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Abstract

This paper describes an implementation within Nuprl of mech-
anisms that support the use of Nuprl’s type theory as a language
for constructing theorem-proving procedures. The main component
of the implementation is a large library of definitions, theorems and
proofs. This library may be regarded as the beginning of a book of
formal mathematics; it contains the formal development and expla-
nation of a useful subset of Nuprl’s metatheory, and of a mechanism
for translating results established about this embedded metatheory
to the object level. Nuprl’s rich type theory, besides permitting the
internal development of this partial reflection mechanism, allows us
to make abstractions that drastically reduce the burden of establish-
ing the correctness of new theorem-proving procedures. Our library
includes a formally verified term-rewriting system.

1 Introduction

Most theorem-proving systems that allow the user to soundly extend the
inference mechanism with new theorem-proving procedures use one of two
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approaches. The first approach is to require that new procedures be proven
correct in a formalized metatheory [5,2,14,11]. The second is to provide a
tactic mechanism [7,4], which permits arbitrary new procedures, but which
requires each application of such a procedure to generate a proof in terms of
the primitive inference rules. It appears that only the second approach has
been used in significant applications. In this paper we show how Nuprl [4],
which incorporates a tactic mechanism, can be “boot-strapped” to encom-
pass both approaches. We show how Nuprl’s powerful type theory can be
used to develop a completely internal account of a portion of its metatheory,
and to make abstractions that significantly reduce the burden of formally
verifying new theorem proving procedures. This partial reflection mech-
anism, together with some applications, has been implemented in Nuprl,
resulting in a completely formal account of an extension to Nuprl that al-
lows new theorem-proving procedures to be programmed in the type theory.
This implementation provides some evidence for the practical potential of
the approach.

As a simple example of the limitations of the tactic mechanism, consider
equations involving an associative commutative operator “.”
check that an equation

. One way to

al'(lg'...*am:bl'b2'...'bn

holds is to sort the sequences a,,...,a,, and by,..., b,, with respect to some
ordering on terms, and check that the results are identical. A tactic that
emulated this informal procedure would have to chain together appropri-
ate instances of lemmas (e.g., for the associativity and commutativity of -)
and rules (e.g., the substitution rule). This indicates two major problems.
First, the tactic writer must be continually concerned with generating Nuprl
proofs, and this can increase the intellectual effort involved in constructing
theorem-proving procedures. Secondly, there is a major efficiency problem.
In the example, even though it is known in advance that the sorting al-
gorithm is sufficient to establish equality, every time the tactic is called it
must “re-justify” the algorithm.

The mechanisms we have implemented allow procedures such as the one
just described to be used directly. The main part of our implementation
consists of a large collection of Nuprl definitions, theorems and proofs. This
library may be regarded as the beginning of a book of formal mathematics;
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it contains the formal development and explanation of a useful subset of
Nuprl’s meta-theory, and of a mechanism for translating results established
about this embedded meta-theory to the object level. The most important
application of this is to the automation of reasoning: one can write Nuprl
programs that directly encode such meta-level procedures as the sorting-
based algorithm given above, prove that the program is correct, and then
apply it in the construction of Nuprl proofs. Applications of such pro-
grams can be done in a manner consistent with Nuprl’s proof development
paradigms.

The core of our library contains the development of the partial reflection
mechanism. Natural representations for a certain subclass of the terms of
the type theory (roughly, the quantifier-free terms) and for contexts (i.e.,
definitions and hypotheses) are constructed. Theorems are then proven in
Nuprl that connect the representations to the objects represented. This
allows the results of computations involving representations to be used in
making judgments about the represented objects. The remainder of the
library contains the development of several applications. These include a
term rewriting system and a procedure involving the algorithm discussed
above.

The basic idea of the reflection mechanism is simple. Using Nuprl’s
recursive-type constructor, we define a type Term0' that represents a certain
subset of the terms of Nuprl’s theory. We then define what it means for
a term (i.e., a member of Term0) to be well-formed with respect to an
environment, which is a Nuprl object which associates atoms with Nuprl
objects. Environments are used to represent definitions and hypotheses.
Let Term(a) be the type of all members of Term0 that are well-formed
with respect to a. We can demonstrate the existence of Nuprl functions
type and val such that for any «,

type(a) in Term(a)->SET

and
val(a) in t:Term(a) -> type(a)(t),
where a member of SET is a type together with an equality relation on that

type.

'We will use typewriter typeface for terms (that possibly contain definition instances)
of Nuprl’s type theory. Italicized identifiers within these terms will be meta-variables.




To see how the above can be put to use, consider a simplified example.
Suppose that we have constructed a function f of type

TermO -> TermO,

and that we can show that it preserves equality in some environment a,
t.e., that for any term ¢ in Term(a),

type(a) (t) = type(a)(f(t)) in SET

and
val(a) (t) = val(a)(f(t)) in type(a)(t)

(i.e., for the second equality, the equivalence relation from type(a)(t) is
satisfied). For example, f might be based on the sorting procedure men-
tioned earlier. Suppose that we are in the course of proving a Nuprl theo-
rem, that the current goal is of the form >> T (where >> is Nuprl’s turn-
stile), and that we want to “apply” f to T. The first step is to lift the
goal. To do this, we apply a special tactic which takes as an argument the
environment a. This tactic first computes a member ¢ of Term(a) such
that the application val(a)(¢) computes to a term identical to T, and
then it generates the subgoal

>> val(a) (1)

(assuming that the environment « is appropriate). We now apply a tactic
which, given f, has the effect of computing f(¢) as far as possible, obtaining
a value t' € Term(a), and producing a subgoal

>> val(a) (2').

At this point, we can proceed by applying other rewriting functions, or by
simply computing the conclusion and obtaining an “unlifted” goal >> T’
to which we can apply other tactics.

An important aspect to this work is that the partial reflection mecha-
nism involves no extensions to the logic; the connection between the em-
bedded meta-theory and the object theory is established completely within
Nuprl. This means, first, that the soundness of the mechanism has been



formally verified. Secondly, there is considerable flexibility in the use of
the mechanism. All of its components are present in the Nuprl library,
so one can use them for new kinds of applications without having to do
any metatheoretic justification. Rewriting functions are just an example
of what can be done; many other procedures that have proven useful in
theorem proving, congruence closure for example, can be soundly added
to Nuprl. Thirdly, the mechanism provides a basis for stating new kinds
of theorems. For example, one can formalize in a straightforward way the
statement of a familiar theorem of analysis: if f(z) is built only from z, +,
‘5 ..., then f is continuous.

Finally, and perhaps most importantly for the practicability of this ap-
proach, it is possible to make abstractions that drastically reduce the bur-
den of verifying the correctness of new procedures. Since contexts (environ-
ments) are represented, one can prove the correctness of a procedure once
for a whole class of applications. For example, a simplification procedure
for rings could be proven correct for any environment where the values of
certain atoms satisfy the ring axioms, and then be immediately applied
to any particular context involving a ring. A general procedure such as
congruence closure could be proved once and for all to be correct in any
environment whatsoever. Another kind of abstraction is indicated by the
rewriting example to be given later. Functions such as Repeat are proved
to map rewriting functions to rewriting functions; these kinds of combina-
tors can often reduce the proof of correctness for a new rewriting function
to a simple typechecking task that can be dealt with automatically.

One of the main motivations of this work is to provide tools that will be
of use in formalizing Bishop-style constructive real analysis [1]. The design
of the reflection mechanism incorporates some of the notions of Bishop’s
set theory. However, our work is more generally applicable, since Nuprl’s
type theory is capable of directly expressing problems from many different
areas. It should be of use in other areas of computational mathematics
(e.g., in correct-program development). Using the techniques developed in
AUTOMATH [6] and LF [8], it can be applied to reasoning in a wide variety
of other logics (constructive in character or not). For example, any first-
order logic can be embedded within Nuprl; in such a case, the reflection
mechanism will encompass the quantifier-free portion of the logic.

In the next section is a brief description of some of the relevant compo-


































































