here), so that each class of machines
can be considered as generating a new family of langusges from each
family of base languages. Many interesting results, includiog
comparisons of reversals, crosses and visits, language characterizatioas,
hierarchies, and complexity bounds, were obtained. .

Ve nov sketch an outline of the preseat thesis. The techaical
results are contained in three chapters, each dealing with a different
computing device. Chapter 2 studies finite reversal bounds on the l-tape

Turing machine model for both recognition and tnnsduction}purvosn.



































































































































































































































































































































































































































































































