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Abstract
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1 Introduction

1.1 Computation in Mathematics

The last two decades appear to be part of a new Golden Age of mathematics. We have seen
the Four Color Problem fall, the Mordell Conjecture as well, and now this year Wiles has
announced a proof of Fermat’s Last Theorem, the most famous problem of them all. Soon
the P=NP problem may be the most well-known open problem in all of mathematics, and

like some among the old Hilbert problems, it deals with computation in a fundamental way.

As we reflect on these connections to computation, we might wonder whether we are in fact
entering into a New Age of mathematics in which the computer plays a fundamental and
striking role. In the solution of the Four Color Problem, the computer was an essential tool as
it has been in numerical mathematics since mid century. For a variety of reasons, computers

are becoming indispensable in many branches of mathematics.

These lectures will be about the theory and application of a kind of computer system, one that
surely is a tool, but one whose designers and intimate users expect to become more, to become
a partner in some sense. This is because these systems, which we call proof development
systems or problem solving environments combine many tools into a single environment that
provides coordinated and integrated assistance with a variety of tasks: formula and text
entry and editing, numerical computation, symbolic computation, theorem and definition
storage and retrieval from a data base, hypertext reading and browsing facilities for the
data base, and proof checking and proof development assistance. There will also soon be
communication facilities for monitoring activity at other development centers with their own

systems and at repository centers for results in various branches of mathematics.

The combination of these tools, especially the proof checkers and theorem provers accessing
the large data bases will create the feeling of a system that is an assistant in the enterprise
of communicating mathematics, and in some cases even in the exciting part, discovering new

results.

1.2 Technical Issues

The technical problem we solve in these lectures is related to questions that arise in the

design and deployment of problem solving environments (PSE).

Since these systems interact with users at the limits of what they understand, there is a need
to extend the problem solving mechanisms over time; new knowledge is added (say defini-
tions and theorems) as well as new techniques (say new symbolic algorithms for simplifying

algebraic expressions). We call these open systems.



In the case of theorem provers, but to some extent in all PSE’s, extensions of the system
require great care lest their reliability suffer. The earliest provers did not allow any user
extension of their methods. Users could add only new knowledge. The Edinburgh LCF

system pioneered the idea of tactics which allow new methods as well.

The LCF tactic mechanism enabled users to securely add new proof methods. The capa-
bilities of the prover could be expanded by users and was not the exclusive province of the
designers (“power to the people” is a slogan of this community). Many other provers have

now adopted this approach [13, 15, 24, 41].

Experience from the 1970s and earlier showed also that decision procedures are very effective
in building proofs. The Stanford Pascal Verifier [30], PL/CV [11], and EHDM [44] among
others used such procedures. In particular the PL/CV-arith [11], congruence closure [32],
sup-inf [46] are from this period and all are actively used today. New decision procedures

are always being studied, monotone closure [36], real-closed fields [33], etc.

Here are typical uses of arith.

r<2?&r#£0=>2<zVzr<0byarith

or(z—y<y&y<z+l&ar-1<z&z<z24+1&y—-1<2&2<y+1)=>

(z=y)V(y=2)V(z==z) by arith

Nuprl was the first tactic-oriented prover to incorporate decision procedures. Some people
have worried that this will compromise the integrity of the system, because even though
the arith and congruence closure algorithms were informally proved correct, adding these
mechanisms is dangerous. They substantially increase the complexity of the prover and raise
the burden of proof that the system is correct. This danger makes us very reluctant to add

more procedures in this raw way,

Our experience has thus created a design dilemma: How to securely add new decision
procedures? One approach is taken by HOL. Decision procedures are used freely when
the system executes in unsafe mode, then those steps previously solved by the procedure are
later reduced to primitive rules when the whole proof is done in safe mode. This is a secure
method. But it does not represent what people do when they rely on such procedures, and it
is costly in terms of machine resources. For Nuprl this approach would be especially costly

since that system saves proof trees for user inspection and for control of the proof process.

Another approach would be to verify the decision procedure inside the system. The easiest
way is to verify a purely “mathematical” algorithm and then recode it. But his violates the
maxim that one should “execute exactly what was verified”. One could attempt to verify

the algorithm exactly as coded in the implementation language. This approach is being



followed by E. Gunter for HOL90 where the implementation language is SML-NJ. This is a
very large task which resembles the reflection work in Nuprl [3, 4, 6] on which this paper is
based, but one must rely on the stability of a large programming language and must define

a substantially more complex system.

1.3 Summary of a solution

A critical step in solving the design problem is to observe that for type theories with an
identifiable computation system, as with constructive type theories, it is possible to write
tactics and decision procedures directly in the logic itself. This is true for Nuprl whose
computation system is a functional programming language in the spirit of ML [25], which is
the language of choice for writing tactics. In this case the decision procedure is both proven

correct and directly executable.

A critical part of writing tactics inside a type theory is to have a model of the logic inside

it. Again this can be done in rich type theories and has been done for Nuprl.

Even with these two pieces in place, we still do not have a solution. At this stage one could
write and verify decision procedures in the logic, and one may apply them to same logic. For
example, in Nuprl we can define the syntax and proof rules of the Intuitionistic Propositional
Calculus (IPC) abstractly. We can prove the decidability of provability of IPC in Nuprl and
instantiate the result for the class of propositional Nuprl formulas, which form an instance
of IPC. But still these decision procedures are beyond our reach; we need a way to link this

result to the Nuprl logic itself.

The final step of the solution I am describing here [5] relies on the Nuprl reflection rule,
a unique feature of the system [3, 4, 6, 31]. This rule says that to prove a goal G under

hypothesis H, it suffices to show that the reflected sequent, " H - G, is provable. That is,

HFG if dp: Proof. p proves "H - G™.

Now we can apply the verified decision procedure to H - G as we show in section 5. This

rule requires restrictions to avoid contradictions from L6b’s theorem (see section 4.7).

1.4 Plan of the Paper

We will begin with an informal introduction to Type Theory. This is the theory underlying
the logic we use to formalize decision procedures. We then look at a formalization of this

theory, then at its reflection and finally at applications.



2 An Introduction to Naive Type Theory

The informal language of mathematics uses types and sets, but when mathematicians want
to be rigorous about a concept, they tend to rely on the 100 year old tradition of reducing it
to concepts in pure set theory. In these lectures, we will find the rigorous concepts in type
theory. For pedagogical reasons, we will often mention the set theory version of a concept

as well.

The idea of a type is built up inductively (as is the Zermelo hierarchical concept of set). We

start with primitive types and type constructors.

2.1 Primitive Types

void is a type with no elements

N is the type of natural numbers; 0,1,2, ...

There will be other primitive types introduced later. Notice, in set theory we usually have

only two primitive sets, ¢, the empty set, and some infinite set (usually w).

2.2 Compound Types
We build new types using type constructors. These tell us how to construct various kinds of
objects. (In set theory, there is only one kind, sets).

The type constructors we choose are motivated both by mathematical and computational
considerations. So we will see a tight relationship to the notion of type in programming

languages. The notes by C.A.R. Hoare, Notes on Data Structuring [27], make the point well.

2.2.1 Cartesian products

If A and B are types, then so is their product, written A x B. There will be many formation

rules of this form, so we adopt a simple convention for stating them. We write

Ais a Type, B is a Type
A X B is a Type.

The elements of a product are pairs, < a,b >. Specifically if @ belongs to A and b belongs
to B, then < a,b > belongs to A x B. We abbreviate this by writing

acA, beB
<a,b> ¢ AXB.




In programming languages these types are generalized to n-ary products, say

Ay x Ay X ... x A, and called structures or records.
We say that < a,b >=<¢,d>in Ax Biffa=cin Aand b=din B.
In set theory, equality is uniform, but in type theory we define equality with each constructor.

There is essentially only one way to decompose pairs. We say things like, “take the first
element of the pair P,” symbolically we might say first(P) or lof(P). We can also “take
the second element of P,” second(P) or 2of(P).

2.2.2 Function Space

We use the words “function space” as well as “function type” for historical reasons. If A and
B are types, then A — B is the type of computable functions from A to B. These are given
by rules which are defined on each a in A and which produce a unique value. We summarize

by

Ais a Type, B is a Type

A — B is a Type

The notation we use informally comes from mathematics texts, e.g. Bourbaki’s Algebra. We
write expressions like z — b or z b , the later gives a name to the

function. For example, z — z? is the squaring function on numbers.

If b computes to an element of B when x has value a in A for each a, then we say

(;rl—>b)€A—>B.

If f, g are functions, we define their equality as

f=g¢ iff f(z)=g¢g(z) forall zin A.

If f is a function from A to B and aeA, we write f(a) for the value of the function.

2.2.3 Disjoint Unions (also called Discriminated Unions)

Forming the union of two sets, say = U y, is a basic operation in set theory. It is basic in

type theory as well, but for computational purposes, we want to discriminate based on which



type an element is in. To accomplish this we put tags on the elements to keep them disjoint.

Here we use tag; and tag, as the tags, but anything will do.

Ais a Type, B is a Type
A+ B isaType

The membership rules are

aeA beB
tagi(a) e A+ B tag,(b)e A+ B

We say that tagi(a) = tagi(a’)  iff a = ¢’ and likewise for tag,(b).

We can now use a case statement to detect the tags and use expressions like

if 2 = tagi(z) then ... some expression in z ...

if 2 = tag,(z) then ... some expression in z ...

in defining other objects. The test for tag;(z) or tag,(z) is computable.

2.2.4 Inductive Types

Defining types in terms of themselves is quite common in programming, often pointers are
used in the definition (in Pascal and Ada) but in languages like M L, direct recursive def-

initions are possible. For example, a list of numbers, I can be introduced by a definition

like

define type L = N4+ (Nx1L).

In due course, we will give conditions telling when such definitions are sensible, but for now
let us understand how elements of such a type are created. Basically a type of this kind will

be sensible just when we understand exactly what elements belong to the type.
Clearly elements like tag;(0),tagi(1),..., are elements. Given them it is clear that
tag,(< 0, tag(0) >, tag,(< 1, tagi(0) >)

and generally

tag, (< n,tagi(m) >)

are elements. But given these, we can also build



tag,(< k,tag,(< n,tagi(m) >) >).

In general, we can build elements in any of the types

N+ NXY
N+Nx(N+NxY)
N+Nx(N+Nx(N+NxXY))

where we do not use elements of the type Y which is just used as a place holder.

The key question about this process is whether we want to allow anything else in the type

L. Our decision is no, we want only elements obtained by this finite process.

In set theory, we can understand similar inductive definitions, say a set L such that L =
N U(N x L), as least fixed points of monotonic operators I’ : Set — Set. In general, given

such an operator F', we say that the set inductively defined by F'is the least F'—closed set,
call it I(#"). We define it as

I(F)=n{Y|F(Y)C Y}.

We use set theory as a guide to justify recursive type definitions. Let Type be the collection
of (small) types. It is a type itself, but does not include Type, i.e. Type ¢ Type. We take

Type as a new primitive (large) type.

For the sake of defining monotonicity, we introduce a very simple subtyping relation, S C T.
This holds just when the elements of S are also elements of T, and the equality on S and T

is the same. For example,
if SCT then N+NxS C N+NxT.

Definition Given I : T'ype — Type such that if 73 C T then F(T7) C F(T13), then write
pX.F(X) as the type inductively defined by F.

To construct elements of uX.F(X), we basically just unwind the definition. That is,

if tel(uX.F(X)) then tepX.F(X).




We say that ¢; =ty in pX.F(X) ifft; =¢, in  F(pX.F(X)).

The power of recursive types comes from the fact that we can define total computable
functions over them very elegantly, and we can prove properties of elements recursively.

(These are the same idea as we will show later.) Recursive definitions are given by this term,

p—ind(a; f, z.b)

called a recursor or recursive-form. It obeys the computation rule

p—ind(a; f,z.b) evaluates in one step to

bla/z, (y — ind(y; f,2.0))/ f].

(Note in this rule we use the notation b[s/z,t/y] to mean that we substitute s for z and ¢

for y in b.)

Typing

The way we figure out a type for this form is given by a simple rule. We say that
p—ind(a; f, z.b) is in type B

provided that a € uX.F(X), and if when Y is a Type, and Y C pX.F(X), and z belongs to
F(Y),and f maps Y to B, then b is of type B.

Induction
The principle of inductive reasoning over uX.F(X) is just this.
p—induction

Let R = pX.F(X) and assume that Y is a subtype of R and that for all z in Y, P(z) is true.

(This is the induction hypothesis.) Then if we can show Vz : F(Y').P(z), we can conclude



Vo : R.P(z).

With this principle and the form py—ind, we can write programs over recursive types and
prove properties of them. The approach presented here is quite abstract, so it applies to a
large variety of specific programming languages. It also stands on its own as a mathematical

theory of types.

2.2.5 Subset Types

Among the objects of mathematics we consider are propositions. For example,
0 =n5 0 and 0 < 1 are true propositions about the primitive type N. We also consider

propositional forms such as z = y or x < y. These are sometimes called predicates.

The type of all (small) propositions is Prop. Propositional functionson a type A are elements

of the type A — Prop.

We also need types that can be restricted by predicates such as

{ = N | 2 =0 or 2 = 1}. This type behaves like the Booleans.

The general formation rule is this. If A is a type and B : A — Prop, then {z : A | B(2)} is
a subtype of A.

The elements of {z : A | B(z)} are those a in A for which B(a) is true.

Sometimes we state the formation in terms of predicates, so if P is a proposition for any z
in A, then {z : A | P} is a subtype of A.

We clearly have {z : A | P} C A.

2.3 Dependent Types
2.3.1 Dependent Products

Suppose you are writing a business application and you wish to construct a type representing

the date:

Month = {1,...,12}
Day = {1,...,31}

Date = Month x Day

10



We would need a way to check for valid dates. Currently, < 2,31 > is a perfectly legal
member of Date, although it is not a valid date. One thing we can do is to define

Day(1) = {1,...,31}

Day(2) = {1,...,29}

Day(12) {1,...,31}

and we will now write our data type as
Date = m : Month x Day(m).

We mean by this that the second element of the pair belongs to the type indexed by the first
element. Now, < 2,20 > is a legal date since 20 € Day(2), and < 2,31 > is illegal because
31 ¢ Day(2).

Many programming languages implement this or a similar concept in a limited way. An
example is Pascal’s wvariant records. While Pascal requires the indexing element to be of

scalar type, we will allow it to be of any type.

We can see that what we are doing is making a more general type. It is very similar to
A x B. Let us call this type prod(A;z.B). We can display this as z : A x B. The typing

rules are:

FracA FEFbe Bla/z]
EF<a,b>€prod(A;z.B)

Etrp:prod(A;z.B) E,u:Ajv:Blu/z]tteT
E & spread(p;u,v.t) €T

Note that we haven’t added any elements. We’ve just added some new typing rules.

2.3.2 Dependent Function Spaces

If we allow B to be a family in the type A — B, we get a new type, denoted by fun(A;z.B),
or z : A — B, which generalizes the type A — B. The rules are:
E.y: Al bly/z] € Bly/z]
EF(z+—b)€ fun(4;2.B)

new y

EF f€ fun(A;z.B) EFa€c A
Et f(a) € Bla/z]

Example Back to our example Dates. We see that m : Month — Day[m] is just
fun(Month; m.Day), where Day is a family of twelve types. And A(z.mazday[z]) is a term

in it.

11



3 Formalizing Type Theory

Nuprl presents a particular formalization of type theory. There are several others [17, 22, 23,
24, 26, 42]. At the core are ideas from deBruijn [17] and Martin-L6f [34] extended with the

notions of inductive types and direct computation which give Nuprl its unique architecture.

The formalization comes in two parts. First we lay down the structure of ferms and then

evaluation.

terms

evaluation

This is the functional programming core of the theory, on top of it, we define the notion of

type and proof. These are the basis of logic and mathematics.

type
proof

3.1 Terms

The informal language we used in Naive Type Theory does not reveal any pattern to the
notation. We see forms like z — b, f(a), A — B, Va:A.B, U; consisting of infix operators,
parenthesized arguments, prefix operators, subscripts, etc. We would like a regular pattern
to the terms that is a basis for analyzing and manipulating them. A Lisp-like syntax,
(f a1 ...a,) might be adequate, but does not provide the flexibility we want for dealing with
binding structure; Lisp only allows (lambda (z; ...z,)b) for binding. So the term structure

in Nuprl has the form

op(D1.81; ... Up.ty)

where op is an operator name, v; is a list of binding variables governing the subterm ¢;
which is then scope. Every occurrence of a variable from #; in ¢; is called bound. The t; are

subterms.

For display purposes, if v; is empty, we do not show it, and if n = 0 we drop the parentheses.

Here is a list of all the Nuprl terms we need

12



term display form

function(A; z.B) z:A— Blz]
function(A; B) A— B
lambda(z.b) Az.b
apply(f;a) f(a)
product(a; z.B) z: A x Blz]
product(A; B) AX B
pair(a;b) <a,b>
spread(p; u, v.t) p.u

p.v
rec(t.1") let rec t = F(t)
rec_ind(h; f, z.t) Y (1)
void ©

Syntactic variety comes from the display forms, written in the right column. These are like

IATpXprint macros, but they are also used for input as well.
Syntactic Theory

To understand how to compute with terms, we first need a complete account of certain
aspects of the syntax. The main idea we need is the notion of substitution of a term s for

occurrences of a variable z in a term ¢, written

t[s/z].

We need a very precise definition of this concept. To get it we require the definition of
a-equality and renaming of bound variables. We want an account that is mathematically
rigorous, yet transparently clear to users. To illustrate how this is accomplished, I refer to
the working material by W. Aitken A Formal Introduction to the Lambda Calculus [2]. This

theory is easy to express in Naive Type Theory. Here are some highlights.

Definition The Aterms are the following inductively defined class.

13



Aterms

Variables  z,9,z,...

If f,a are AMterms and v is a variable then

ap(f;a)
A(v.a)

are Aterms

Induction Principle
The induction principle corresponding to this class is given by

for all f,a,b Aterms and x a variable

P(v) for v a variable P(f)&P(a) = P(ap(f;a)) and P(b) = P(\(z.b))
Vi : Aterm. P(t)

Inductive Definitions

Objects can be defined inductively over the class of Aterms using the same induction principle.

Here is the definition of the set of free variables, F'V(t), of a term ¢.

FV(t) = case tis a variable v then {v}
t is an application ap(p;q) then FV(p)U FV(q)
t is an abstraction A(v.b) then FV(b)— {v}.

Based on the syntactic theory, we can define exactly the kind of substitution we want. The
interesting feature is that it must rename bound variables to avoid capture and rename them

in a minimal way, i. e. rename as few variables as possible. For example, in

Az A(y.ap(z;2)))

if we substitute z for z, then we must rename the bound occurrences of z, but we do not

want to rename them to y, because this will cause y to be renamed in the scope of z.
Aitken gives a precise definition of all this. He uses the concept t[s/z]t' defined as:

Definition We say that ' is a substitution of s for z in ¢, written  ¢[s/z]t’,

14



iff
x[s/x]s
v[s/z]v ifv#z
ap(p; ¢)[s/zlap(p’;q’) if p[s/z]p’ and ¢[s/z]q
Alz.r)[s/z] AMz'r") if Maz.r) =4 A(2"r)
Awv.r)[s/z] A'r") itz #v, vV¢ FV(s) or ¢ FV(r) &
I AMw.r) =4 A0'r") and r"[s/z]r!

/

Theorem: Vit,s :LTerm. Vx :Var. 3¢’ :LTerm
t[s/z]t" & t'is a minimal renaming

From a (constructive) proof of this ¥3 formula, we can extract a function to compute ¢’ from

t and s.

3.2 Evaluation

Inductive Definition

The terms of Nuprl denote data, programs and types; but programs and types can be data
too. So we must say how to evaluate every term. There are many ways to approach this
mathematically. We can give a denotational semantics, or a reduction (rewrite) semantics,
or a structural operational semantics or something else. We choose to base the account on
inductively defined relations and partial functions in the style of [13, 35, 39, 43], sometimes

called “natural semantics”. We use a lazy evaluator [1, 13, 35].

We define first a relation “evaluates to,” t evals_to t'. Then we define val as a map

val :{z :term | 3t : term 1z evals_tot} — term.

We give some cases of the evaluation relation to illustrate the method.

f evals_to A(x.b) bla/z] evals_to ¢

* ap(f;a) evals_to ¢

* A(x.b) evals_to A(x.b)

* inl(a) evals_to inl(a)

. d evals_toinl(a) t1[a/u] evals_to c
decide(d; u.t,; v.t,) evals_to ¢

. d evals_to inr(b) t3[b/v] evals_to ¢

decide(d; u.t,; v.t,) evals_to ¢

15



Properties of Evaluation
We can prove rather easily these properties of evaluation.

Theorem:

1. t evalsto t' & t evalsto t” implies t' =t".

(deterministic)

2. t evals_tot' implies t' is a value.

(value producing)

3. If t is a value then t evals_to t.

(idempotent)

Evaluation fragments

In order to allow for the addition of new operators in a systematic way, we index the
evaluation process by the operator name. So the actual evaluation relation has the form
t evals_to,,(f)t where f is a parameter. We just gave these fragments for some of the

operators. The evaluation relation is then defined as

Definition: t evalstot' iff t evalsto,,,ame(r) (evalsto) ¢!

3.3 Types and membership

typehood

Essentially types are collections of terms. This is how they look from “outside the theory.”
Inside the theory we see types as methods of construction; to specify a type is to say how
to build a certain category of mathematical object. In order to say anything interesting
about these objects, we need also to say when we regard two of them as equal. We follow

Martin-L6f’s method for doing this.
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Definition: To specify a type

¢ Designate a canonical name for it (type is a value)
e Say how canonical elements are formed (a method of construction is specified)

e Say when two elements are equal

Definition: Membership

If Ais a type, then ¢ € A means that a evals_to a’ and a' canonical of type A. Since A is

a type, we know what its canonical members are.

Examples of type construction
A new type
Let 1 be a type, the unit type
Let o be a value in 1, equal to itself, e =; e or write ¢ = ¢ in 1.
product(1; 1) is a type pair(e; @) is an element
function(1; 1) is a type  A(x.x) A(x.®) are elements.
Also, A(x.x)=A(x.®) in function(1; 1)
Membership

The notion of type membership, written a € A for A a type, is defined by the mutually
recursive inductive definition of typehood given above. It is easy to see that membership is

not decidable.
Let ®; be the ith Turing machine in some acceptable indexing,

Define

H;(z) :=if ®;(¢) halts in z steps
then void

else 1 fi

AMz.o)ez: N — Hi(z)
iff
®,(7) diverges

3.4 Derivations of membership judgments

We need some method of systematically showing that ¢ € A. Since the definition is inductive,

we can resort to some standard presentation method for membership in inductively defined
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types as discussed in section 2 on Naive Type Theory. The result is a calculus or logic for

making what Martin-Lo6f calls membership judgments. The form of this judgment is

Fac A

which is read: we know that a belongs to type A.

The definition of
FA(z.b)e A— B

suggest that we also want hypothetical judgments, such as
zr:AFbe B.

In general, a sequent

21 A9 Ay, 2, Ay geEG

means: if Ay is a type, 1 an element, A, a type for z; in Aq,..., then G is a type with
element g.
Rules

We present the inductive definition in terms of rules for sequents. We organize them top-

down, e. g.

FAzb)e A— B by
x:ArFbeB

Nuprl supports a problem-solving style that is top-down or goal-driven (like Prolog and
AProlog [38]). In this style, the goals is

FG
thought of as
FledG
starting with G we try to synthesize g.

Rules in this style look like

FA— B by DO0[new z]
r:AFB

18



The rule name Dt means decompose hypothesis ¢ or if : = 0 decompose the conclusion.

Sample Proof

FA—1by DO [new y]
y:AF1bye
Fecl

Extract A(y.e) as element.
Proof Trees

In Nuprl, derivations are organized into proof trees. Here is a diagram.

FG by ro

Hll_Gl b’yTl H2|_G2 b’yTQ
Hy F G Hiy FGho Hy =Gy by ry

We can define these trees inductively in Naive Type Theory as follows:

sequent = (term list) X term
justification = {rule names} + ...

proof = sequent X justification X proof list

3.5 Completeness

The terms, evaluation fragments, and rules for type membership are intended to formalize
Naive Type Theory. The display notation and the informal semantics we have given suggest
the connections between formal and informal accounts. I want to just mention some of the

highlights by referring to the presentation in section 2.
Primitive Types

Nuprl has void for the empty type and takes the integers, int, as primitive. But N can be

defined inductively or as a subset of int, e. g.

N={z:int|0< z}

Compound Types

The display forms indicate the correspondence between the type constructors and Nuprl
terms, for example the Cartesian product, A X B, is product(A; B). The tags for discriminated
unions are formalized as inr(b), inl(a). The informal function notation,  — b is formalized

as A(x.b) of course.
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The inductive type pz.F(z) is formalized as rec(x.F(x)), and the recursor, p—ind(a; f, z.b)
is rec_ind(a; f, z.b).

Universes

The formal type theory must make some distinctions not seen in the naive version. In order
for types to be values, they need to belong to a type. We might try adding a single new
type, say Type, for this purpose. But then it must belong to a type. We might try attaining
closure by postulating.

Type € Type.

But this causes many troubles. It allows us to inhabit every type [21] and permits non-
terminating functions in the function spaces [28]. So following the traditions of predicative
type theory [45, 34, 19, 20], we introduce a hierarchy of types. Following [35] we call them
universes. They are denoted Uy, Us,..., and we have that

Uie Ui and

if A€ U, then A € Uj for ¢ < j.
Logic is introduced into type theory by taking propositions-as-types. This is well explained
elsewhere, e. g. [12, 13, 17, 23, 34, 35]. According to this principle,

Prop; = U;.

4 Reflecting Formal Type Theory

4.1 The Basic Ideas

We used the Naive Type Theory of section 2 to present the Nuprl type theory, e. g. term
is an inductive type. Nuprl is an approximation to the naive theory. A natural question to
ask is whether we could use Nuprl to “define itself.” We know from Godel’s incompleteness
theorem and Tarski’s truth theorem that we cannot define Nuprl completely inside itself.

But how close can we come?

It is easy to see that the basic syntax and the evaluation semantics can be completely defined.

We already know similar results from experience defining Lisp evaluation in Lisp.

It is also easy to imagine that we can define the notion of a proof internally and the concept
of a tactic. This again is clear from the ability to define these concepts nicely in ML as
actually done in LCF, HOL, and Nuprl.

What is new and exciting here is this:

o We can define terms, evaluations, and proof naturally by just transcribing the informal

definition. The formal definition clarifies the logic.
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e The internal definition allows us to write theorem-proving tactics as Nuprl programs

and prove properties of them.

e The internal account of proof enables us to define a new proof rule, the reflection rule,
which is the basis for solving the design problem posed by decision procedures (see the

introduction).

In this section we will examine the first two points and treat the last one in the next section.
Most of this is conceptually clear, but the details are critical. I refer you to other writings

for most of those. There are however a few subtle points to notice.

In reflecting the class term we will define an internal inductive type, Term. We have shown
elsewhere that Term represents term. One tricky point here is to avoid the following infinite
regress. For each operator name, like int or spread, we add a new operator name that denotes
it, say int and spread. (We actually use opid{int:opname} and opid{spread:opname}.) Now
we have new operators, int and spread, and we need names for them; we might try int1
and spreadl or something. But then we would need int2 and spread2, etc. How to stop
the regress? First notice this; all reflected operators have the form opid{o:opname}, and this
is the generic form of operators. So they get reflected like any other operator, essentially
op{i:family} is represented as a pair, <reflected operator, reflection of the list of pairs of

index and index family name>.

Another subtle point arises with reflecting evaluation. We do this by adding new operators
Evals_To and Val. But we need to define evaluation fragments for them which are self-

referential. This is explained in Aitken’s thesis.

One of the most subtle points comes up in the definition of proof. The reflected concept
uses PreProof and Proof. We need to specify how tactics build proofs, and this must be part
of the definition of proof. But a tactic is a function that builds elements of Proof. So the
definition of the informal concept of proof requires that we anticipate the definition of Proof

and refer to it. This requires a delicate fixed point construction that appears in [6].

Dealing with these points correctly and formally takes a lot of care and relies on many
details. But using the mechanism is quite natural. It is much like replacing ML or SML in

a tactic-oriented prover with Nuprl’s programming language.

4.2 Terms
Recall that terms have the form

op(D1.11; .. . Up.ty)
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where op is an operator. Operators actually have structure because some of them come in
families. For example, universes (displayed as U;) are nullary operators indexed by natural

numbers. Generally an operator has the form
ofi: f}

where o is an operator name, and ¢ : f is a tagged parameter consisting of index family, f.
For universes, the operator is

univ{i : nat}.

To reflect operators, we need to reflect operator names and index families. The index famailies
include opname, ifname, var, nat. There are others. In order to specify the type repre-
senting these families, we need the new type constructor IFam(x); if = represents an index
family name, then I[Fam(x) is a type representing the corresponding family. For example,
I[Fam(ifid(nat)) is the type {z :int | 0 < z}.

Notice, we need an operator to represent the index family name; this operator is ifid (“index
family id”). It produces an operator name inside Nuprl corresponding to the various index

families. In the Nuprl literature, we use these definitions

IFName = IFam(ifid(ifname))

OpName = IFam(ifid(opname)).
The primitive type OpN ame is used to represent the operator names. Its elements look like
opid{p} for some tagged parameter p. For example, the representation of the opname univ

is opid{univiopname}.

To illustrate the level of precision that we achieve with this machinery, let us look at the

official definition of variables. The terms called variables are

var{v : var}

These are formed with the var operator name indexed by elements from a mathematical class,
an index family (also named var). At this level, we could choose any discrete mathematical
class for var, say character strings. To be precise, we say that var is the class of finite
sequences of variable characters. We require a subset of the ASCII characters as specified in

the Nuprl manual.

Now to represent the variables inside Nuprl, we choose one of the Nuprl types that will rep-
resent this index family, and axiomatize it to be equal to IFam(ifid(var)). We have chosen to
represent the variable characters by the type Nys6, natural numbers from 0 to 256. Variables
are lists of these. The definition and axioms are

VarChar = Nosg

I[Fam(ifid(var)) = VarChar list.
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Let us take a closer look at OpName. This is a new type. What are its elements? Intuitively

the elements are the terms that represent the actual operator names. Here are some of those

names.
operator representation
var opid{var}
univ opid{univ}
natnum opid{natnum}
void opid{void}
lambda opid{lambda}

We use the convention that opid{x} stands for opid{x:opname}. This can be done for any
fixed number of operator names because we can specify in the definition which index family is
associated with which parameter. So in practice, we can eliminate the tags. They are needed
to deal with the open-ended nature of the class OpName. This type must be open-ended

because the mathematical class of actual operator names is open-ended.

The operator opid{x} produces canonical values. These are terms that evaluate to them-
selves.
Here is the official definition of Term.
Definition
Parameter = i:lFName X IFam(i)
OP = OpName X Parameter list
VarName = VarChar list
Term = rec(t.OP Xx(VarName list X t) list)
This tells us everything we need to know about terms. From the inductive type definition

we get a recursor defining objects inductively over Term and we get an induction principle.
The small theory of the lambda calculus can be seen as a special case of a theory of Term if
we just take these definitions and display forms.
Display << opid{var},[ai,...,a,] >,nil > as implode([a,...,a,])
Define  A(v.t) as << opid{lambda},nil >, [< [v],t >] >
ap(f;a) as << opid{apply},nil >, [< nil, f >, < nil,a >] >

where [aq,...,a,] is a notation for lists and implode takes a list of characters to an atom.

4.3 Sequents

Once we have represented terms, it is quite an easy matter to represent a sequent H + G.
The goal GG is a term and H is a list of terms. Actually, since some of the hypotheses are
treated specially, we need to tag them with a boolean value, and hypotheses are labelled. So

the actual definitions are these.
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Definition

Hypothesis = VarName X (Term x Boolean)
Sequent = Hypothesis list x Term

4.4 Primitive Proofs

Essentially, a proof is a finite tree whose notes are sequents and justifications connected in

certain ways. The definitions can be given in the form

PreProof = rec(p. Sequent X (Justification X p list))
Proof = {p:PreProof | IsAProof(p)}

The justifications explain why the goal sequent follows from the subgoals. We allow in-
complete proofs; they are recognizable because the justification is a special element and no

subgoals are generated.

Another kind of justification is a primitive rule name. These are the simple justifications,
and if we were not interested in automating the development of proofs, this would be all that
is necessary to completely define the concept of a proof. The only condition to be checked
by the predicate IsAProof would be that the right subgoals were generated by the rules.

We call such proofs primitive.

4.5 Tactics and Automation

Nuprl uses tactics to automate parts of the proof development process. A tactic is a function
that builds part of a proof; it is given a sequent, and it produces a proof whose goal is the
sequent. The resulting proof might be incomplete (usually is), and it might not be possible

to complete it if the approach is a dead end.

The general idea of tactic-oriented theorem proving was pioneered by Edinburgh LCF [25].
Nuprl has extended this method by introducing the concept of a tactic-tree and by introduc-

ing the concept of a transformation tactic. We will not discuss the later idea.

The idea of a tactic-tree is that a justification for a proof step can be a tactic. The subproof
built is not displayed, but the frontier of the subproof is listed as the new subgoals to be
proved. This makes the tactic look like a new proof rule. So, by writing tactics, users extend
the logic, but in a totally safe way. The tactics actually build primitive proofs, so there is no
increase in the axiomatic basis of the theory. When a proof is complete, there is a primitive

proof built in the background.
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Here is an example of the internal proof produced by a tactic called ChainThruHyps.

1. A= B 2. By = B, 3. By = Bs

F A = B3 by ChainThruHyps

4.A
FA by Hyp

5.B;
F By by Hyp

6.8
+ Bs by D3
F By by Hyp

7.B;
F B by Hyp

The rule used in chaining is

Hf:A=>BHFG byD f

H f: A= B HF A
H,f: A= B,H ,BFG

The more conventional form is

HEA H,A= B,B+-G
H A= BFG

4.6 Tactic-tree Proofs

Tactic-tree proofs are just proofs which allow tactic applications as justifications. Since they
can be reduced to primitive proofs by executing the tactic, one might think that it is not

necessary to give a reflected account of them. But there are reasons for reflecting.

The first reason is that we want to provide a theoretical basis for the idea that if we prove
that the tactic works, then we can treat it as a new proof rule. This will both raise the level
of abstraction of proofs and save the resources involved with executing the tactic call. Doing
this requires that we have a formal definition of a tactic-tree proof since it is exactly objects

in this class which will serve as the more abstract proofs.
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A second reason to formalize the concept is that we wish to provide a rigorous account of
what Nuprl actually does. This account will be a formal explanation of the system. This

second reason influences the way we formalize the concept.

A very interesting problem arises as soon as we try to formalize tactic trees because we are
now entering the realm of self-reference. A tactic is a Nuprl function, so it must operate
on some internal data type, something we will eventually call Proof. But we use the tactic
in explaining the top level notion of proof, the concept we have been denoting as proof.
This concept does not even make sense until we have said how Proof represents proof. This

involves some level of reflection already. *

If we are at a node with sequent sy whose subgoals are generated by t as justification, this
means that (s ) is Proof and the frontier of #(sg), say s1. ..., s, represent the sequents which

are subgoals of sg. This would suggest that justifications are
1 + primitive__rules + Proof

In actual practice, we do not write a function application as a justification. We care about
the exact computational behavior of the algorithm, so we really write a term ¢ which denotes
a function  (Sequent — Proof). Since we want to analyze the term, it is more useful, if

somewhat more complex, to use an element from Term.!

We spell this out precisely using these abbreviations. Let the premises of a proof be the
unproven sequents at the leaves, the frontier of the proof tree. Given this frontier of sequents,
let pq., denote the sequence of them. Given a proof p, let root(p) be the root of the
tree, which is the main goal or the theorem being proved. If j is a proof rule, then let
instance(j, s,roots(p1..n)) be a predicate that checks that the roots of the subtrees p; _, are
the correct subgoals generated from s by j. Finally we use the relation j reps z to mean

that the term j represents the pre—proof z.
When we write these concepts in bold letters,
say premises(z), root(p), instance(j, s, roots(z)),
they apply to the internal notion of proof, Proof.
Now we have these definitions.

Definition

pre-proof = sequent X justification X pre-proof list

justification = 1 + rule + Term

proof = {p : pre—proof | is_a_proof(p)}

*Let us assume that the type Proof exists and it represents proof. Then a justification could be a function

t € Sequent — Proof.
'In a system like HOL based on Standard ML, say SML/HOL, these issues don’t arise. In this system,

the tactics are not part of the logic.
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is_a_proof(< s$,7,p1...n>) =
case j of
premise — n =10
rule — instance(j, s, roots(p1..n))
tactic — dJz :pre—proof.
root(z) =s &
premises(z) = roots(pi. )
& jrepsz & is_a_proof(x)
where is_a_proof(p;).

Tactic-tree Diagram

< Svjv[P17"'7Pn] >
7 =1 a Term, tactic text

dx :pre-proof.

s by tactic ¢

A

Sl...8,

Sl

Sn,

Tactic-trees Internally

Definition

PreProof == rec(PP. Sequent X Justification X PP list)
Justification == 1 4+ Rule + Term

Proof == {p : PreProof | IsAProof(p)} where
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IsAProof(< S, J,[Py,..., P,] >) =
case J of
premise — n =10
rule — instance(J, S, roots(Py,..., P,)
tactic —  dJz : PreProof.
root(z) =5 &
premises(z) = roots(Py,..., P,)
& J Reps © & IsAProof(z)
where IsAProof (p;).

Note the internal Reps map.

4.7 Reflection Rule

The material in the section is from the article The Semantics of Reflected Proof [6]. We
want to take full advantage of the fact that we can reason about tactics. In particular, if we
demonstrate that a tactic ¢ generates a proof of some sequent s, we would like to be able to

cite this demonstration rather than run the tactic.

Our general plan for doing this is to add a rule that essentially asserts that if
dp: Proof. root(p) = rep(H + G)

then H + G is true, where rep(s) is the representation of a sequent s. The rule might be

Refl H F G by Reflection
F dp : Proof. root(p) = rep(H F G).

But the rule is not sound. From L&b’s theorem on proof predicates [7], we suspect that this

is not valid. Aitken discusses the situation in his thesis [3]. The idea is this. Given

dp : Proof. root(p) = rep(H - G) |R

to conclude H = G we need a new rule, say Refl, but this is not part of proof. If we add it,
we get a new notion of proofy, say proof;. If we allow reflection over these, we get proofs,
etc. Can we close this off7 Almost! We can close it syntactically, but what does it mean?
Notice that the extractor which is needed to build a canonical proof from depends on

this meaning.

28



Reflected Pre-Proofs

To get syntactic closure under reflection, we want a rule like Refl above. Where Proof
reps proof with Proof in the rule itself. To accomplish this, we first parameterize proof to

proof () where ) is the term used in the rule. This forces us to consider Proof(Q).
Syntactic Closure of Proof Definition

Define proof(Q) to allow the rule

H F G by Refl, 7,1
Fdp: @ .root(p)=rep(H F G)
1

In the [6] we show how to take a syntactic fized point through Q.
Here is another approach.

Add to the library a definition

PF == Term representing
proof(PF)

This is straightforward from PreProof since PF is just a term.

The actual rule uses an indexing mechanism to keep track of how deeply the use of reflection is
nested. The function level(p) gives the maximum of the level numbers occurring in reflection

rules of p. Using this we incorporate the rule in the definition of proof as follows.

proof = {p: pre—proof | is_a_proof(p)}

is_a_proof(< s, 7, [p1,. .., 0] >)
case j of

premise — n =10

rule —
tactic —
refl — pr=F dp: PF. root(p) = rep(s) (where j =<i,t>)
& level(p) < i
& t reps roots(ps..n) & is_a_proof(p)
where is_a_proof(p;) for i = 2,...,n.

4.8 Validity Theorem
Definition A proof is valid if the goal is true when the premises are.
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Theorem: Proofs are valid.
Pf: By induction on level, n, and for each n by induction on the subproof relation.
Let A = (s,7,Aq,...,AL) be a proof whose premises are true. Let A = (Aq,...,Ay).

Consider the cases for rule r.

1. r = o, s is a premise, hence true.
2. r is a primitive rule, then s is true by validity of the primitive rules.

3. ris a tactic with term ¢. Then t represents a subproof A’ which is valid by induction.

The premises of A’ are roots of A, they are true, so the goal of A’ is, which is s.

4. ris Refl ¢,1. So the goal of Ay is true by induction. This means that there is a proof
A’ of level less than i; thus A’ is valid. The premises of A’ are the roots of Ag, ..., Ay,

hence true, so s is true as well. QED.

5 Applications

We will demonstrate an application of reflection to the task of adding sound decision pro-
cedures to tactic-oriented provers. For the sake of illustration, we take a very simple and
familiar example — the decision problem for classical tautologies. A more realistic example
would be decision procedures commonly used such as arith or sup—inf, but those are too
complex to treat in these lectures, and the tautology procedure is used in some provers, see

[18].

5.1 Sample Decision Procedure

The tableau decision procedure for classical propositional formulas is especially well under-
stood (and still current, see the account in [40]). The idea is that given a formula, we try
to systematically falsify it by building up a truth assignment to the subformulas, eventually
including the atomic ones (the variables). If we succeed, then the formula is not a tautology
as the falsifying assignment attests. If we fail in this systematic attempt, then we can show
that the resulting formula is valid and has a propositional proof, that is, one using only rules

of the propositional calculus. To illustrate, consider the following formula.
Decision Procedure
Show that

((A = Bl) & (Bl = BQ) & (B2 = Bg)) = (A = B3) is a tautology.
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Try to assign it the truth-value F
T(A:>B1&B1:>B2&B2:>B3) F(A:>B3)
Decomposing (A = Bs) in the same way we get: TA, F B
Now force the assignment to the other atoms in the natural way:
T(B1 = Bg)
T(B2 = Bg), TA, F Bs

Now consider these observations.

F A is not possible, so T' By
F By is not possible, so T' B,
F B, is not possible, so T B3 which contradicts F B3

5.2 Formalizing the Decision Procedure

There are many ways to present the tableau decision procedure formally. In Nuprl we have

looked at two of them [9, 14]. Caldwell’s account [9] is based on the approach in [14].

The methods referred to above can also be extended to the full set of connectives and to
a notion of propositional proof derived from the internal definition of Proof. The details of

how to do this are in [5].

Define PropSeq as a subtype of Term and PropProof as a subtype of Proof. Informally these

are the definitions.

Definition: PropSeq = {s: Sequent | hypotheses of s are variable declarations, the goal of

s is a proposition built from &, V, =, False using the declared variables.}

PropProof = {p: Proof | the goal of p is PropSeq and all rules are primitive and are rules

of the classical propositional calculus.}

As an abbreviation let P or not mean PV =P, then based on the proof method in [5, 14] we

can constructively prove:

Theorem (dp):
Vs : PropSeq. (3p : PropProof.root(p) = s) or not

Given a sequent H F G which is propositional, we have that the computable function ex-
tracted from dp, called here extract(dp), decides whether or not there is a propositional

proof.
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5.3 Applying the Formal Decision Procedure

Let d = extract(dp) (rep(H F G)). The value of d is either inl(p) for some proof p or inr(f)
for some function f. In the case of inl(p), we have p € 3p : PropProof.root(p) = rep (H F G).
Notice that P =decide(d; u.u; v.v). Let d be the term decide(p; u.u; v.v).

We can now prove H - G by reflection if it is true.

H G by Refl 1, nil
F 3p: Proof.root (p) = rep (H - G) by D d

We can write a tactic
Decide(dp)

which checks d for inl(p), writes d and uses it as the witness, or fails.
H F G by Decide(dp).

This simple example illustrates the essential ideas behind the method of using relfection
to justify decision procedures and for type checking in programming languages [10]. I think
that this will be an important technique for modern provers that employ decision procedures.
There are many other uses of reflection, and I recommend ‘looking at articles by Boyer and
Moore [8], Weyrauch [50], Howe [29], as well as [3, 6, 16, 37, 47, 48].
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