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Chapter 1

Introduction

This thesis is about building an automated programming logic. For our
purposes an automated programming logic consists of:

e A formal system for reasoning about programs.

e A proof development environment, which includes, at least, an editor
for the construction of proofs in the logic.

e Mechanized decision methods to assist in the proof development pro-
cess.

e A library mechanism for managing collections of theorems.

There are numerous examples of systems which, in varying degrees, fall
under this definition. Among them are the various implementations of
Scott’s Logic for Computable Functions, most of which stem from the Ed-
inburgh system described in [Gordon, Milner, & Wadsworth 79]. The in-
teractive implementation of PLC/V2 [Constable, Johnson, & Eichenlaub
82] by Krafft [Krafft 81] is another example. Cartwright’s typed LISP
verifier [Cartwright 76] and Boyer and Moore’s theorem prover [Boyer &
Moore 79], can also be considered to be automated programming logics in
this sense.

The subject of this thesis is the PRL system. PRL stands for program (or
proof) refinement logic, an acronym reflecting both the close relationship
between programs and proofs which distinguishes the system and the style
of proof construction embodied in the proof development environment. We
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begin with a brief overview of PRL in order to establish the context in which
we will be working.

The PRL system was conceived by Joseph Bates for his Ph.D. the-
sis [Bates 79]. The essential idea behind the thesis is that one can con-
struct programs by concentrating only on the specification, reducing pro-
gram development to proof construction — to build a program satisfying
a specification, one constructs a proof, in a suitable logic, that the speci-
fication can be met. This idea dates back to [Constable 71] and [Bishop
70]; Bates showed how one could build a computer system for developing
correct programs interactively in this setting.

Taking the notion of stepwise refinement seriously, Bates designed the
logic of PRL in such a way that proof development occurs in an orderly
top—down manner, beginning with the specification and ending with trivial
assertions about, say, the data domain. This notion of refinement is nat-
urally cast in terms of trees, so in fact the user views proof construction
as the process of building a proof tree whose root is the specification and
whose leaves are trivial theorems (where “trivial” means whatever it is that
the system can get by itself). Given a proof of a specification, the system
then “compiles” the proof into executable code (without user assistance)
by a process known as extraction.

Readers familiar with the logic of PLC/V2 may notice that the PRL ap-
proach is dual to that system in the sense that the key idea of the PLC/V2 is
that programs can be regarded as proofs whereas PRL treats proofs as pro-
grams. This duality is explored in the pair of reports [Constable 82c,Bates
& Constable 85].

Bates’ ideas were brought to fruition in the A-PRL! system. A-PRL
is a complete proof/program development environment comprising all of
the components mentioned above. The logic is a first-order constructive
logic of integers and lists. The interactive development environment centers
on the proof editor, called a refinement editor, which provides substantial
facilities for notational extension and automated assistance. There is also
a library facility for managing databases of definitions, theorems, extracted
programs, and decision methods. The system is described in detail in [PRL
Staff 83].

IThe ) is a version designator, as are p and v.



The A-PRL system is, in the not unbiased opinion of the author, a great
success. The ideas espoused by Bates in his thesis were seen to be more than
ungrounded theorizing — one could build correct programs by refinement
of its specification and, what’s more, it could be fun. Numerous non-
trivial program developments have been carried out with the system. For
instance, in [Constable 82c| the maximum segment sum problem posed by
Gries in his book [Gries 81] is solved. The automated assistance provided
by the refinement editor and the notation extension facility are particularly
impressive and crucial to making the system usable.

But lest the reader get the impression that the last word has been
said, we discuss some of its deficiencies. The most glaring weakness, and
the only one with which we shall concern ourselves, is the logic. Experi-
ence has shown [Constable & Zlatin 84,Constable 83a,Constable 80] that
a much more expressive logic is desirable. For instance, it is not possi-
ble in A-PRL to create programs which take functions as arguments for
the simple reason that the data domain does not include functions. As
remarked above, there are exactly two data types provided by A-PRL, inte-
gers and lists (of integers), and there is no means of building more complex
types from this basis. This limits not only the class of programs which
may be written, but also prevents formalizing any advanced mathematics
such as constructive analysis (as described, for example, in [Bishop 67}).
Furthermore, the A-PRL logic is first-order, and as such is incapable of
reasoning about propositions. This precludes the possibility of building
correct proof-constructing programs within the system (as described, for
example, in [Constable 82a,Constable 82b]).

The remedy for this deficiency is, of course, to design a more expres-
sive logic on which to base PRL. The choice of logic was based on many
considerations, among these being the deficiencies of A-PRL mentioned
above, and on semantic and philosophical principles described in detail
in [Bates & Constable 81,Constable & Zlatin 84,Constable 83a,Constable
83b,Constable 80,Constable 82a,Constable 82b]. The result is the v-PRL
logic defined in [Bates & Constable 83]. The logic is based on the intuition-
istic theory of types defined by Per Martin-Lo6f in [Martin-Lof 73,Martin-Lof
82], hence the phrase “type theory.” The roots of this logic can be traced
back to the founders of mathematical logic, most notably Frege, Russell,
and Brouwer. The reader unfamiliar with the history of mathematical logic,



and especially intuitionism, is referred to [vanHeijenoort 67, Dummet 77) for
introductory material and references to other sources. Its design was also
influenced by the AUTOMATH project [deBruijn 80] and by Scott’s early
work on constructive type theory [Scott 70].

The features of the v-PRL logic which are most relevant to the present
context are:

e Rich type structure. A full complement of basic types and type con-
structors is available. For instance, in addition to the usual pair-
ing and union constructors, »-PRL has dependent function space and
product constructions.

e w-order reasoning. Arbitrarily higher-order quantification is possi-
ble. This includes the ability to define programs which take types as
arguments and have types as results and the ability to quantify over
propositional functions.

o Intensionality. The type structure is capable of supporting intensional
analysis of types such as that in [Constable & Zlatin 84,Constable

82a).

e Extensibility. The semantic principles underlying the logic are well-
developed and provide a precise framework for judging proposed ex-
tensions.

e Expressiveness. The language is sufficiently powerful as to be able
to formalize nearly all of constructive mathematics (such as Bishop’s
constructive analysis [Bishop 67]).

These features do not come free. The additional generality of type
theory over the simple first—order theory of A-PRL introduces many com-
plications. For instance, in type theory it is undecidable whether or not a
given expression denotes a proposition, a considerable departure from ordi-
nary logic. As a result it is incumbent on the user to demonstrate that the
formulas used in a proof are well-formed, a rather unsavory prospect. Ob-
viously some means of relieving this burden must be provided, and indeed
that is the subject of Chapter 2.

There are a host of other complications attributable to the richness of
the v-PRL logic. In order to explain the issues with which we shall be




























































































































































































































































































































































































































































