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1 Foundations of Com-

puter Science

1.1 new views of foundations

True to its title, this conference is about Logic
in Computer Science. The two subjects have
enriched each other for half a century: Boolean
Algebra—ifor circuit design; Predicate Logic—
used for data base query languages, and auto-
mated in logic programming; Type Theory—
for programming language design, deepened
by implementation. !

Clearly this mutual enrichment will continue,
and each field will transform the other. But
I believe that logic and computer science will
become much more deeply intertwined in the
next half century because logic has a profound
role to play in the foundations of computer
science, and computing techniques will realize
a large part of Leibnitz’s dream through the
implemented type theories. I want to examine
foundational issues in a new light.

In the case of mathematics, a foundational
theory is used to create a unified deductive
framework. It isolates atomic concepts from
which all others can be defined, and it spec-
ifies primitive rules of inference and axioms

10ne of my favorite ideas, the propositions-as-types
principle, reveals Predicate Logic as a branch of Type
Theory.

from which all theorems are deduced. The
stunning success of the set theories built on
Frege’s predicate logic has become known to
nearly every student of mathematics and is
widely regarded as the solution to foundational
problems that arose in the late 19th century.
There are other similar solutions as well—say
set theories such as BG, Bourbaki Set Theory,
Tarski-Grothendick Set Theory, and type the-
ories such as Principia Mathematica, Church’s
Simple Type Theory, Martin-Lof’s Intuition-
istic Type Theory. All of these theories are
reductive, attempting to explain every math-
ematical concept in terms of a few primitive
ones, with more or less success. In a like man-
ner, physical theories are reductive and unify-
ing.

I believe that in the case of computer sci-
ence, an adequate foundational theory will
have some of the elements of a physical the-
ory. These elements will be as critical to its
success as the purely deductive and mathemat-
ical ones. The theory will define the funda-
mental notions and postulate the precise re-
lationships among concepts such as informa-
tion, communications, computing, complex-
ity, data and knowledge that define a math-
ematical notion of “cyberspace.”? The pos-
tulates will describe reliable communications
(the “geometry and topology of cyberspace”),

?My colleagues assure me that I will be embarrassed
by this term in five years—perhaps even by June.




and quantitative laws of conversion of infor-
mation (the “electromagnetic force”). Basic
definitions will determine an architecture for
the stable storage of information (objects) and
for efficient access to it.

This theory might be tied tightly to logic not
only because it is deductively presented, but
because from the laws of this theory will follow
the laws of logic and even some of the princi-
ples of set theory [1].

1.2 a foundational research pro-

gram

According to my views of a foundational the-
ory, it must explain the practice of computing.
So the basic structures and concepts of real
computing systems must emerge in the theory.
It seems to me then, that a critical element of
a foundational research program is to force the
identily of software artifacts with formal con-
structs of a mathematical theory. In complex-
ity theory this was done with the bold step
of postulating that asymptotic complexity in
certain computing models was fundamental—
it turns out to be so. In semantics we have
created programming languages, like ML, that
are both artifacts and mathematical objects.
We continue in this line by trying to make soft-
ware systems that are mathematical structures
as well, and we want to do this in the most eco-
nomical and natural way. We try to force this
identity on programatic grounds; one conse-
quence is a useful approach to software relia-
bility. Implicit in this research program, in my
opinion, is that we “speak the language of the
theory” and “live inside it” as we carry out the
grand computing tasks. It must be the theory
of cyberspace, not the theory of the physical
world, not the theory of classical Platonism
or of pure mathematics. The objects of the
theory should be the objects of our world and
nothing more.

We expect that the theory we are creating will
encounter many challenges—mathematical,
like P = NP, and engineering—can we really
build a secure network? We also hope that it
will boast of steady progress and frequent tri-
umphs. It might be that one of its triumphs is
an explanation of the rules of logic and math-
ematics and a deeper explanation of the re-
markably successful foundational program in
mathematics—perhaps by carrying it out in
complete detail in accordance with its compu-
tational interpretation—a massive engineering
achievement to match the intellectual one.

2 Elements of a type the-
ory research program

I claim that type theory is an elegant organiza-
tion of the fundamental principles of a founda-
tional theory of computing, with theory taken
in the sense of a scientific theory as well as a
deductive theory. This theory generates a re-
search program in the sense of Lakatos [35].
In this section I examine the elements of this
program and in later sections access progress.
The type theory I have in mind makes precise
these defimtions and principles.
Computability is fundamental. [56, 9, 7]
Asymptotic complexity measures are
good approximations to real computing
costs. [26]
Programs and software systems are math-
ematical objects. [54, 53]
Propositions are types and proofs are pro-
grams. [15, 29, 10]
Formal theories are a good approximation
to knowledge (at all depths). [27]

One structural defect of this theory has been
its account of computational complexity con-
cepts. It might also be a defect that no con-
currency notions are primitive; this remains




to be judged [42]. T will suggest an account-
ing of complexity in constructive type theory.
The details presented here are based on work
of Leivant [37], Bellantoni and Cook [5].

2.1 forcing the identity of soft-
ware systems and mathemat-
ical objects

Pure Lisp [40] is an example of a programming
language intended to be the term language of
a mathematical theory of computation. As a
language it got a lot right, e.g. the control
mechanism, and the theory [40] was inspira-
tional for the research program. The essential
tensions and challenges of the program became
clear quite early as the language evolved to re-
main competitive in the real world; it evolved
into something mathematically intractable, in
part because its theory became too ad hoc and
ugly—like Copernican mechanics.

In my opinion, to survive as a competitive lan-
guage, the Pure Lisp line also needed to some-
how make contact with the line of typed lan-
guages like Algol. But its theory would not
support this. The notion of type created by
Russell for logical purposes proved to be a
design model for Algol-like languages and an
organizational principle for a theory of data
structures. Hoare’s fundamental paper “Notes
on Data Structuring” [28] outlined this theory.

Since Hoare’s paper, the mathematical theory
of types has advanced considerably, and the
importance of static typing in programming
languages has been established. The program
to unite language and theory has resulted in
the ML family of languages [23, 41, 38]. I in-
clude here the term language of Nuprl which
is essentially a pure lazy functional variant of
ML.

The current situation is that languages in the
ML family are competitive (they need adjust-

ment to be more inter-operable with C), but
none of them is exactly the term language of
an acceptable mathematical theory. The the-
ories that match the language are too cumber-
some, and the elegant theories do not include
all the elements of the language. So there is a
lot of work to be done. (The use of proof devel-
opment systems can help make more complex
logics tractable as the work of Elsa Gunter [25]
is exploring with HOL and Stuart Allen with
Nuprl [2].) Meanwhile, programmers and soft-
ware engineers have good tools to undertake
the massive amount of work that society wants
done. As the theory progresses, the tools will
get better. Let’s look at one of the specific
challenges.

2.2 the problem of partial func-
tions

Consider the four basic type constructors in
“classic” ML [23] for A and B types and F' an
expression denoting a type (when X is a type):

Ax B cartesian product
A+ B disjoint union

A — B function space
u(X.F) recursive types

These are very similar to the constructors of
a mathematical theory of types [39, 11, 22],
except that in the mathematical theory, the
inhabitants must all be total and in ML they
need not be. So in mathematics it is required
that F' be a monotone expression, not so in
ML.

One approach to the discrepancy between
mathematics and ML is to think of ML as an
approzimation to the mathematical theory and
to frame the rules for the mathematics. The
rules will apply when ML objects turn out to
be total, which is the intention for most pro-
grams returning values in these types.




Even carrying out this simple approach re-
quires theoretical work. For example, it can-
not be carried out in Intuitionistic Type The-
ory nor in HOL because not all partial func-
tions can be typed. Consider this function
for the least number operator mu(f, z) =
if f(z) =0 then z else mu(f, +1) fi
If we know that Jy : N. f(y) = 0, then we can
prove that mu(f, 0) will find the least such y.
We can prove this in Nuprl, but in ITT mu is
not a well-defined function.

This “no-sweat” approach to partial functions
is not satisfying if one really wants to reason
about inherently partial functions such as lan-
guage interpreters. For this we seem to want a
new mathematical type, say A ~ B, of partial
functions from A to B. In set theory this is a
simple idea, but not so in type theory where
functions are given by algorithms not graphs.

We would like to allow an untyped Aterm ¢ to
be in A ~» B precisely when for any a € A,
#(a) converges to an element b € B. But in
type theory, in order to reason about ¢(x) for
any ¢ € A, we need that ¢(z) is a well-formed
object, which is precisely what we are trying
to prove! We have attempted two solutions to
this problem.

At LICS ’85 and in [11], we gave syn-
tactic conditions for generating a recursive
predicate Ay. p(f,z. £(b);y) associated with
Y(Af. Az. b). Truth of the predicate on a is
sufficient to guarantee that Y(Af. Az. b)(a)
converges to b in B. The operation £ is a
syntactic transform. This theory works well
on first-order examples and can fully charac-
terize the first-order partial functions exactly.
But it came to look ad hoc when we realized
that £ could not capture exactly the domain
of higher-order functions.

In LICS [55] and later [13] we introduced the
“bar theory” of partial functions (related to
Moggi [43] it turned out). For each type A

there was also the type A of computations of
elements of A. If these computations termi-
nated, they produced an object of type A.
The partial functions from A to B would be
A — B. There is a termination predicate, a |.
Ifa € Aand a |, then a € A. To solve the
problem of what is well-formed, we tried to use
the fixed point rule, namely

feA— A
fix(f) € A

where fiz(f)(a) evaluates to f(fiz(f))(a). (We
could also use Y(f).)

The difficulty with this approach is that the
formation rule is not valid for all types A in
Nuprl because dependent types are allowed
(see [13].) So we had to limit the types A
to lie in a universe of admissible types. This
theory is not entirely satisfactory since we can-
not reason about admissibility internally. We
hope that current work with Jason Hickey will
improve this theory.

2.3 expressing the mathematics

of computation

My experience is that computer scientists look
at mathematics differently from pure mathe-
maticians or applied mathematicians or engi-
neers. We are fundamentally oriented toward
algorithms and computability, and we are in
the first generation to imagine vast tracts of
mathematics as a formal system and to see re-
sults about computability as results about the
deep nature of mathematics. Qur orientation
causes us to classify objects in terms of how
computable they are. Sometimes the view-
point is very explicit, expressed in terms of
hierarchies—the PolyTime hierarchy followed
by the arithmetic hierarchy and then the ana-
Iytic. Other times the concern is implicit—we




extract an algorithm from an argument or we
computably approximate an ideal solution.

Type theory has served well as an expression of
computational mathematics and metamathe-
matics for the same reason it works well in pro-
gramming languages—that is, we know how
to express computability constraints this way.
Set theory by contrast obscures computation
and has never served us as well in that domain.
Let’s look at one example

defining functions

The answer that “everything is a set” is one
approach to reduction, but this reduction is
based on some understanding of logic. For ex-
ample, to define the function space A — B as
{f: Pow(Ax B)|Ve:A Jy:B. <uxy>
f & Vp:€ flpl=4ql=p2=4q2)} werely
on some understanding of Vz:4.3y:B. On some
accounts this presupposes an understanding of
operations from A to B. Tarski reduced this to
understanding all, exists etc. So this builds
mathematics and CS on logic—say on axioms
about these primitives.

In type theory, either Church or de Bruijn or
Martin-Lof, the idea of functions is primitive.
So the Acalculus is part of the fabric of the
universe, not a synthesized element.

computer algebra

Type theory has also provided a good language
for computer algebra systems; this has made it
attractive to express in Nuprl the mathemat-
ics of computer algebra systems [33, 32]. The
Nuprl treatment relies heavily on dependent
types (essentially modules). Object-oriented
methods are natural in type theory, and be-
cause we can postpone the question of fully
automatic type inference, it is possible to ex-
plore a wide variety of such methods.

2.4 computational complexity

background—-toward a unified theory

The two major branches of computing the-
ory, computational complexity and semantics,
have not fit together in a single unified for-
mal theory. There is a need for such a theory.
For example, many computing problems are
stated in terms of resource constraints—find
a linear time algorithm for P or a real time
controller for ). For example, the maximum
segment sum problem used in our first papers
on program extraction [4] is concerned with
extracting an linear time algorithm to find the
subsequence of a list A of integers whose sum is
largest among all such segment sums. We were
not able to express the linearity constraint in
the problem.

There have been several attempts to find such
a unified theory. Bounded Linear Logic (BLL)
[21] comes to mind. One approach to gain ac-
cess to computational complexity in the object
logic is to define a finer equality on functions,
say some intensional equality [14]. But experi-
ence has shown that such logics are difficult to
use and to interface with conventional math-
ematics. Another approach is to use a logic
that keeps track of computational resources,
say Bounded Linear Logic [21, 46] or Bounded
Arithmetic [8]. This approach also requires a
great deal of as yet unfinished work to show
that such an axiomatization of programming
is manageable.

The issue in this section is to explore exist-
ing mechanisms in a constructive program-
ming logic that can be exploited to define com-
putational complexity in the object logic in a
natural way. The basic idea is to notice that
the computational interpretation of an induc-
tively defined class of functions, say C(A — B)
defined over A — B, contains in it an im-
plicit system of codes that can be used to




define complexity. We can show that given
f € C(A — B) we can define time(f) and
space(f) in terms of these codes. We are ex-
ploiting the fact that equality on inductive
classes is not the same as equality in the un-
derlying type. This fact is naturally part of
constructive inductive definitions; so we are
not introducing a new mechanism just for the
sake of defining complexity. This mechanism
is also present in programming languages like
ML that support inductive types.

One goal of a unification with complexity the-
ory is to create resource bounded logics that
apply to real problems, and one criterion is
that the theory be elegant and natural. A ma-
jor hope is that we could put a tool like Nuprl
in the hands of complexity researchers to as-
sist where formalization is helpful. Conversely
we hope that the insights from complexity the-
ory will inform semantics. Here I will sketch
an approach to complexity which does a lit-
tle of all this. I start with formalizing an im-
portant definition. The ideas are simple, but
could be polished a lot more to make them el-
egant. They apply to real problems, though
much work remains to be done to fully inte-
grate the new techniques.

summary of problem and a solution

The technical barrier between semantic theo-
ries and complexity theory is that semantics
deals with (computable) functions in order to
interface with conventional mathematics, and
complexity theory deals with algorithms since
costs depend on the details of the algorithm.
This distinction comes down mainly to this
rule for function equality used in most pro-
gramming logics.

f=a.pg iff Ve:A f(z)=pg(z).

The functions f and g may be given by pro-
grams, say that f and g are also names for the
programs. In the meta-theory of the program-
ming logic, we have access to a finer equality,

the equality on f and g as programs or terms.
Given this access to the program structure, we
can define the usual computational complex-
ity measures, say time(f) and space(f). But
in the object theory, we lose access to these
functions since they do not respect the func-
tion equality.

inductive classes of functions

Let’s look at the form of inductive definitions
in type theory. (This theory was born in
LICS [12] and has been considerably elabo-
rated since then {11, 50, 16, 49]. The ideas are
similar to those in Feferman and the methods
are like those of Scott [54].) If F' is a monotone
operation on types, say X C Y = F(X) C
F(Y), then pu(X. F) is a type that is essen-
tially the least fixed point of F'. This fact is
characterized by equipping u(X.F) with an in-
duction principle. For example, y(N. 1+ N) is
a type isomorphic to the natural numbers (1
is the unit type whose only element is -). In-

formal notations often look like X a4 F(X).
So we might write N Wy + N.

We are going to define a class of functions that
has the form p(F. Base + Rec(#) + Comp(F'))
where Base is a collection of base functions
and Rec and Comp define classes based on a
recursion combinator and composition. We
will pick Base, Rec, and Comp so that the
classes defined are the polynomial time func-
tions. The key to doing this elegantly is in the
work of Leivant [36] from LICS ’91; the par-
ticular result I use (at Leivant’s suggestion) is
from Bellantoni and Cook [5].

Let N = {0,1} list. This represents the nat-
ural numbers in the usual way (with degener-
ate leading 0, low order bits at the head). Let
N® =1, the unit type, and N*+! = N x N,

The functions we study have two kinds of nu-
merical inputs, called normal and safe in [5].
We think of them as canonical inputs (or nor-




mal) and non-canonical (or non-normal). So
they have type N* x N™ — N. The left ar-
guments are canonical (N™). We use N° to
indicate the absence of an input. The vari-
ous function spaces are collected into a single
domain, ID, by taking the disjoint union.

Def. D=5>n:N. Yy m:N. N°xN™ — N.
The form of any element of D is (n, m, f) for f
the function. The selection functionsfor f € D
is norm(f) = n, safe(f) = m, fun(f) = f.

Let {z : A || By} abbreviate the dependent
product type, ¢ : A x B;. The elements are
Za, b) with ¢ € A and b € B,. We also use
the Nuprl phrase | (P(z)) for P a proposi-
tion. This is a proposition whose computa-
tional content has been “squashed.” The offi-
cial definition is {unit | P(x)}, so the value is
- if P(x) is true, otherwise the type is empty.

The Base functions are divided into five classes
CQ, N C4.
Def.
Co={f:D] noerm(f)=0
& safe(f) =0
& fun(f) = Ap. 0}
Cy={f:D] 3n,mi:N. norm(f)=n
& safe(f) = m
& fun(F) = projn, m, i)
&ifn=0theni#1
&ifm=0theni#n+1}

These are the projection functions where

proj(i’n)m)(:‘cly-~~7xn;$n+1;"'axn+m) =
z; provided we don’t project out the element
of 1.

Co = 4{f D | 37 [0,1]. norm(f) =
0 & safe(f) = 1 & fun(f) = s;}. These are
the two successor functions,

so(;2) =0z and si(2) =l
Cs={f:D | norm(f) = 0 & safe(f) =
1 & fun(f) = pred}. This is the predecessor
function, pred(-;0) = 0 and pred(-;iz) = .

Co = {f:D | norm(f) = 0 & safe(f) =
3 & fun(f) = cond}.

This is the conditional function where
cond(-;a,b,¢) = ifamod2 = 0thenbd elsec fi.

Notice that we separate the canonical argu-
ments from the non-canonical with a semi-
colon.

Along with these types, we introduce construc-
tors to build elements: base 0 build the zero
function, (0,0, Az.0), base2(n, m, i) builds the
projection, base 2(7) builds the successor and
base 3 the predecessor and base 4 the condi-
tional.

Recursion is allowed “on notation,” that is, we
can define a function f by recursion as

f(0,7;@) = ¢(7; @)

[y, @) = hi(y, T; f(y, T3 @), @).
We introduce the recursion combinator
Ree(n,m) to accomplish this form of recur-
sion. Its type is (N" x N™ — N) — (N"*! x
Nm+1 — N) — (Nn-}-l % Nm+1 — N) —
(N"*1 x N™ — N). The combinator reduces
as follows:

Rec(n, m)(g)(h1)(h2)(0,%;a) = g(%; )
Rec(n, m)(g)(h1)(h2)(iy, 7;3@) =
hi(y, T; Rec(n, m)(g)(h1)(h2)(y, Z; @), 3).
We also use a “safe composition” combinator
Comp(n, m) whose type is
(N" x N™ — N)— (N" x N° - N)" —
(N* x N™ — N)™ — (N™ x N™ — N).

Given h € N* x N™ — N, 7€ (N* x N —
N)Y*andt € (N" x N™ — N)™, then

Comp(n, m)(h)(r)(t)(z;a) = h(r(z;); 1(; a))

This form of composition can be used to write
in combinator form a function expression, say

|
-~



f(Z;@), in terms of safe composition and pro-
jections as long as there is no subexpression
g(e1;€2) with a; appearing among the canon-
ical arguments, €;.

Using these constructs we are almost ready to
define a class B which will be PTime.

First let Rec(B) = {f : D ||
dn,m: N.3g, h1,he: B. | (norm(g) = n
& safe(g) = m
& norm(h;)) =n+1
& safe(h;) =m+1fori=1,1
& fun(f) = Ree(n, m)(fun(g)) (fun(hy))
(fun(hs)))}

Comp(B) = {f : BbbD ||3n, m : N.
3h:B.3F: B*. 3t : B™. | (norm(h) =n
& safe(h) = m
& Vi:[1,n]. (norm(r;) = n
& safe(r;) = 0)

&Yy [1,m]. (norm(t;) = n & safe(t;) = m)
& fun(f) = comp(n, m)(fun(h)(fun(r))
(fun(t)))})

The functions fun() used in these definitions
are defined to produce the function part of el-
ements of the recursive type. This is not ex-
actly the same as for the elements of Base since
we must account now for the position of Base,
Rec(B) and Comp(B) in the disjoint union, but
it is a polymorphic function defined indepen-
dently of the recursive type.

Among the natural constructors to as-
sociate with B are the ones for Base,
now extended to B, i.e. base 0 is mod-
ified to wrap “inl” around (0(0,Ap.0}) to
give inl({0, (0, Ap.0)}). We also want
rec(n, m)(g)(hi)(h2) and comp(n, m)(h)(F)(1)
where g, k), ho, h are in B and 7,1 are vectors
of elements of B.

Def. B = u(B. Base + Rec(B) + Comp(B))
Theorem (Bellantoni & Cook):

o for every f € PTime, there is an f' € B
such that f(%) = f/'(T; ).

o for every f € B, f(Z,7) is in PTime.

In proving the Bellantoni and Cook theorem
we need to define a complexity measure on ele-
ments of B. This is easy because the construc-
tive treatment of inductive types provides with
each element of the type, say B, a code show-

ing how it is built. For example, a constructor
like

rec(0, 1)(base 1(0, 1, 2))
(comp)(0, 1)(base2(0))(-)(base 1(0, 2, 3))
(comp(0,1)(base2(1))(-)(base 1(0, 2, 3))

not only builds a function in I, but it codes
up a complete description of how the element
1s constructed.

The equality relation on element of B is natu-
rally defined to respect the coding of elements,
so it 1s not extensional function equality. This
has always been a feature of inductive defini-
tions, and we now intend to exploit it.

So with each f € B we can define not only
fun(f) but a function code(f) which is the
construction history of f. We can think of
these codes as an implicit programming lan-
guage that comes with every inductive defini-
tion. It is essentially just the expression lan-
guage of the constructors internalized in some
natural way.

other inductive classes

The same technique used to define B can
clearly be used to define the elementary func-
tions, | or the primitive recursive ones, Prim.
For any of these classes, the codes provide a
way to define resource bounds such as time(f)

or space(f).




pu-recursive functions

It is interesting that we can use another nat-
ural feature of the Nuprl type theory to de-
fine an internal model of the general recursive
functions. (The interpretation of this result is
bound to be provocative.)

Consider the set of functions F = Xn

N+ (N?*t1 — N) and the subset F
{f:F] dn:N arity(fy=n+1
&Vz: N*. Jy: N.f(z,y) =0}

On the subset we can define py.(f(z,y) = 0)
as the least y such that f(z,y) = 0. In Nuprl
we can just use mu from section 2.2.

Following Kleene [34] we can define the gen-
eral recursive functions over F, R(F), using
this clause

Mu(C)={f: F |
An:Ndg:C arity(f)=n+1
& | (Yz: N" 3y N. fun(g)(z,y) =0)
& fun((f) = Az.py(g(z,y) = 0)}

R(F) = u(F. Base+ Prim Rec(F)+ Comp(F)+
Mu(F)).

This definition provides an implicit program-
ming language for the general recursive func-
tions. The operation | (P) is a hiding opera-
tion which hides the proof that a y exists.

3 Successes

A large number of people world wide have been
pursuing the type theory aspects of this re-
search program, so we can survey a large body
of work created over a 20 year period for hints
of success and failure and challenge. Let me
look first at a few successes.

3.1 type theory as a background

for an orderly cyberspace

Once we’ve found a comprehensive mathe-
matical theory of an orderly, law-abiding cy-
berspace, then we can formalize it. Once we
formalize it, we can implement it or animate it,
and then we can live in it. Right now we com-
pute in a much wilder space (and sometimes
act more like cowboys than engineers). The
situation conjures up the pre-scientific physi-
cal world in which most events were beyond
our control. But it is possible to glimpse re-
gions of an orderly universe of information.
For example, the various constructive type
theories such as Alf, Coq, Lego and Nuprl
are implementations of comprehensive math-
ematical theories and support rigorous prob-
lem solving environments. Already in 1983 we
were living in such a world at Cornell (the cli-
mate of the Coq region in the cyberspace of
southern France since 1988 isn’t much different
than that of upstate New York). In the begin-
ning we concentrated on exploring the proofs-
as-programs paradigm by deriving good pro-
grams as extracts of proofs, and I will say more
about this in the next section. Here I want to
draw your attention to the work of Paul Jack-
son who has formalized enough algebra to sup-
port the hierarchy of domains needed to define
polynomial algebras [32]. This is a substantial
piece of algebra done formally in type theory.

3.2 program extraction

In my opinion the work of Chet Murthy re-
ported in LICS [45, 44] is one of the most excit-
ing applications of program extraction. To re-
view the essentials, recall that in constructive
type theory, if we prove Ve : A3y : B.R(z,y),
then from the proof, say pf, we can extract
a function, ezt(pf) in A — B, such that




Vo : A.R(z,ext(pf)(z)). This program is
known to be correct from the proof.

The second key technology is proof transfor-
mation. The results of Harvey Friedman [19]
show that for a variety of theories, a classi-
cal proof of 11§ formula can be transformed to
a constructive proof of the formula. Murthy
showed that Friedman’s results hold for a sub-
theory of Nuprl.

We were asked by G. Stoltzenberg to help find
the computational content of a certain classi-
cal proof of Higman’s Lemma. Murthy man-
aged to carry out a formalization of the clas-
sical proof in the subset of Nuprl for which
he had proven Friedman’s result on transfor-
mations. It was the study of this monstrous
extract that led him to his refinement of Grif-
fin’s control operator interpretation of classi-
cal logic [24]. This work has spawned a deep
study of both the Higman extract using Coq
and computational interpretations of classical
logic by Girard [20], Parigot [48], Underwood
[57] and others[51, 3]. One simple but impor-
tant open question from this line was posed by
Underwood.

Is the typed lambda calculus with call/cc SN?

4 Challenges

Some of the applications we have attempted
have not worked out as expected, and we don’t
know whether the fault lies with the type the-
ory or elsewhere. 1 will first describe a fail-
ure that is clearly not the type theory, but
the state of the foundations of computational
mathematics. Then we look at problems closer
to the structure of modern type theories—
problems suggested by the success of classical
set theory.

4.1 constructive analysis

Bishop [6] wrote a constructive analysis book
that covered many of the topics needed for
applied mathematics. It has long been our
ambition to formalize much of this mathemat-
ics as a way of bringing software tools, espe-
cially problem solving environments, into ap-
plied analysis. We imagined deriving and cat-
aloging good numerical algorithms. We can

provide tools to support informal activity of
this kind.

Since 1987 we have suffered a series of surprises
and setbacks as we pushed into Bishop’s book.
First, we discovered that most of his results,
while stated for the type of real numbers, ac-
tually apply only to the weaker type of “pre-
reals.”

Def. R ={f:N— Q||f()~ fO) <
i~ + j~1}are pre-reals

Def. R = R/Eq whereEq(x,y)if flz(i) —
y(9)] < 2/i.

The reals, R, are the pre-reals, R, quotiented
by the defined equality relation.

As we built a small account of differential
equations, we noticed that the moduli of differ-
entiability notion was too cumbersome to use
in practice. So we probably need to see a dif-
ferent formulation of the basic definitions! We
would like a definition of pre-reals that says,
a rational is a pre-real, and any sequence of
pre-reals is also one. We then impose on these
sequences various convergence criteria.

4.2 set theoretic constructs

Set theory allows modes of expression that
seem to be desirable in type theory as well (al-
though in some cases it is only a familiar habit
of thought we miss, not an essential construc-
tion). Here are some examples.




unions

The elements of a disjoint union, say nt +
(int — int), are distinguished by tags, e.g.
inl(17) and inr(A(z.x +1)). When the under-
lying terms are disjoint, we would like to leave
off the tags and simply form int U (int — int).

In Nuprl it is not easy to express a test for
disjointness. We cannot say Disjoint(A, B)
iff ~(3z : Az € B). The expression —(Jz :
A.z € B) is not well-formed unless z belongs
to B. One approach to defining disjointness is
to try to define the type AU B when A and B
are not disjoint and then define a disjointness
predicate. But defining A U B requires that
we define an equality on A U B in terms of
=4, =p. The right notion is not at all clear.
Note, intersection types, AN B are no problem;
they are used in Nuprl 4.

universal quantification

In set theory, quantifiers range over the uni-
verse V of all sets, e.g. Va. z ¢ z is a true
proposition. (It could be typed asVz : V. z ¢
z). Of course V is a proper class not a set.

In type theory, it seems unnatural to have the
type of all objects because an object does not
acquire meaning until we say how to build it
and say further when two objects built this
way are equal. Feferman’s theories [17, 18]
have this collection of all objects, and Howe
[30, 31] has introduced it into a version of
Nuprl. He also designed variants of Feferman’s
theories very close in spirit to Nuprl (we call
them FefPRL). This is a promising line for
bringing type theory closer to set theory with-
out losing computational meaning.
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