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ABSTRACT

The usual meaning of a sentence in the predicate calculus is its truth value. In this paper we
show that there is associated with every statement a set of elements comprising evidence for it. A
statement is true in a model exactly when there is evidence for it. Proofs can be regarded as
expressions which denote evidence. A statement is constructively true when the evidence can be
computed from its proofs. Proofs are useful in practical computations when evidence for
statements is needed. They are especially valuable in relating computations to the problems they

solve.*

I. INTRODUCTION

If I correctly state the winning lottery number before it has been publicly announced, many
people will be more interested in my evidence for the assertion than in its truth. Even for routine
utterances we are interested in the evidence. “How do you know?” we ask. In formal logic the
"truth” of a sentence can be defined following Tarski [22] who put the matter this way for the case
of a universal statement: Vx.B(x) is true in a model m if the model assigns to B some propositional
function m(B) which has value true for every element of the universe of discourse D of the model.
That definition ignores evidence. We want to give a precise definition of evidence and relate it to
truth as defined by Tarski.

In mathematics there is a persistent interest in evidence even though the official definition of
truth does not refer to it. So if I claim that there is a regular 17-gon, then you may wish to see one .
The ancient Greeks would require that I construct one or in some way actually exhibit it. As
another interesting example, suppose that I claim that there are two irrational numbers, say x and
y, such that xy is rational. I might prove that they exist this way. Consider V2V2 it is either
rational or irrational. If it is rational, take x=V2, y= V2. If it is irrational, take x= V2V2 and
y=V2. Then xy= (V2V2)V2=1/22=2  So in either case there are the desired x, y. But notice that

the evidence for existence here is indirect. I have not actually exhibited x by this method, even
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though you might be convinced that the statement is true in Tarski’s sense. A constructive proof of
this statement would actually exhibit x and y, say for example x=V2 and y=2-logs3. The
evidence would include this pair of numbers and some argument that V2 and 2-logs3 are
irrational plus the computation 2(2:l0g23¥2=3,

We can come to understand how the concept of evidence might be defined if we examine how it
is used in ordinary discourse. Existence statements like those above are especially significant.
Evidence for there is an x such that B holds, symbolized 3x.B(x), consists of an element a and
evidence for B holding on a. Consider now evidence for a universal statement such as for every
natural number x there is a pair of prime numbers p,p+2 bigger than x. Given 0, the
evidence could be 2, 3 and given 2 it could be 5,7, etc. But what is evidence for the universal
statement? It should include in some way these instances, so it could be a function f which given a
number n produces f{n) as evidence for the assertion, e.g. fin) could be a pair p, p+2 and proof that
pisbigger than n.

Consider next evidence for a conjunction such as n is odd and n is perfect. We would expect
to have evidence for both statements, say a pair containing (or comprising) a factorization of n as
2m + 1 and a summation of all of the factors in n f. Evidence for a disjunction such as A or B will be

. either evidence for A or evidence for B. We also imagine that we could tell which case the evidence
applied to.

Implications are a bit more subtle. Suppose [ say “if there is a 6 in the list A, then there is a six
on the list B obtained by replacing all odd numbers on A by 5”. One kind of evidence for this would
be a function which took any evidence for the hypothesis, such as an index i of 6 on A, say A[i]=6
and mapped it to evidence for the conclusion, say mapped it to the same index and to B[i]=6. We
are going to treat the negation of A, in symbols — A, as A implies false. So if we understand that
there is no evidence for false, then we have some kind of explanation of the evidence for —A.

These explanations may not be definitive, but they provide a good starting point. In the next
section we define a particular specimen of formal logic and give a precise definition of both truth
and evidence. Then in section III we examine proofs and show how they encode evidence.

This interpretation of evidence is not new, its origins go back at least to L.E.J.Brouwer who
discovered in the early 1900’s that to treat mathematics in a constructive or computational way,
one must also treat logic in such a manner. He showed that this could be done by basing logic on
the judgement that a sentence is known to be true by evidence rather than on the judgement that it
is true. At this point in the discussion, we are not concerned with computable evidence

exclusively, but with an abstract notion of evidence. In some sense we are extending Brouwer’s

TA perfect number is one which is equal to the sum of its proper factors, e.g. 6=3+2+1.



ideas to classical logics as well. Later we will make connection to constructive logic via the so .-
called propositions-as-types principle due to Curry, Howard, Lauchli, and de Bruijn (for references
see [10, 11]). This principle can be seen as formalyzing the notion of evidence in type theory, see

also Martin-Lof [18], Constable et al. [10].

[I. THE LOGIC
Syntax

We present a standard kind of predicate calculus, see [15]. The formulas of our logic are built
using the binary propositional connectives &,I,,= (and, or, not, implies) and the quantifiers Vx,
3x (all and some). There are predicate constants A,A(x),A(x,y),...,.B,B(x),B(x,y)...,.C,C(x),C(x,y).
Each predicate has an arity which is its number of argument positions, e.g. an arity n predicate
with variables in the argument positions appears in formulas as B(xj,...,x,) showing that the
argument positions are given by the x; There are also terms, usually denoted ¢;, ¢3,... These are
built from variables x, y, z,... and constants cy,cg,c3,.... Constants also have an arity; an arity n
constant c is used to build a term of the form ¢(¢y,...,t,) where t; are terms.

A formula of the logic is defined as follows.

(i) falseis aformula

(ii) if B is a predicate constant of arity n, and ¢1,...,¢, are terms, then B(ty,...,¢,) is a formula

(iii) if A,B are formulas, then so are
(A&B)
(AIB)
(A=B)

(iv) ifBis a formula, then so are

(3x.B) and (Vx.B).

For example, over the set of natural numbers,{0,1,2,...}, x=y and x <y are arity 2 predicates on
N and +(x,y) and *(x,y) are arity 2 terms on N, then Vx.3y.( +(x,y) *(x,y)) is a formula. Formulas
in (i) and (ii) are atomic. Those in (iii) are compound with principle operator &,I, or = (in that
order). Those in (iv) are quantified formulas, and their principle operators, is Vx or 3x.

The quantifiers Vx, 3x are called binding operators because they bind occurrences of the
variable x in the formulas to which they are applied. In Vx.B and in 3x.B, the formula part B is
called the scope of the quantifier. Any occurrence of x in B is bound. It is bound by the quantifier

of smallest scope that causes it to be bound.



A variable occurrence in a formula F which is not bound is said to be free. If x is a free variable
of F, and ¢t is a term, we write F(#/x) to denote the formula that results by substituting ¢ for all free
occurrences of x and renaming bound variables of F' as necessary to prevent capture of free
variables of ¢. Thus if ¢ contains a free variable y and x occurs in the scope of a subformula whose
quantifier binds y, say 3y.C, then the quantifier is rewritten with a new variable, say 3y'.C
because otherwise y would be captured by 3y.A. For example, in the formula 3y.x <y the variable x
is free. If we substitute the term +(y,1), for x we do not obtain Jy. +(y,a) <y but instead
3y’ +(y,1) <y'. See[15,17,18] for a thorough discussion of these points.

A formula with no free variables is called closed. A closed formula is called a sentence.

If for convenience we want to avoid writing all of the parentheses, then we adopt the
convention that all the binary operators are right associative with the precedence &,|, = and then
quantifiers. Thus Vx.B(x)&C = 3y.P(x,y) | B(y) abbreviates (Vx. (B(x) & C) = (3y.(P(x,y) | B(y)))).

The meaning of a formula is given with respect to a model m (or structure or interpretation)
which consists of a set D, called the domain of discourse, and for each constant c of arity n a
function from D» into D denoted m(c) and for each predicate constant B of arity n a function from

Drinto {T, F}, denoted m(B).

Semantics of Truth

To give the meaning of formulas with free variables x; we need the idea of a state which is a
mapping of variables to values, that is s(x;) belongs to D. When we want to alter a state at a
variable x; we write s[x;: =a] which denotes s(y) if y#x; and denotes the value of a if y=x;. We

define the relation that formula F is true in model m and state s, written

mEsF
Preliminary to this concept we need to define the meaning of a term in state s, written m(¢)(s).
The meaning of constants is given by m, so m(c;)(s) = m(c;). The meaning of variables is given by

s, so m(x;))(s) = s(x;). The meaning of flty,...,t,) is m(fi¢y,...,t))(s) =m()(m(t;)(s),...,.m(t,)(s)).

Truth Conditions

1. mEgcty,... bty
iff m(c)(s)(m(tg)(s),...,m(ty,)(s))=T

for c a predicate constant of arity m.



2. mE4(A&B)

iff mEgAand m =E¢B
3. mE=g(AIB)

iff mEgAormEgB

iff m =4 A impliesm =¢B

5. mEgVx.B
iff m = B foralls’ = slx;=a] withain D.

6. mkFE,3x.B

iff m =¢B for some s =s[x;:=a] forainD.
Semantics of Evidence

The following set constructors are needed in the semantics of evidence. Given sets A and B, let
A X B denote their cartesian product, let A +B denote their disjoint union, and let A—>B denote all

the functions from A to B. Given B(x) a family of sets indexed by A, let

I1B(x)
x€A

denote the set of functions ffrom A into,
2 B(x)
x€A

such that f{a) belongs to B(a). (We mean by
XB(x)
x€A

the disjoint union of the family of sets.) Notice that these are all ordinary set operations.
Now we define m[A](s), the evidence for formula A in model m and state s
1. mlfalsel(s) = the empty set
2. mlc(ty,...t)1(s) = {T}ifm Egc(xg,....x,)

empty otherwise for ¢ a predicate constant.
m[A&B](s) = m[A](s) X m [B](s)
m[AIB](s) = m[A](s) + m[B](s)
m{A=B](s) = m[Al(s)>m([B](s)



6. m[Vx.Bl(s) = [Im[B](s[x: =yl)
y€D

7. m[3x.Bl(s) = {<a, b>la€m(A) & b€ m[B](s[x: =al)}

So we have defined inductively on the structure of a formula A a collection of objects that
constitute the evidence for A in a particular model. In the base case, 1, the definition relies on the
semantics of truth. Here is an example of evidence: m[3y.5<yl(s) = {<6,T>}. We need to know
that 5<6 is true so that T belongs to m[5<6](s). Truth and evidence are related in this simple
way.

Theorem 1: For every sentence B, model m and state s
m =B iff there is b €m[B](s).
Proof:

The proof is accomplished by induction on the structure of B showing both directions of the
biconditional at each step. The easiest direction at each step is showing that if b6 m[B](s), then
m =¢B. We do these steps first, but the induction assumption at each step is the statement of the
theorem for subformulas of B. To determine the subterms we proceed by case analysis on the outer

operator of B. (We drop the state when it is not needed.)

1. (0) IfBis atomic, then the result is immediate.

(1)BisB; & By
Then bém[B; & Bs] so b is a pair, say , <bj;,b9> and b;€m([B;] and b2€m[Bz]. By
induction then, m = By and m = Bs so m = B; & Bs.

(2)Bis B11Bg
Given b€ m[B;IB2]= m([B;] + m[By], it must be in one disjunct or the other. That disjunct
will be true by the induction hypothesis, so the whole disjunction is true.

(3)BisB;=Bs
Given fém[B;=Bj], we consider two cases. Either m[B;] is empty or there is some
b;€m[Bj]. In the later case flb;)€ m[B3] so Byis true and so is B;=Bz . If m [By]is empty,
then by the induction hypothesis Bj is false. So B;=Bj is true.

(4) B is Vx.B;
Given
f€ IIm (B1)(s)([x: =vl)
v€ED
then for any a€D, fla) € m(B;)(s[x: =al). So By is true for all elements of D. Thus Vx.B is true.
(5) B is 3x.B;

Givencin{<a,b>|a€D & bé m[Bl(s[x: =al)} we have that B is true on a. So B is true.










































