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Abstract

We describe the results of an experiment in which the Nuprl proof
development system was used in conjunction with a collection of sim-
ple proof-assisting programs to constructively prove a substantial the-
orem of number theory. We believe that these results indicate the
promise of an approach to reasoning about computationally meaning-
ful mathematics by which both proof construction and the results of
formal reasoning are mathematically comprehensible.

1 Introduction

In this paper we describe a step toward a high-level environment for for-
mally proving theorems of constructive mathematics. In particular, we
describe a formalized proof of the fundamental theorem of arithmetic. The
aspects we will emphasize are not restricted in relevance to number the-
ory but instead, we believe, indicate the promise of our approach for other
branches of constructive mathematics. The basis for our work is the Nuprl
proof development system [4], a system which combines a sequent calculus
formulation of a higher-order constructive logic, with a proof system sup-
ported by a proof-editor, a definition facility, and a metalanguage in which
one can write proof-assisting programs. We have constructed a set of such
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programs and used them to prove the well-known theorem that every pos-
itive integer has a unique factorization into a product of powers of primes.
The resulting collection of definitions, theorems and proofs is mathemati-
cally understandable and very readable, and also implicitly defines correct
programs which realize the constructive, or computational, content of the
theorems proven.

We describe here the results of one of the first major experiments with
the Nuprl system. In the process we will discuss some of the features of
the system and refer to aspects of the Nuprl logic, but our main concern is
to show the kind of formal reasoning that Nuprl makes possible. Central
to the discussion in this paper is the structure of reasoning in Nuprl and
the role played in it by proof tactics. The basic unit of inference in Nuprl
is called a refinement; one constructs, via a proof editor, a tree-structured
proof in a top-down style by successively refining a goal to produce subgoals.
The “size” of the refinement steps is under the control of the user; one can
write programs which can be used as new inference rules. If such a program
can provide justification in terms of the primitive inference rules that the
subgoals it generates from a given goal entail the goal, then the name of the
program can appear in the proof as the rule used in the refinement step. It
thus becomes possible to completely suppress much of the meticulous detail
involved in a formal proof, and to construct a collection of programs which
approximate the higher level steps of informal mathematics. Although the
collection of tactics we used is a long way from meeting this goal, it is an
indication of what can be done, and using it we were able to completely
prove from scratch in a reasonable amount of time a substantial theorem
of number theory.

There are many other systems for aiding in the construction of formal
proofs; three such systems, AUTOMATH (3], LCF (8], and the system of
Boyer and Moore [2], have been extensively used. None, however, combine
the features which we believe make Nuprl a promising tool for develop-
ing formalized mathematics, although the project of Coquand and Huet [7]
appears to be heading in a similar direction. One of the most important
distinguishing features is the mechanism for constructing and manipulat-
ing proofs, i.e., the coupling of a high-level programming language serving
as the formal system’s metalanguage with a highly visual proof editor and
definition mechanism. Another is the expressive power of the logic, which
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permits natural representations of concepts from computationally mean-
ingful higher mathematics.

In the next section we give a short overview of some important aspects
of Nuprl. That section describes work done by others at Cornell; the work
described in the subsequent sections was done by the author. Section 3
contains a discussion of how the necessary concepts of number theory were
formalized, and in section 4 we discuss some of the proof tactics employed
and illustrate how they were used in the actual proofs. In the last section we
draw conclusions from the experiment and discuss some future directions
for our work.

2 Nuprl

Nuprl [4] is a proof development system developed at Cornell under the
direction of Joseph Bates and Robert Constable. Its formal basis is similar
to the constructive type theory of Martin-Lof [14] and is intended to be
suited to the formalization of constructive mathematics. Both constructive
logic and objects of constructive mathematics are represented naturally in
the Nuprl theory. The implemented system provides a general definition
facility so that mathematical formulas have a compact display form which
approximates that of mathematics textbooks.

The basic objects of reasoning in the Nuprl theory are types and mem-
bers of types. The rules of Nuprl deal with sequents, i.e., objects of the
form

z,:Hy, z9:Hyy ..., z, : H, >> A

(sequents, in the context of a proof, are also called goals). To assert the
truth of the sequent essentially means to assert that given members z; of the
types H;, a member of the type A can be constructed. An important point
about the Nuprl rules is that they allow one to construct a member in a top-
down fashion. They allow one to refine a goal, obtaining subgoal sequents
such that a construction for the goal can be computed from constructions
for the subgoals.

Space limitations prevent us from giving details concerning the Nuprl
type theory; however, a few general remarks should suffice for the purpose
of this paper. Nuprl has a rich set of type-building operations. In addition
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to such conventional type constructors as cartesian product, there are con-
structors whose purpose is to represent fundamental notions of constructive
logic, via the propositions as types correspondence. This correspondence
gives a direct translation for the usual quantifiers and propositional con-
nectives of logic. The basic idea behind this correspondence is that we can
associate a type with each formula such that the formula is (constructively)
true if and only if the type associated with it has a member. To prove a
statement P of constructive mathematics, then, one first translates it into
the Nuprl type theory, obtaining a type T', and then attempts to prove >>
T by applying refinement rules until no more unproved subgoals exist. The
system then can compute, or eztract, a term ¢ which is a member of the
type T and which embodies the computational content of the theorem P.
For example, if we prove in this way the formula

Vz:int Jy:int where z+y=0

the term extracted from the proof will be a function which takes an inte-
ger z and produces an integer y such that z + y = 0. The existence of
such a function is the meaning of constructive truth for the formula. An
important point about this translation is that it is largely transparent to
the Nuprl user; we will return to this point later. We have phrased the
preceding discussion in terms of constructive mathematics. However, one
can also view Nuprl as a system for program synthesis in the spirit of [13];
one proves theorems which are program specifications, and from the proofs
the system can extract proven correct programs. Applications of the Nuprl
methodology to program synthesis are discussed in [4]. The Nuprl sys-
tem also provides a mechanism for evaluating the programs extracted from
proofs.

Proofs in Nuprl are trees where each node has associated with it a
sequent and a refinement rule. The children of a node are the subgoals
which result from the application of the refinement rule of the node to
the sequent. The refinement rule is either a primitive inference rule, or a
program written in ML [8]. Such a program is called a refinement tactic
(being similar to an LCF tactic [8]), and when given a sequent as input
it applies primitive inference rules and other tactics to build a proof tree
with the sequent as the root. This resulting proof tree is hidden except for
its unproved leaves; these become the children of the input sequent, and
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the name of the tactic becomes its associated rule. Tactics, then, act as
derived inference rules: the Nuprl display of a node of a proof tree can
show as an individual step a tactic invocation; such a higher level step is
correct because of the way the type structure of ML is used. For more
on the Nuprl tactic mechanism, see [6]. There is one substantial decision
procedure which is not a tactic, i.e., which is part of the Nuprl system and
is invoked as a primitive inference rule. This procedure is called arith, and
it proves subgoals which follow by certain simple kinds of reasoning about
the primitive relations (equality and less-than) over the integers.

The basic component of a Nuprl session is the library, which contains
a linearly ordered collection of definitions and theorems. Proofs are stored
with the theorems. One interacts with Nuprl by creating, deleting, and
manipulating objects using special purpose editors.

Some of the details regarding the components of Nuprl just discussed
will be given as necessary in what follows. For a complete account of the
system, we refer the reader to [4]. For more on using Nuprl to develop for-
mal mathematics, see the forthcoming report of Kreitz [12] on constructive
automata theory.

3 Representation

In this section we discuss how we represent some basic concepts of ele-
mentary number theory, and then we present the statements of the main
theorems and of some of the important lemmas. An important point to
note here is the conciseness and readability of the Nuprl mathematical def-
initions and statements we have written. In what follows, when we exhibit
Nuprl objects what is presented is in exactly the same form (except for
small differences in white space) as would appear on the screen during a
Nuprl session.

The complete self-contained library constructed for the fundamental
theorem of arithmetic contains 59 definitions. Of these, 36 are for generic
objects, such as the logical connectives, which would be of use in any math-
ematical theory built in Nuprl. There are 15 general definitions dealing
with basic list and integer relations and types, and only 8 which are in any
way particular to the development of this theorem.
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