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Abstract

The theory of computability, or basic recursive func-
tion theory as it is often called, is usually motivated
and developed using Church’s Thesis. Here we show
that there is an alternative computability theory in
which some of the basic results on unsolvability be-
come more absolute, results on completeness become
simpler, and many of the central concepts become
more abstract. In this approach computations are
viewed as mathematical objects, and the major theo-
rems in recursion theory may be classified according
to which axioms about computation are needed to
prove them.

The theory is a typed theory of functions over the
natural numbers, and there are unsolvable problems
in this setting independent of the existence of index-
ings. The unsolvability results are interpreted to show
that the partial function concept, so important in
computer science, serves to distinguish between clas-
sical and constructive type theories (in a different way
than does the decidability concept as expressed in the
law of excluded middle). The implications of these
ideas for the logical foundations of computer science
are discussed, particularly in the context of recent in-
terest in using constructive type theory in program-
ming,.

1 Introduction

It is widely believed that there is one absolute notion
of computability, discovered in the 30’s by Church,
Kleene, Turing, Godel and Post and characterized by
proofs that various models of computation (e.g., Tur-
ing machines and random access machines) give rise
to the same concept, as well as by a belief in Church’s
Thesis, which in turn leads to a well-developed the-
ory of unsolvability[8]. This standard theory accepts
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Church’s Thesis, and in Roger’s book[18] it is explic-
itly used to develop the theory. We want to challenge
the assumption that this is the only acceptable view.

We have discovered through our attempts to pro-
vide a formal foundational theory for computer
science[4,5,19] that there is an interesting, perhaps
compelling, alternative to the standard theory. The
goal of this paper is to explain this alternative.

One of the requirements for a theory of the kind
we imagine is that it be adequate to explain all of
the basic notions of computation and, where appro-
priate, relate them to basic notions of mathematics.
So it should explain algorithms and functions, data
types and sets, computations, resource expenditure,
unsolvability, etc. It should also provide the rules to
settle what is true about these basic concepts. We
call such theories foundational.

In attempting to design a foundational theory of
computation, we found that specific computing mod-
els and their properties are not a suitable basis. Such
properties depend on specific discrete data types,
such as natural numbers or strings, and it is not
clear how to generalize them to other data types while
preserving their essential character. The operational
models of computability, say RAM’s (random access
machines), specify too much irrelevant and ad hoc
detail. Some abstract approaches[10,21,22] take par-
tial functions to be indexable, which is not justified
on a priori grounds; others are too abstract to be of
much relevance to computation. So we had to look
elsewhere for the basis of a computation theory. A
natural place to look is at a foundational theory for
mathematics which can be interpreted computation-
ally, such as a type theory over the natural numbers.
In this setting the notion of an indezing is an enumer-
ation of the class of partial functions. It is consistent
to affirm or deny such indexings. The surprising re-
sult is that an interesting notion of unsolvability may
be conceived even if we deny the existence of index-
ings.



2 A theory of computing

2.1 Nature of the theory

Although the concept of an algorithm is central, we
treat it as a meta-notion in this theory. Two algo-
rithms are equal only if they have the same “struc-
ture”, but we do not formalize either algorithm or
this equality in the object theory here, although we
consider an extension to accomplish this in section
4.4. We represent in the theory those mathematical
objects that algorithms compute, numbers and func-
tions; if f and g compute functions then as functions
they are equal precisely if f(a) = g(a) for all a in the
domain of f and g. For simplicity and for comparison
to the standard theories, we have three base types, N,
the nonnegative integers 0,1,2,...; 1, the type with
one element; and 2, the type with two elements. The
theory is higher order in that if S and T are types,
then so is S — T, the type of all computable functions
from S into T. S is the domain type and T the range
type of these functions.

The types defined above are basic; in addition, as-
sociated with each type T is it’s “bar type”, denoted
T. Intuitively T represents the computations of el-
ements of type T treated as equal if they yield the
same result. But it is not necessary to construe bar
types as computations, as will be seen in the seman-
tics section below.

It is significant that the bar types are defined af-
ter the basic types. We first understand the ordinary
mathematical objects, then we come to understand
computations of them. This means in the case of
functions, for instance, that we understand total func-
tions before we understand the partial functions.

2.2 Possible interpretations of the
theory

A theory of the kind presented here can be under-
stood at a foundational level, and it makes sense to
regard the axioms as the final arbiter of meaning.
This is the approach taken in ITT[15] and Nuprl[4].
It is also possible to provide a concrete computa-
tional semantics for the theory based on relations
on the terms, in particular by defining a relation
s «—t to mean that ¢t evaluates to s, and then defin-
ing type membership and equality using this notion
of computation[l]. We give such an interpretation
in section 2.5 below. Although the theory is consis-
tent with respect to such models, we do not mean to
suggest that a computation theory must be based on
concrete notions. It is also sensible to interpret this
theory over an intuitive and abstract constructive the-

ory of functions and types (or sets). The basic con-
cept is that of a mental construction. On such an ac-
count, the notion of algorithm, computable function,
and type are open-ended. This theory is consistent
for such a semantics as well.

2.3 The syntax

The syntactic categories are variables, terms, types,
formulas and rules.

If r,s,t, f are terms and z is a variable,
we may construct the terms

0,1,2,... the numerical constants,

Az.t an abstraction,

s(t) application,

s;t composition,

suce(r) successor,

pred(r) predecessor,

zero(r; s; 1) a decision term, and

fiz(f) the fized point term.
Associated with terms are the base types

N, the natural numbers,

1, the unit type,

2, the boolean type,

and if S and T are types, then

S—T the function space, and
S the bar type,

are also types, provided that S itself is not a bar type
in the second clause.
formulas will include these atomic formulas:

teT type membership,
s=teT equality over type T,
t| convergence, and

tt divergence.

We will also allow the ordinary connectives A & B,
AVB, A= B,~A,V&:T. A, 32:T. A (and, or, implies,
not, for all and there ezist respectively). We allow the
possibility of further formulas.

2.4 The rules

There is a collection of rules for typing, computing,
and reasoning, but for space considerations we explic-
itly mention here only the fixed point rule:

ViET—T. fir(f) €T.

In this paper we will use the computational semantics
defined next as the justification for the proofs that
follow, although these proofs may also be carried out
in an axiomatic setting[3,19].



v «—t is defined as:

ne—n where n is 0,1,2,...
Az.b— Az.b
v — succ(a) iff n — a and n plus one is v

v — pred(a) iff n — a and n minus one is v
v « zero(a; b;c) iff n—a and ifnis 0
then v — b else v —¢

v « a(c) iff Az.b — a and v « b[c/z]
v — fiz(f) iff v — f(fiz(f))
ve—ab iff al and v — b

Figure 1: Evaluation

2.5 The computational semantics

A precise semantics can be given for this theory by
defining a reduction relation and then inductively
classifying terms into types based on their values. Let
v — t mean that term ¢ reduces to term v (a value)
by a sequence of head-reductions. This relation is
operationally defined in figure 1. Note that the only
possible values in this computation system are num-
bers and lambda terms. For example, letting F' be
Af. Az zero(z; 0; f(pred(z))), fie( F)(1) reduces as fol-

lows:

Az.zero(z; 0; fie( F)(pred(z)))(1)
zero(1; 0; fir( F)(pred(1)))
fie(F)(pred(1))

Az.zero(z; 0; fie( F)(pred(z)))(pred(1))
zero(pred(1); 0; fir(F)(pred(pred(1))))
3"0(0; 0; fie(F)(pred(pred(1))))

Therefore, 0 — fiz(F)(1).
Define t| as 3s.(s < t) and t1 as —(t]).

Definition 1 Define s =t € T for s and t closed
terms by induction on types as follows:

s=teTiff

if T is 1, then
0—sand 0—t
if T is 2, then
be—s and b—1t for b either 0 or 1.
if T is N, then
n s and n —t for some n one 0f0,1,2,...
if T is A— B,then
Az.by — s and Ay.by — t and
Vtermsa; andaz € A, a1 =az; € A
implies b1[a1/z] = bz[az/y] € B.
if T is A and A is not a bar type, then
(sl ifft]) and s| implies s =t € A.

We let ¢t € T abbreviatet =t € T.

The rules of the theory are provably sound under
this semantics[19], but since we are not providing the
rules here, we rely directly on the semantics in the
proofs that follow. Because of this it is perhaps useful
to notice a few properties of definition 1:

Theorem 1 For all types T,
(i)s=teT=>t=s€T
(ii))s=teT&t=ueT=>s=ueT.

Theorem 2 For all types T,
teT&u—t&u—s=>t=s€T.

a = b € N means a and b both evaluate to the same
natural number, say n. Az.b € A — B means for
all @ and a’ that are equal members of A, b[a/z] and
b[a’/z] are equal members of B. These functions thus
behave as mathematical functions should: they map
equal arguments to equal values.

3 Basic results

3.1 Overview

Our plan for this section is to examine certain basic
concepts and results from recursive function theory
over the natural numbers, say as presented in [18,20],
and to find analogues of them in the theory of section
2. We start with undecidability results, then look at
analogues of recursively enumerable sets, and then of
reduction and completeness.

The unsolvability results are particularly easy to
understand in this theory. We can argue that it is not
possible to solve the “halting problem” for functions
f € N — N, say for specificity the problem “does
f(0) halt?” One way to express this problem is to
notice that for every such f, f(0) belongs to N. So we
are equivalently asking for any computation ¢t € N,
whether we can tell if ¢ halts, that is, if there is a
function h € N— 2 such that h(t) = 1 iff ¢ halts.
The answer is no, because if we assume that h exists,
then we can define the function

d = fiz(Az.zero(h(z); 1;1)) € N,

where 1 is some element of N known to diverge such
as fiz(At.t). d € N follows by the fixpoint rule be-
cause the body is in the type N — N. By computing
the fiz term, we have d = zero(h(d);1;1) € N. If
h(d) = 0, then d should diverge, but in fact d = 1; so
it converges, and we reach a similar contradiction if
h(d) = 1. So the assumption that h exists leads to a
contradiction.

There is nothing special about N in the argument
except that there is an element such as 1 € N. So






























