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Abstract. We explore a new approach to interactive theorem proving which
combines a knowledge-based notion of obvious reasoning with a tactic-based
notion of obvious reasoning. We study the interplay of two particular systems
and apply our approach to a proof of the Fundamental Theorem of Arith-
metic. We achieve both shorter and more robust proofs. It is our opinion
that the kind of control information contained in interactive proofs is a more
important issue than their mere size. We analyze our proof scripts in terms
of the control information they contain and suggest that stronger knowledge-
based notions of obviousness and declarative representations of tactics are
needed to further reduce low-level control information.

1 Introduction

Tactic-based theorem proving has received a lot of attention lately [16, 10, 15, 14, 31].
Forward chaining theorem proving has also been studied [9, 22]. In this paper, we
explore the potential for combining these two approaches. In particular, we study
the combination of Nuprl and Ontic.

The motivation for studying the combination of these two different approaches
is the hope that their strengths and weaknesses will compensate each other and
produce proofs that are both shorter and more robust.

Although the current collection of tactics in Nuprl has provided indispensable
assistance in developing proofs [17, 26, 2], these tactics are often sensitive to minor
variations in the formulation of the problem, to changes in the lemma library and to
improvements in some standard tactics — the Autotactic, for example. This problem
is acute — strengthening a tactic or the lemma collection can damage previously
checked proof scripts. It is also general — other LCF descendants, such as HOL,
suffer similarly: providing low-level control information to the system is not only
extremely tedious, it also makes proofs harder to reuse. By applying knowledge in
the form of a large lemma collection, we hope to reduce the amount of detail.

In contrast, Ontic proof scripts replay under any strengthening of the lemma
collection, modulo practical feasibility considerations. But there is no mechanism to
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encode simple patterns of inference, so similar subproofs are duplicated. So we hope
to find regular patterns of inferences — clichés — that might be captured using tactics.

We expect fruitful cooperation between the tactic-style theorem proving and
the forward chaining technique because the former is suitable for capturing and
combining dynamic patterns in inferences while the latter does the same to static
patterns, in the form of lemmas. Both forms of knowledge are necessary in problem
solving.

How are these (dynamic) patterns discovered? Our first step is to implement a
knowledge-based forward chaining autotactic and gain some experience by applying
it to compress some known proofs in Nuprl.

This paper contains an introduction to the main ideas of the knowledge-intensive
forward chaining technique and a report on a case study (the fundamental theorem
of arithmetic). We obtain shorter and more robust proof scripts by combining the
tactical approach and the forward chaining approach.

Proof length is not the only thing we seek to reduce, excessive control information
should also be eliminated. Knowledge-intensive forward chaining reduces only one
kind of control information. We have written tactics that implement simple heuristics
to invoke the forward chaining tactic and greatly reduced both the lengths of proofs
and the amount of control information they contain. How to further reduce low-level
control information in proof scripts is also discussed at some length.

The paper is organized as follows: Section 2 lays down the general background
of this work, Section 3 is an introduction to the forward chaining approach, to pre-
pare the reader for a case study of integrating forward chaining into a tactic-based
environment in Section 4, finally we summarize and expand in Section 5.

2 The Theorem Proving Context

2.1 Tactical Theorem Proving

Tactic-based theorem proving systems (Nuprl, HOL, Isabelle) are descendants of
LCF. Although their object languages differ, a common feature is the meta-language
ML 2. Tactics are programs written in ML to refine a (sequent style) goal into
(presumably) simpler subgoals. The simplest tactics are the primitive refinement
rules. The higher-order programming style of ML facilitates the combination of
simple tactics into complex ones.

In these systems, a collection of tactics defines a notion of obvious inferences.

In our work, we use a subset of the (object) language of Nuprl. The Nuprl
subset we use is essentially an order-sorted first order logic with subset, pairing
and lists. Equality reasoning in this language is simpler than in the full language of
Nuprl. In particular, it permits the use of a single global equality [19].

2.2 Knowledge-Intensive Forward Chaining

There are two important issues in applying a large number of lemmas to a reasoning
task: selecting the relevant lemmas and ensuring termination. Ontic addresses both

2 Oyster, the Edinburgh version of Nuprl, uses PROLOG as its meta-language.



issues with the concept of focusing. The design objectives of Ontic are: (1) to obtain
a practically effective proof verification system and (2) to model low-level human
mathematical reasoning. It has been used to verify the Stone representation theorem
for boolean lattices. Most existing interactive proof development systems do not
share the second objective of Ontic.

Ontic has a knowledge-based (declarative) counterpart to the tactic-based (pro-
cedural) notion of obvious inference in the systems mentioned above.

We explain Ontic in more detail below.

3 The Forward Chaining Tactic

This section serves two purposes: to explain the basic ideas of Ontic and to present,
at a high level, a particular Ontic-like system used in our work. Our version of Ontic
removes some of the features of Ontic that are not necessary for our experiment —
among them, automatic universal generalization 3.

3.1 Ontic in a Nutshell

The decision procedure Ontic is defined by a set of inference rules and a set of
lemmas. Basically, inference rules are applied under a mention restriction, where only
those instances containing subterms in the subterm closure of all input formulas are
allowed; lemmas are applied under focus restriction, where all members in a certain
closure of the set of lemmas are instantiated on a given set of terms, the focus set.

The reader is referred to [22] for a complete description of Ontic and to [23] for
a general theory of tractable inferences.

3.2 Forward Chaining Inference Relations

We present the forward chaining autotactic as a family of tractable inference relations
indexed by a finite set of terms, called focus terms.

The inference relation presented below is not new. It is different from those in
the original Ontic mainly in the constructive validity of the inference rules and the
use of (almost) standard first order syntax (Ontic takes advantage of non-standard
syntax to obtain a larger tractable fragment [21]).

Let |- denote the usual logical derivability relation in first order logic, specialized
to our particular language. Let |-o - denote the parameterized tractable approxima-
tions to |- that we shall define. Let |- abbreviate oy

For each F, |0 is quickly (polynomial time) decidable fragment of |-. A high
level proof consists of steps of single inference rules that define |- mixed with steps
of or.

ox will be presented in two steps: first the inference rules that make up |og,
and second, the restrictions on when these rules are applicable. For the algorithms

that implement these rules and restrictions, we refer the reader to the original papers
of McAllester.

3 There are two reasons for this: (1) tactics already perform introduction of universal
quantifiers and, more subtly, (2) adding universal generalization reduces the efficiency of
forward chaining considerably.



3.3 The Inference Rules

Here we give a set of inference rules that are constructively valid, so that forward
chaining proofs using them can be converted to Nuprl proofs.

The inference rules that go into | shall be presented in sequent calculus style.
So a typical rule would have the form

Shos® S'honw
> I_o}_”Q ’

However, when the £’s and F’s are identical in all places, the simpler form 1@—2 is
used.

Propositional Rules Following are the so-called Boolean Constraint Propagation
rules:
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These rules do not define a complete inference relation for intuitionistic propo-
sitional logic because V-elim and =—intro are absent. These rules require searching
or guessing hence are not used automatically in forward chaining.

We also have some derived rules:

~& W S(PVE) S(BVE) b W P VT T SV
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These are mostly those contrapositives of the primitive rules that are both con-

structively valid and do not require search. Although negation is defined via impli-
cation, for efficiency, it is also included as a primitive.

Equality Rules The forward chaining rules for equality reasoning are reflexivity,
symmetry, transitivity and congruence (substitution of equals for equals). A complete
decision procedure for these rules is congruence closure [20, 29, 11] which is used by

all implementations of Ontic. Congruence closure is valid for the fragment of Nuprl
used here [19].

Quantifier Rules

Xlo Yz : T.&(z) Zlor(ainT)
Lo ruia®(a)

V-E is much more important than 3-I in practice, and it will receive more atten-
tion in the following explanations.

Note the absence of V-I and 3-E. V-I is usually applied by tactics in the beginning
of a refinement style proof. 3-E introduces new constants that the rest of the proof
somehow refers to. If this is done by the forward chaining tactic, the rest of the
proofs would have no access to these constants.
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Type Inference Rules The following rules allow the inference of types of focus
terms in the presence of set types:

Lloz9(a) Llor(ainT)
Ve:T.zinT  Ylogy,ain{z: T[e(z)}

Note that the first rule cannot be a lemma schema, because lemmas are only
applied to focus terms and the application requires that ‘z in 77 be true.

3.4 Restrictions on Rule Applicability

In addition to the focus restriction which is implicit in the quantifier rules, all rules
are subjected to the so-called mention restriction. These two restrictions together
ensure that |o, is quickly decidable. Focus restriction can be understood by in-
specting the quantifier rules carefully; mention restriction is the requirement that
for each application of a forward chaining rule, the Ts, @s, ¥s and ©s must all be
subexpressions of the rule set, lemma library, current goal sequent or focus set.

As a consequence, from @ we shall not infer S|0y,...,B|¥,,..., unless the dis-
Junction is mentioned (not only the Ws).

Similarly, given a = f(a), we do not infer @ = f(... f(a)...), unless the terms
mvolved in the latter are actually mentioned. Note, however, that in this case con-
gruence closure actually represents a = f(... f(a)...) implicitly.

3.5 Examples

Ezamplel. Let ¥ = {Vz,y:int.a+y=y+z,Vz:int.z2+0= z}. Then we can
prove X|-Vz : int.0+ z = z in two ‘high-level’ steps:

Vz,y:int.z+y=y+z Vr:int.z2+0==z
O+z==2
Ve:int.0+z==2z

("‘0{:,0})

(V-1)

Note that in the first step, all that the user has to supply is the focus set {z,0};
applications of both lemmas and some equality inferences are done by the system.

In practice, due to the high complexity in terms of the focus set size (see [22]),
we often limit the focus set size to that of the deepest quantifier nesting. The next
example shows that a larger focus set means fewer steps.

Ezample2. Let f : S — T and let ¥ = {Vz : T.®(z),Vz : S.&(f(z))=>¥(z)}. Sup-
pose we want to prove Vz : S.¥(z). Let a be a new constant of type S, then

Ve :T.9(z) Ve :S.&(f(z))=¥(x) .
(@) (u@y) S(f@)=>0a) o)

and ¥(a) follows by boolean constraint propagation.
Using the focus set F = {a, f(a)}, the above can be done in a single step of V-E
(boolean constraint propagation does not count as a visible step).













































