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Abstract

Constructive type theories generally treat only to-
tal functions; partial functions present serious diffi-
culties. In this paper, a theory of partial objects is
given which puts partial functions in a general con-
text. Semantic foundations for the theory are given
in terms of a theory of inductive relations. The do-
main of convergence of a partial function is exactly
characterized by a predicate within the theory, al-
lowing for abstract reasoning about termination. In-
duction principles are given for reasoning about these
functions, and comparisons are made to the domain
theoretic account of LCF. Finally, an undecidability
result is presented to suggest connections to a subset
of recursive function theory.

1 Introduction

1.1 Background

It has become widely accepted in the past few years
that constructive type theory is relevant to many of
the concerns of computer science. Such theories have
become the core of functional programming languages
[10,27] and have influenced the design of procedu-
ral languages as well [8,9,14,16]. They have served
to organize the study of type disciplines generally
[17,22,29], leading to new insights into polymorphism,
modularity, and abstractions. Type theory has also
played a significant role in proof checking and au-
tomated theorem proving [3,7,10,12,15,18,26], and it
serves as a knowledge representation language for Al
[10,35]. The theory has become central in the study of
semantics [11,24,25,32], and it is influencing categor-
ical and domain theoretic approaches to computing
theory [21,24,28].

There are however important computing concepts
that type theory does not presently treat in a satisfac-
tory manner, in particular partial functions. Four of

the most completely presented constructive type the-
ories illustrate this point; they are Martin-Lof’s Intu-
itionistic Type Theory [23], the Cornell type theory in
the Nuprl system [10], and the Girard-Reynolds sec-
ond order type theory [17,29] and its generalizations
to the Theory of Constructions [15] and the Theory of
Species [34]. Neither Martin-Lof’s theory, call it ITT,
nor the Theory of Constructions, say TC, nor the
Theory of Species, say TS, treat the collection of par-
tial functions from a type A to a type B as a distinct
type. Nuprl does have a primitive type constructor
~> which given types A and B builds a type of par-
tial computable functions from A to B, A~>B. This
type constructor has shortcomings, however, that are
described below.

In the next section we will examine some of the
ways that partial functions can be treated in these
theories. The lack of a partial function space con-
structor inhibits comparison of domain theory and
type theory because the primitive function space con-
structor on domains builds just the space of all partial
computable functions. The absence of a partial func-
tion space in type theory also inhibits comparing a
type-theoretic computability theory with the classi-
cal theory developed by Turing, Kleene, Church, etc.,
which has become known as Basic Recursive Func-
tion Theory, BRFT. The novel treatment of partial
functions presented here leads to results in both of
these directions: we can show that the fixpoint in-
duction rule from LCF, a domain-theoretic formal-
ism, is meaningful and valid in type theory, and we
show that there are unsolvable problems in the com-
putability theory inside Nuprl.

Partial functions are also important because they
arise naturally in practical programming languages.
Even if one is interested exclusively in computing to-
tal functions, there are nevertheless compact nota-
tions which use constructors such as unbounded iter-
ation and general recursion that in certain combina-
tions define diverging computations, and these com-



binations cannot be computably separated from those
which define total functions. Indeed, there are the-
oretical results which show that notation for partial
functions is essential in any formalism which gives a
compact interpretation of any r.e. class of total com-
putable functions[5]. Theories such as ITT, TC, and
TS do not permit these notations and so are signifi-
cantly impoverished.

Partial functions play an especially interesting role
in logics which allow programs as proofs, so—called
programming logics. Type theories based on the
propositions—as—types principle are examples of such
logics (PL/CV][13] is another example). In these log-
ics, partial functions represent proof attempts or par-
tial proofs. It is possible to factor a problem into a
partial proof and a demonstration that the partial
proof is total. We give an induction rule below which
produces partial proofs. This type of argument is
interesting not only in programming but in mathe-
matics generally.

Partial functions also pose a nontrivial challenge
to logic designers. We will see shortly that there are
many possible formalizations of the basic concept of
partial functions, some easily accommodated in type
theory and some not. In the remainder of this in-
troduction, we will discuss four approaches which are
sensible and progress toward the approach taken in
this paper.

1.2 Approaches to Partial Functions
1.2.1 Total Functions on Subsets

In algebra a partial function f from a set A to a set B
is often construed as a total function f:D — B where
D C A (D is the domain of f). This is the approach
taken in Bourbaki[6], for example. This concept can
be approximated in ITT by taking the type of par-
tial functions from A to B, call it P(4A — B), as
YD e (A — Uy). NIz € (Zy € A. D(y)). B. A par-
tial function is a pair <D, f>, where D is the domain
of convergence of the algorithm f, and f maps pairs
<a,p> to elements of B, where a € A and p € D(a).
This is awkward, especially since we want f to oper-
ate on elements of A. In Nuprl this rendering is some-
what less clumsy because the set type can be used,
e.g. P(A->B) is D: (A->U1)#{z:A| D(z)}->B!.
Partial functions are still pairs, <D, f>, but f maps
elements of A into B.

!The set type hides the witness to D(z), so for ex-
ample 0 € {z:int|x<5}.

1.2.2 Untyped Algorithms

A further refinement of the above idea is possible in
Nuprl. All of the terms of the untyped lambda calcu-
lus are available in the computation system, includ-
ing terms untypable directly in the theory such as the
Y —combinator. The Nuprl term £fix(f,z.b) is com-
putationally equivalent to Y (Af.Az.b), and is more
concise. Terms built from the fix term can be typed
in Nuprl (but not in ITT) because there are so-called
direct computation rules which permit computation
on terms as part of an argument to show that they
are well-typed. The point is illustrated by a simple
example:

F=fix(f,x.if x=0 then Ay.1 else f£(x-1))

is of type N->(N->N), where N is the natural num-
bers. This can be proved by induction on N. In the
induction case, assume that F(x-1) isin N->N. To
show F(x) € N->N, perform a step of direct compu-
tation, which reduces the term to F (x-1), whereupon
we may apply the induction hypothesis. In a system
like ITT without direct computation rules, the reduc-
tions must be treated as equalities a = b € A, and this
requires that a € A and b € A are known. But in this
case, a € A is not known until a is reduced to b.

1.2.3 Inductive Functions

The combination of untyped algorithms (A-terms)
and subtypes provides a flexible mechanism for defin-
ing partial functions, but this is not the only pos-
sibility. For example, in set-theoretic terms we can
speak of defining a partial function and its domain
of convergence by simultaneous induction. This will
allow us to prove properties of the function by in-
duction on the structure of the domain. For ex-
ample, the function £ix(f,x.if even(x) then x/2
else f(f(3*x+1))) can be treated as a graph, say
F(z,y), and defined inductively, or it can be treated
as a function from D to N, where f and D are de-
fined recursively. Examples of the two approaches are
given below.

Functions—-as—graphs:
F(z,y) = (even(z) & y = z/2) or

(odd(z) & Fz.F(3*xz +1,z) & F(z,y))
D(z) = Jy:N.F(z,y)

Functions-as—recursion:
f(z) =if even(z) then f(z/2) else f(f(3 xz + 1))
D = {«:N|even(z) or
(odd(z) & 3*xz+1)e D & f(3*xz+ 1) € D)}
In constructive type theory, functions cannot be
identified with the graphs of their relations, and only



the second style of mutual recursive definition is pos-
sible. This is expressible in theories such as Nuprl
which permit the simultaneous definition of a type
and a function over that type. The “3z + 1” function
and its graph are mutually defined in Nuprl as:
The function f:
fix(f,x.if x=1 then 0 else if even(x)
then x/2 else f(3*x+1))

The graph D:
Ax’.rec(F,x.if x=1 then true else

if even(x) then F(x/2) else F(3*x+1);x’)
We know that f € {z:N|D(z)}->N. Although it is
not known that this function is total, we can prove by
induction on D that Vz:N.(D(z) = f(z) = 0 € N).
Such inductive arguments are not available in any of
the treatments of partial functions discussed above.

This inductive approach to partial functions is dis-
cussed in [10]. In the case of partial functions from
A to B, denoted A~>B, which do not use higher or-
der functions, this theory appears adequate. For this
restricted class of types, there is a procedure for au-
tomatically computing from the algorithm f a recur-
sive predicate dom which defines exactly the subtype
{z:A|dom(f)(z)} on which the algorithm converges.
However, these exact domains are not computable in
general. For example, a function such as

fix(f,x.if x=0 then Ay.1 else Ay.f(x+1)(y))

presents difficulties. Ay.f(x+1)(y) is a canonical
value, so it appears that the exact domain would
be given by Ay.rec(F,x.if x=0 then true else
true;y). However, the function clearly does not re-
turn a total function as its value.

1.2.4 Total Functionals

In an attempt to characterize the domain of a partial
function exactly, we would like to introduce a relation
such as f(z) in! B tomean that f(«) converges and
the result lies in B. With this predicate defined, the
exact domain of a partial function from A to B would
be {z:A|f(z) in! B}. But in order for the relation-
ship to make sense, f must be assigned a type, say
as a partial function. In order for that type to make
sense, there must be an equality relation defined on it.
But equality should mean that the functions are equal
where they converge, and to speak of convergence,
f(2) in! B must be defined. One way to break the
circularity is to only consider partial functions from
A to B of the form fix(f,z.b), where Af,z.bis a
total functional mapping A->B to A->B, and to de-
fine fix(f,z.b)=fix(f,z.b") if A\f,z.b = Af,z.b' €
(A->B)->(A->B). Such a theory is sound, but it

does not allow unrestricted nesting of partial func-
tions in the bodies of other partial functions. How-
ever, it does show that a theory of partial functions
with exact domains is possible. We offer the theory
described below as a better alternative.

2 The Theory

2.1 Overview

Our goal is to define a general theory of partial ob-
jects with a wide range of applications. One of the
key requirements is that it compare favorably with
PP from LCF [18]. In the theories discussed here,
we in fact have a class of types richer than those in
LCF. It is also important to be able to exactly charac-
terize termination within the theory and for there to
be induction principles comparable to those of PPA.
It remains an open question to compare these func-
tion classes with higher type function classes studied
by recursion theorists [19,31].

The key idea in solving this problem is to allow pos-
sibly nonterminating objects to inhabit some types;
such a theory may be called a partial type theory.
Corresponding to every type T in the underlying to-
tal theory there is a type T consisting of computations
of elements of T. From a metalevel, the elements of
T are terms in the underlying computation system
which if they converge denote elements of T. Diverg-
ing terms are thus members of any type T. From the
object level, elements of T denote partial recursive
computations, but the theory does not address the
structure of the computation beyond giving a type
to its final value. These computations are neverthe-
less mathematical objects. Given a type T of Nuprl,
the bar type operator allows the type T, which may
contain diverging terms, to be formed. Types such as
T#T' may also be formed, allowing nontermination to
be localized. We also define a termination predicate
t in! T which asserts that ¢ is a term that in fact
terminates. This will allow us to abstractly reason
about termination in the theory.

In this section, we will present the basic mathemat-
ical notions underlying the concept of partial types.
We first will review the relational semantics of Stuart
Allen [1,2] which serve as a foundation for predica-
tive type theories. A simple theory will be defined
which illustrates the essential ideas of this semantics.
Then we will show how partial types may be added
to this theory. Among the metatheorems proved are
those which validate basic inference rules, including
some forms of fixed point induction. This provides
a comparison with LCF. We also illustrate a method
of doing recursion theory in this context by proving



























