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Abstract

In their paper “Type” Is Not a Type, Meyer and Reinhold argued
that serious pathologies can result when a type of all types is added
to a programming language with dependent types. Central to their
argument is the claim that by following the proof of Girard’s paradox
it is possible to construct in their calculus A™" a term having a fixed-
point property. Because of the tremendous amount of formal detail
involved, they were unable to establish this claim. We have made
use of the Nuprl proof development system in constructing a formal
proof of Girard’s paradox and analysing the resulting term. We can
show that the term does not have the desired fixed-point property, but
does have a weaker form of it that is sufficient to establish some of the
results of Meyer and Reinhold. We believe that the method used here
is in itself of some interest, representing a new kind of application of
a computer to a problem in symbolic logic.

1 Introduction

For the purpose of studying the effect of the type-of-all-types assump-
tion on programminglanguages with dependent types, Meyer and Reinhold
defined AI) a polymorphically typed A-calculus with dependent types, and
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A"", the calculus obtained from A by adding the axiom 7 € 7 (where 7 rep-
resents the type of all types). They asserted that by following the proof of
Girard’s paradox [4] they could construct in A\™" a polymorphic fixed-point
combinator

YellT:r (T —-T)—T
such that for any type T and any F € T — T

YTF = F(YTF).

They then showed that the existence of such a Y had some important
implications for A7":

¢ A non-normalizing term is derivable.
¢ Equality of terms is undecidable.

e A77 does not conservatively extend base-type theories, so that classical
reasoning about base-type objects is not valid in the programming
language formed by A" together with base-types.

However, they were not able to establish the existence of Y. It appears
that the problem may involve so much formal detail that a solution without
mechanical assistance is infeasible. A non-trivial proof must be carried out
in a formal system in which even the basic notions of logic need to be
encoded, and the behaviour under reduction of a very large term must be
characterized. (A printout, with no spaces, of the term constructed in our
effort is about 40 pages long.)

In [8], Reinhold considered an extension of A™™ that included the natural
numbers (together with a recursion combinator) and a dependent sum (or
sigma) type constructor. He outlined a proof that by following Martin-Lof’s
simplification of the proof of the paradox [6], it was possible to obtain in
the extension a term Y, of the proper type, such that there exist terms Y.
for n > 0 with Yy = Y and for all n

YoTF = F(Y,1 TF).

He called a term satisfying this property a looping combinator, and con-
jectured that an analogous construction in A™™ would give a fixed-point
combinator.



In this paper, we show that at least one particular proof of Girard’s
paradox yields a term which is a looping combinator and not a fixed-point
combinator. The computer plays an essential role in the argument. The
Nuprl proof development system [2] was used to deal with the vast amounts
of syntactic detail that an analysis of the computational behaviour of the
paradox seems to entail. It was straightforward (taking less than two days)
to formalize a proof of the paradox in a subset of the Nuprl type-theory
that is similar to A™", using the proof-development tools provided by the
system. We show how the proof that the resulting term is a looping but
not a fixed-point combinator can be reduced to the verification of a (small)
finite number of machine-checkable assertions about reduction. These veri-
fications were carried out using Nuprl’s term-manipulation facilities. What
we present, then, is not a complete proof, in that the argument depends on
the correctness of the Nuprl implementation. More specifically, we prove
that if the formal argument carried out in the system constitutes a valid
proof in the Nuprl type theory, and if the implementation of the program-
ming language ML [5] is correct insofar as it was used to perform certain
reduction sequences and to verify certain simple properties of some Nuprl
proofs, then the resulting term has the properties we claim.

Several features of Nuprl played an important role in the construction
of the term by allowing us to formalize the paradox at a high level of ab-
straction. Nuprl’s definition mechanism permits highly readable notations
for basic concepts. The tactic mechanism provides for the sound addition of
derived inference rules and for the construction of proof-finding programs.
Finally, the eztractor makes it possible to construct terms implicitly; one
can represent a mathematical proposition P by a Nuprl type T, construct
a proof which resembles a conventional proof of P, and then have the sys-
tem eztract from the proof a term ¢t € T that embodies the computational
content of the proposition. Because of these features, the formal proof we
constructed, although providing the construction of a massive term, bears
a strong resemblance to the conventional proof on which it is based.

Of course, the negative half of our result is based on one particular proof
of the paradox. Although it is possible that some other approach would give
a different result, it seems that the failure of the fixed-point property results
from the essential content of the paradox. It should be straightforward,
though, to apply our techniques to alternate proofs. If the fixed-point



property cannot be obtained, then the argument in (7] establishing the
failure of conservative extension for A™" is no longer valid. However, the
looping property is enough to prove both the undecidability of equality and
the existence of a non-normalizing term.

In Section 2 we present the variant of A™" that corresponds to the subset
of the Nuprl type theory we used. In Section 3, we discuss Girard’s paradox
and its formalization. In Section 4 we analyze the computational behaviour
‘of the resulting term. At end we make a few concluding remarks.

2 VT'T

In this section we present a polymorphic A-calculus 7" that has depen-
dent types and a type of all of types. It is a simple matter to check that the
actual Nuprl proof of Girard’s paradox that we constructed yields a proof
in ©77; it seems certain it also yields a proof in A”” but this has not been
verified. Details are contained in an appendix that we have omitted. The
chief difference between A\™™ and v"" is that A-abstractions in A”” contain
the type for the bound variable.

The set of terms of v is the smallest set containing an infinite set of
variables, the constant 7, a(b) whenever a and b are terms, and Az. B and
I z:A.B whenever z is a variable and A and B are terms. We will write
t(a/z] to denote the result of substituting a for z in ¢t. The rules of v™"
deal with sequents, of the form:

z1: Ay, .,z A, Fte T,

where the variables z; are all distinct, for each i the set of free variables of
A; is contained in {z;,...,2;_1}, and the set of free variables of t € T is
contained in {z;,...,z,}. We will call the portion of a sequent to the left of
the turnstile a context. The extension of a context .4 by an assumption z: 4
or by another context A’ will be denoted by A,z:4 and A, A’ respectively.
We will write ¢ — t' if ' can be obtained from ¢t by a sequence of f3-
reductions.

Following are the the rules of v"7. We omit an axiomatization of a
theory of equality.

7-formation AFTer



A-Aer A z:A-Ber
A-TNz:A.BeT

II-formation

AFAer A, z:A-beEB
AFXz.bcllz:A.B

A-intro

A fellz:A.B At ac 4
AF f(a) € Bla/z]

function-elim

assumption Ay z:A, A Fze A

A-teT A-Ter T - T
A-te T

reduction- 1

A, z: A A+-teT 4— A
Az A, AFHteT

reduction-2

3 Girard’s Paradox

Girard’s paradox is an adaptation by Girard [4] of the well-known
Burali-Forti paradox. The proof of the paradox that we use is somewhat
different from Girard’s.

Informally, the argument proceeds as follows. Define an ordering (a
type together with a transitive binary relation) to be well-founded if it has
no infinite descending chains of elements. If the collection of all types is
itself a type, then we can form the collection of all well-founded orderings.
We make this collection into an ordering using the relation of embedding,
and show that this ordering is well-founded. Any well-founded ordering can
be embedded in the collection, and so the collection is embedded in itself.
This gives an infinite descending chain, contradicting well-foundedness.

Formalizing this argument in v"" involves the propositions-as-types cor-
respondence, whereby a proposition is associated with a type of v"7 in such
a way that the members of the type correspond to constructive proofs of
the proposition. In this scheme, universal quantification corresponds to the
IT type; most of the other concepts of logic must be coded. Falsity is rep-
resented by the type Il t:7.¢; a member of this type would be a function



taking any type and producing a member of that type. A formalization
of the paradox in v™" yields a term that is a member of this type; the
outermost reduction sequence starting with this term does not terminate.

What was noticed by Meyer and Reinhold was that given a type T
and a function F € T — T, one could slightly modify the proof of the
paradox so that F would be inserted into the looping process that gives the
infinite reduction sequence. Using Nuprl 2], a computer system exploiting
the propositions-as-types correspondence, we took a (modified) proof of the
paradox, made formal definitions for the basic notions of logic and for the
other concepts involved, and then used the reasoning facilities of Nuprl to
construct a formal version of the informal argument. Nuprl is designed in
such a way that the system could then eztract from the formal derivation
the required term, which can be shown in v™" to have the type T. We then
analysed this term with the help of Nuprl’s symbolic computation facilities.
An important point here is that Nuprl made it possible to quickly construct,
in a natural way, a formal argument that looks very much like a detailed
version of the informal one and that produces, via extraction, the term to
be analysed. The complete Nuprl proof comprises eleven lemmas, with an
average of about ten steps per lemma. (An example of a step is given later.)

We now give a detailed version of the informal argument above, which
can be rather directly translated into Nuprl. We point out the two modi-
fications that are made to the proof of the paradox in order to obtain the
looping combinator. After presenting this detailed version, we will very
briefly discuss its translation into Nuprl. This translation into Nuprl is
sufficiently direct that the interested reader should be able to determine
the correspondence between the detailed argument below and the terms
discussed in the next section. We assume at the outset that we are given
a type T and a function F € T — T; in the Nuprl proof, the function and
its type are represented by variables, and it is assumed as an axiom that
F €T — T. Also taken as an axiom in the Nuprl proof is the 7 € =
assumption.

The definitions of embedding, U, and <y given below are variants of
those given by Coquand [3]. We will not present the (well-known) encodings
for logic; as an example, existential quantification is defined by

dJe€Ad.B=10C:7r.(lz:4.B— C)— C






















































