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Abstract

The design of a programming system is guided by certain beliefs, princi-
ples and practical constraints. These considerations are not always manifest
from the rules defining the system. In this paper the author discusses some
of the principles which have guided the design of the programming logics built
at Cornell in the last decade. Most of the necessarily brief discussion con-
cerns type theory with stress on the concepts of function space and quotient

types.
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I. Introduction

How do we choose the languages in which to express exact reasoning,
mathematics and programming? In the case of logic and mathematics, language
has evolved over a period of perhaps 2,000 years. We know enough to say that
such language is not the "God-given expression of Truth". Indeed human
genius, especially that of Ffege. has played a major role. In the case of
programming languages the period of evolution is shorter. It might appear
~ dramatically shorter, but if we consider the building of relatively rigorous

and symbolic language, then perhaps only the last 100 years are relevant even
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for mathematics and logic. Although we can learn a great deal from this
period, not many formal languages from it were meant to be used; fewer still
were in fact used. By contrast in the past 40 years hundreds of programming
languages have been created, each vying for prominence. Among these a few
dozen are serious contenders with distinct characteristics, e.g. FORTRAN,
ALGOL (60, W, 68), LISP, PL/I, ADA, etc. How then are these languages chosen?
Whét are the principles of design that make them attractive, usable and endur-
ing?

There have been studies which attempt to sort out the principles behind
such languages [32]. But not many deep principles have emerged. We can clas-
sify languages based on their control structures and make illuminating com-
parisons [9,28]. We can discuss procedure calling mechanisms and other

features of implementation. With more modern languages we can compare type

structures and mechanisms for achieving modularity and protection.

While these differences among programming languages are fascinating and
while their study may contribute to better designs and implementations, such
differences do not reveal deep principles of language value. The deeper prin-
ciples emerge at the level of programming 1ogic.1 Such logics must take a
position about the structure of the universe in which we compute, about what
is real and what actions are possible, about what is expressible and what is
true. It will happen that these deeper principles determine other aspects of
language structure and sometimes obviate the need for explanations in terms of
implementation or syntactic style. For instance, principles about the nature

of type equality may dictate that the equality relation is not decidable.

.t

As programming languages become richer, and as their definitions become more
formal, the distinction between a programming Jlanguage and a programming
logic may disappear. A theory such as M-L82 [30] is indistinguishable from
the applicative programming language described by Nordstrom [31]; the
theories V3 [13] and PRL [2] are as much programming lénguages as they are
logics. So these remarks apply to such ™"third generation™ programming

languages Qs well,



This would rule out certain approaches to syntactic type checking.

I do not claim to know the principles that determine a programming
logic's value. I am not even confident that we will ever be able to
coherently state any, but I know from our work on programming logics at Cor-
nell since 1971 that certain experiences and ideas emerged as significant and
have shaped the systems we built. I will describe some of these ideas, formu-
lating them as principles, and discuss their consequences. In particular I
want to examine the decisions we made in designing the two versions of type
theory we have used at Cornell, V3 [13] and PRL [2]. Since these theories are
both closely related to Per Martin-Lof's well-known type theories, I will
phrase my discussion in terms of them, using M-L75 for [29] and M-L82 for
[30], and M-L when it doesn't matter which. For details of these systems,
refer to the cited literature. (We use ML to denote the widely used program-
ming language part of Edinburgh LCF [24].) First let me put the Cornell work

in context.

Our work on programming logics goes back to 1970, when we suggested [8]
using formal constructive mathematics as a programming language and investi-
gated some of the theoretical issues. This program was explained more
thoroughly in a series of lectures entitled "Constructive Mathematics as a
Programming Language™ given at Saarbrucken, Advanced Course on Programming in
1974. Here the connections to so called "program verification™ were also
exﬁlored. In 1975 we began the design of a working system which we then
called a programming logic. This was reported in the book A Programming Logic
with Mike O'Donnell [15]. We incorporated procedural programs into a con-
structive weak second~order iogic and provided a proof checking system which
employed several efficient decision procedures for subsets of the logic [16].
As we tried to treat data types and some version of comstructive set theory,
we encountered the work of Per Martin-Lof [29] which fit extremely well with
our plans (see Pl, P6) and with the principles we had isolated. We incor-
porated our ideas with his and with various notions from Edinburgh LCF into a
programming logic V3 [13]. At the same time we were joined by Joseph i. Bates

who had several significant ideas for greatly improving the applicability of



these methods in a modern computing enviromment [1]. We proceeded to design a
new and more grand system [3] with the acronym PRL.Vfor Program Refinement
Logic. We designed an Multimate PRL™ system and an initial core system [2].
Since 1980 Bates has led the implementation of the system, and together we

have been experimenting with it and progressing toward the Multimate™ system.
II. Principles

Pl: The first principle of our work has been that the logic of program-
ming should itself be computational and thus self-contained. The principles
of computation are as fundamental as any other and can be axiomatized
directly. We see no theoretical or practical limits unique to computational
explanationé and no need for non-computational ones. So Occam's razor can
prune away those systems of reasoning based on Platonic conceptions of truth

or on classical set theory and its models of computability.

There are numerous systems of reasoning with purely computational meaning
such as Skolem's quantifier free logic [37], Intuitionistic logic, Bishop's
constructive analysis [5], Russian constructive logic, etc. Among these,
Bishop's style of constiuctive reasoning seems to capture the core of all of
the sufficiently rich computational logics. It indeed describes the computa-
tional core of classical mathematics. Based on Bishop's writings [5,6] we
could and did imagine doing mathematics inside a programming logic. When we
began, it seemed that a language like Algol 68 possessed the right concepts
and that its "theory of data types™ might be adequate to describe the
mathematical types.T In retrospect such a view is not so terribly wrong, but
we began our detailed work with a much simpler theory which focused first on
elementary data types and procedural programs. As we said in [15], "...the

programming logic does not fit the classical pattern of partial or total

1In 1975 we considered using a subset of Algol 68 as the basis for our pro-
gramming logic, but there wasn't sufficient local expertise to cope with the
complexity of defining and implementing the subset. There was such expertise

for PL/I. But we did use Algol 68 like notation in [15].



correctness because commands themselves are treated like statements; the
predicate calculus is based on a block structured constructive natural deduc-

tion system..."

P2: All objects come with a type. One decision that comes early in the
design of a logic or language is whether types are specified with objects or
as properties of a universal collection of objects. If ome focuses on the
nature of computer memory or on the development of recursive function theory,
it is tempting to think of a single universe of "constructive objects™ from
which types arise by classifying these objects. This is the approach of Lisp.
One sees it in the logics of Fefermann [22] and recently in the programming
language Russell [20]. This principle is also at work in set theory where omne
starts with a coliection of individuals and builds a cumulative hierarchy of

sets over them.

We argue that the clearest conception is that by saying how to build
objects one is in fact specifying a type. So objects come with their types.
This is similar to Bertrand Russell's conception [33] (belying the name of the
programming language [20])and to the Algol 68 conception and to the M-L comn-

ception.

P3: Products and unions are basic. The nature of pairing is fundamen-
tal (although we know that in set theory it is reducible) as is a notion of
uniting. Our treatment of unions is dictated by a deeper principle, that is

propositions as types (P6).

P&: Functions are effectively computable and total. The notion that
functions are effectively computable follows from Pl; that they are total we
take as a basic principle. The recursive function theory notion of a partial
function can be derived from this concept in several ways. The notion of an
algorithm or rule we take as "categorical™ like that of type. It is a concept
which is manifest in specific types. So there are rules for computing func-

tions from A to B, but the same underlying rule may also compute from A' to B.

We classify a function to be in type A + B if the inputs are from A and

the outputs are in B regardless of what types are used along the way in







































