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Abstract. We present a semantically correct embedding of a subset
of the OCAML programming language into the type theory of NUPRL.
The subset is that needed to build the ENSEMBLE group communica-
tion system. We describe the essential methodologies for representing
language constructs by type-theoretical expressions. Tactics represent-
ing derived inference rules and a programming logic for these constructs
will be discussed as well as algorithms for translating an OCAML-program
into NUPRL-objects and vice versa.

The formal representations and the translation algorithms will serve as
the foundation for the development of automated reasoning tools for the
verification and optimization of a group communication systems.
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Abstract. We present a semantically correct embedding of a subset
of the OcAML programming language into the type theory of NUPRL.
The subset is that needed to build the ENSEMBLE group communica-
tion system. We describe the essential methodologies for representing
language constructs by type-theoretical expressions. Tactics represent-
ing derived inference rules and a programming logic for these constructs
will be discussed as well as algorithms for translating an OcAML-program
into NUPRL-objects and vice versa.

The formal representations and the translation algorithms will serve as
the foundation for the development of automated reasoning tools for the
verification and optimization of a group communication systems.

1 Introduction

Group communication via computer networks has become increasingly impor-
tant over the past years. Applications can be identified in a wide range of busi-
nesses as well as in military intelligence analysis, command and control (see [3]
for a general treatment). Because of the variety of applications group communi-
cation systems not only have to be efficient and secure but also flexible enough
to be adaptable to any specific task.

ENSEMBLE is a group communication toolkit which has been implemented
by Mark Hayden [9] in the Objective Caml programming language [15] in order
to provide a concise and clear ‘reference’ implementation of flexible and secure
communication systems. It is based on the system HORUS [18] which is a redesign
of the widely used Isis system [4]. ENSEMBLE, like its predecessor HORUS, has
a layered architecture. It is broken up into 40 small functions, called protocol
layers, which are linked by simple input/output channels and can be combined
almost arbitrarily (see figure 1). Although layering of protocols typically leads
to serious performance problems, the efficiency of layered group communication
systems can be improved even beyond the one of monolithic systems by analyzing
common sequences of operation and reconfiguring the system accordingly [10].

Hayden chose OCAML as implementation language of ENSEMBLE not only for
the purpose of clarity and flexibility but also to enable formal reasoning about
the system’s properties and symbolic processing of its components. Automated
reasoning tools can check the protocols for errors and thus cause the system
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Fig. 1. Protocol layers ensure or check individual properties of a group communication
(such as membership, leader election, stability of messages received, ete.) by adding or
analyzing message headers. Individual layers are executed as I/0 automata, with pairs
of event queunes connecting adjacent layers. (adapted from [9])

to become more reliable. Formal proofs of system properties can be used as
documentation thereby making the system’s behavior more predictable. Finally,
fast-track reconfiguration (i.e. symbolic optimization), which is error-prone if
performed by hand, is an area which can be particularly well supported by
reasoning techniques in order to be made secure and efficient.

The NUPRL proof development system [6] provides a platform well suited
for developing construction methodologies for improving distributed system se-
curity. Its underlying formal calculus (Type Theory) already includes formaliza-
tions of the fundamental concepts of mathematics, data types, and programming
and is similar in most details to the ML programming language: NuPRI’s term
language is essentially a core ML.. The system itself supports interactive and
semi-automatic formal reasoning, evaluation of programs, language extensions
by user-defined concepts, and an extendible library of verified knowledge from
various domains. It has been used for large verifications of a logic synthesis tool
[1] and the SCI cache coherency protocol [12].

In order to tailor NUPRL as a reasoning tool for verifying and reconfiguring
communication systems we have to solve several subtasks (see figure 2).

— First we have to embed the programming language OCAML into the type
theory of NUPRL and thus provide a formal semantics for OCAML. The
embedding has to be targeted towards the intended application and omit
features such as a complete treatment of imperative behavior which are not
used in ENSEMBLE and cause unnecessary complicationsin a type-theoretical
formalization. By this we avoid having to deal with problems which are
mainly of theoretical interest.

— Second we have to provide techniques for reasoning about OCAML-programs
within NUPRL. This means implementing derived inference rules for each
OcAaMmL-construct as programmed applications of type-theoretical inferences.
These rules will be the foundation of all other kinds of reasoning.
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Fig. 2. Verifying and Reconfiguring Communication Systems in NUPRL

— Third we have to provide tools for automatically converting OCAML-pro-
grams into type-theoretical expressions and vice versa.

— Fourth we have to build automated reasoning tools for program optimization
programs such as simplification, conditional rewriting, etc.

— Finally we have to develop methods for formally specifying the properties of
ENSEMBLE layers and for automated reasoning about them.

Since the resulting reasoning system shall eventually be handled by system ex-
perts who are not necessarily logicians, comprehensibility will be a major design
issue. Formal proofs have to be readable if they shall serve as system documen-
tation and serve to support interactively guided verification and reconfiguration.
NUPRL expressions simulating OCAML-programs should look like OCAML-code
and make the underlying type theory nearly invisible. Applying inference rules
should always result in OCAML-expressions and never reveal type-theoretical pe-
culiarities. Therefore general techniques already present in the NUPRL system
cannot always be used but have to be replaced by reasoning methods tailored
towards the particular application.

In this paper we give a broad overview of our solutions for the first three tasks
which are the foundation for all research on automated techniques. In section
2 we shall present a brief summary of NUPRL and discuss differences between
OcAML and type theory which have relevance in ENSEMBLE’s implementation.
Section 3 discusses the embedding of OCAML into the type theory of NUPRL.
Section 4 describes the inference system for the embedded language. Section 5
describes the conversion algorithms. We conclude with a few remarks on related
work and future research.



2 Preliminaries

2.1 The NUPRL Proof Development System

We shall briefly summarize the essentials of NUPRL’s type theory and system
features which are important for automating the translation between OCAML
and type theory. For a complete account we refer to [6, 13, 14, 5.

NuPRL’s type theory is based on Martin-Lof’s inductive semantics; it is re-
lated to his intuitionistic type theory [16, 17] but has been reformulated and
extended to support programming concepts as well as proof development on
a computer. It provides formalizations of a constructive higher order logic, an
elementary programming language, and fundamental data types and has been
shown correct with respect to a formalization of Martin-Lo6f’s semantics [2].

The basic objects of reasoning are types and members of types. Types are
built from the atomic types Z, Atom, Void and type constructors such as the
function space S—T, a dependent function space z:S—T[z| (the type T[x] de-
pends on the input value x of a function), (dependent) product types x:SxT[x]
and SxT, disjoint union S+7, lists 7' 1list, subtypes {z:S|T[z]}, quotient
types x,y:S//E[z,y], recursive data types rec(z.T[z]), (extensional) equality
between members of a type s=t €T, and an ordering on integers s<t. The latter
two are propositions which are formally treated as types.! A cumulative hierar-
chy of universes U{3}, representing the notion of typehood, enables higher order
reasoning in a simple and natural way.

Associated with each type are forms for constructing canonical members. A \-
abstraction Az .t[z] is a canonical member of the function space S—T, provided
t[z] is a member of 7" whenever z is a member of S. A pair <s,t> is a member
of ST whenever s is a member of S and ¢ one of 7. Injections inl(s), inr(¢)
construct the values in S+7, the empty list [] and prepending elements to lists
t::1 construct members of 7" list, etc. The only canonical member of s=t in
T and s<t is the term Ax, provided the corresponding propositions are true.
Otherwise these types are empty as is the type Void.

Non-canonical forms are provided for making use of members. Examples are
application ¢(s) for functions, uniform projection let <z,y>=e in t[z,y| for
pairs, an extended conditional case e of inl(z)=>I[[z] | inr(y) =>r[y| for
elements of a union type, induction forms for integers and lists, etc.

These forms give rise to a system for computing the value of each term as in
the A-calculus. Certain combinations of non-canonical and canonical forms are
designated as reducible to a contractum: Az .t[z]) (s) reduces to t[s/z] (free oc-
currences of z in ¢[z] are replaced by s); let <z,y> = <a,b> in t[z,y] reduces
to tla,b/z,y]; case inl(s) of inl(z) => I[z] | inr(y) => r[y] reduces to
[[s/z]; induction forms reduce either to the base case or a recursive call; etc.

! Viewing propositions as types inhabited by proofs also allows to simulate logical
connectives by type constructors. P AQ can be expressed by PxQ: a pair of proofs
for both P and @ is a proof of PAQ. P= @ can be simulated by P—Q, PvQ by
P+Q, =P by P—Void, Vz:T.P[z] by 2:T—P[z], and Jz:T. P[z] by z:Tx P[z].



Thus besides being a higher order logic type theory is a simple programming
language consisting of about 70 predefined fundamental expressions.

Conservative extensions of this language by user-defined concepts are sup-
ported by NUPRL*s definition mechanism which for presentation purposes has
been divided into abstractions and display forms. An abstraction has the form

operator-id{parameters } (bound-subterms) = type-theoretical expression

This introduces a new term with name operator-id and placeholders for certain
parameters and subterms (in which certain variables may be bound) and defines
it to be equal to the given type theoretical expression on the right hand side. The
abstraction describes the internal representation of a newly introduced concept
and all formal reasoning will be based on this representation.

Despite the very rigid internal syntax, the appearance of abstract type-
theoretical terms on a computer screen can easily be modified via display forms
into whatever seems appropriate. Since NUPRL uses a structure editor and a
hypertext-mechanism for managing terms (instead of a parser) it is even possi-
ble to suppress certain information from the display and to handle it as implicit
assumptions only (e.g. ¢=j instead of ¢=j € Z) — as it is often done in mathemat-
ical textbooks. An iteration of some term may receive a different appearance
(e.g. Az,y.t[z,y] instead of Az.Ay.t[z,y]), and it is possible to define rules for
formatting and parenthesizing. This makes the presentation of formal expres-
sions almost as flexible as the textbook notation.?

Formal reasoning in type theory is based on the notion of sequents. These
are objects of the form z;:71,... ,2,:7, = C which should be read as “Under
the hypotheses that the z; are variables of type 7; a member of the conclusion
C can be constructed”. In NUPRL a proof for such a sequent is developed in a
top-down fashion. Proof rules refine a goal sequent, obtaining subgoal sequents
whose proofs would suffice to validate the original goal. Refinement rules are
given by schemata with placeholders for lists of hypotheses and conclusions.

AF C  BY rule-name & optional parameters
A Gy

A, F Cyp
expresses the fact that A + C'is provable if all the subgoals A; + C; are. A set
of refinement rules describing how to build members, make use of them, compute
them, or deal with well-formedness exists for each type construct.?

The development of formal proofs in NUPRL is supported by a highly vi-
sual proof-editor which operates on proof trees. After entering the initial goal, a

2 We shall always use the display form instead of the internal representation unless it is
necessary to present information which is suppressed from the display. Placeholders
in formal expressions will be emphasized while typewriter-font is used elsewhere.

3 Note that sequents implicitly describe an algorithm constructing a member C' and
that the rules are designed to construct this algorithm as well. NUPRL has built-in
mechanisms for extracting and evaluating this algorithm.
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Fig. 3. Structure of the NUPRL System

user subsequently types in rule names (and possibly some arguments) while the
system generates the corresponding subgoals. Proofs can also be constructed by
tactics, i.e. by meta-level programs* which guide the application of refinement
rules. Tactics are necessary for structuring a formal proof by automatically fill-
ing in details and hiding uninteresting proof parts. They can be used as proof
search strategies or for simulating the inference rules of user-defined concepts.
High-level applications are usually based on tactics instead of primitive rules.

Primitive rules, abstractions, display forms, theorems (including proofs),
meta-level programs, and comments are stored as objects of the system’s library
which can be viewed as computerized mathematical textbook. This library al-
ready contains many standard extensions of type theory including theories about
(natural, rational, and real) numbers, booleans, lists, segments, and functions
which are valuable for all further developments.

2.2 Relating OcaML and Type Theory

Objective Caml [15] is a member of the ML language family which descends
from the meta-language of the Edinburgh LCF system [8]. It is a strongly typed,
(almost) functional language which has recently been extended by a module

* The meta-language used for this purpose is the original programming language ML,
defined in [8, 13|, which is the ancestor of all ML-dialects including OcAML.



system. At its core it is very similar to the language of type theory but has
a different syntax and contains many more features which make it a real pro-
gramming language. It is supported by standard tools like a parser, compiler,
debugger etc.

In this section we shall discuss features of OcAML which do not already oc-
cur in type theory and investigate to what extent they need to be embedded
into NUPRL. This obviously depends on how they are used within the imple-
mentation the ENSEMBLE. In order to illustrate the typical differences between
OcaML and type theory we use an excerpt from ENSEMBLE's stability protocol
layer presented in figure 4.

let hdlrs s (1s,vs) {up_out=up; upnm_out=upnm; dn_out=dn;
dnlm_out=dnlm; dnnm_out=dnnm } =

let up_hdlr ev abv hdr =
match getType ev,hdr with
| ECast, NoHdr ->

let origin = (getOrigin ev) in
array_incr s.ncasts origin ;

if s.explicitack

then up (set name ev [Ack (RankSeqno(origin,s.ncasts.(origin)))])
abv
else (s.my_row.(origin) <- s.ncasts.(origin) ;
up ev abv

)
| ECast, Unrel -> up ev abv
| _, NoHdr -> up ev abv
| -, _ -> failwith "bad up event"

in {up_in=up_hdlr; uplm_in=uplm_hdlr; upnm_in=upnm hdlr;
dn_in=dn_hdlr; dnnm_in=dnnm_hdlr }

Fig. 4. ENseMBLE Code from the Stability Layer

— Data type constructors such as arrays, records, variant records, queues,
etc. and the corresponding expressions are predefined in OCAML but are not
in type theory. s.ncasts.(origin), for instance, selects the element with
index origin from an array which is the component ncasts of the record s.

Most of these data types have several type-theoretical equivalents, and we
have to investigate which of them captures their semantics in a natural way
and supports a simple representation of the corresponding expressions.

— OcaAML has a more flexible syntax than type-theory. For instance, the
expression {up_in=up hdlr; uplm_in=uplm hdlr; ...} at the bottom of
figure 4 denotes a record where the field up_in has the value up_hdlr, the
component uplm in has the value uplm hdlr etc. A record expression can
have an arbitrary number of arguments and implicitly makes a comparison
between field names.



In contrast to that, each type-theoretical term must have a fixed number of
subterms. Implicit parameters are not allowed. Nevertheless, we can establish
an equivalence between variable-sized OCAML-expressions and iterated ap-
plications of more elementary type-theoretical abstractions and use display
forms to suppress information which should be kept implicit.

As a consequence the type-theoretical representation of OCAML is not based
on an equivalence between an OCAML-construct and a single abstraction but
on a formal equivalence between OCAML-constructs and meta-level methods
for applying several NUPRL-abstractions whose combination has the same
semantics and display as the the original OcAML-construct. We will refer to
these meta-level methods as term-generators.

OcaML supports pattern matching for assigning values to variables in
certain target expressions. In figure 4 this feature is used explicitly in the
case expression match getType ev,hdr with... and implicitly in the head
of the function hdlrs where the argument (1s,vs) matches against input
pairs and {up_out=up;..;dnnm out=dnnm} matches against input records.

Patterns, although similar to conventional expressions, have no meaning by
themselves but only provide a method for binding variables in a target ex-
pression and for computing values to be assigned to these variables via a
structural analysis of an expression against which they will be matched.

In the formal embedding we must therefore distinguish between patterns
and expressions and provide a representation of the evaluation mechanism
for pattern matching in terms of type-theoretical abstractions. Technically
this turns out to be the most demanding aspect of the language embedding.
It requires excessive use of display forms for suppressing implicit information
(see section 3.3) although semantically the solution can be made very clean.

OcAML supports imperative features such as assigning values to a field of
some record as in s.my_row.(origin) <- s.ncasts.(origin). Programs
would become extremely inefficient if a copy of a record would have to be
produced whenever a field is modified. Consequently compound statements
(separated by a semicolon) and loops are also supported.

Type theory does not allow imperative behavior. This is no principal prob-
lem since the we only want to reason about OCAML-programs. A formal
representation based on a copy semantics will be sufficient. Nevertheless, a
complete formalization of imperative behavior would require a general model
for managing the contents of reference variables.

Fortunately ENSEMBLE-programs do not require such a general model. Only
the state of a protocol layer, a record identified by the name s, is modified
imperatively. There are no other variables to which values will be assigned.
This gives room for a much simpler solution (see section 3.5).

OcAML supports raising and capturing exceptions, a concept whose formal
representation would be extremely difficult. ENSEMBLE uses these features
in a very restricted way. Exceptions are raised only if illegal events occur.
In this case the function failwith sends a specific failure message to the



outside (i.e. to some outer program not be involved in the reasoning process).
Failures caused by matching are usually caught by the final case of the
case expression. A failure while matching against the head of a function is
not intended and would indicate a serious programming error. Thus it is
not necessary to reason about the consequences of failure. Instead both the
verification and the fast-track-reconfiguration shall prove that these cases
cannot occur.

— Another observation is that ENSEMBLE does not make use of while-loops or
unrestricted recursion. Although both concepts can easily be represented us-
ing the Y-combinator, they usually make formal reasoning about programs
rather complicated. For the sake of completeness we have provided repre-
sentations for these concepts but they will not be used and it will not be
necessary to invent automated reasoning strategies for dealing with them.

— The module system of OCAML does not introduce a new language con-
struct but a means for structuring the code. This allows, for instance, using
the same name for different functions in different modules and supports a
clear and uniform presentation of the protocol layers of ENSEMBLE.

Modules play only an indirect role in the embedding. They have to be
mapped onto the flat name space of NUPRL’s library and different func-
tions must become different library objects even if their display form (i.e. the
name) is the same. Name space management (see section 5.2) is mainly an
issue of the translation algorithm and not of the formal representation itself.

All the above considerations have to be taken into account in our formal rep-
resentation of the subset of OcAML which is relevant for reasoning about the
ENSEMBLE system. Technically, establishing the equivalence between OCAML
and type theory means extending the library of the NUPRL system by abstrac-
tions, display forms, and meta-level programs for term generators such that the
NUPRL-expression created by a term generator has the identical semantics and
appearance as the OCAML-construct it shall represent. This requires working on
both the object-level and the meta-level of NUPRL simultaneously.

— On the object-level we have to provide proper abstractions representing the
meaning of (parts of) OCAML-constructs, appropriate display forms, and
(proven) theorems describing the type of the newly introduced terms. The
latter will be essential when we have to reason about these terms. All these
abstractions, display forms, and theorems are collected as a part of the li-
brary designated as the theory Ocaml (see appendix B).

— On the meta-level we have to provide term-generators which build NUPRL-
expressions representing a specific OCAML-construct from the above abstrac-
tions as well as operators for analyzing the NUPR L-expressions. These meta-
level programs refer to a single abstraction if there is a one-to-one correspon-
dence between an OCAML-construct and an abstraction. Otherwise several
abstractions have to be involved to build the NUPR L-expression.

For technical convenience these meta-level programs are kept in two separate
files (Ocaml-internal.ml, Ocaml.ml) that will be loaded by NUPRL.



— To prepare the automatic conversion of specific OCAML-code we also have to
provide meta-level programs that can generate new abstractions and display
forms. These object-generators are necessary for building representations of
user-defined OCAML-programs automatically, which is the key for reasoning
about these programs. This also involves issues like name space management
and keeping information about what is known and what should not be known
while generating the representation of a module.

Object-generators are kept in the file Ocaml-parse.ml.

— Representing of user-defined OCAML-programs also requires providing ver-
ified theorems describing their type which is necessary in future reasoning
steps. Thus a system for typing basic and user-defined OCAML-constructs
needs to be set up (see section 4.1 and 4.2). This means writing tactics which
represent derived inference rules for reasoning about OCAML-expressions.

Tactics are kept in two files, one for the type system (Ocaml-rules.ml) and
the other for the computation system (Ocaml-compute-rules.ml).

A third level will come in when we will actually translate OCAML-code into
NuPRL-objects and vice versa. Since OCAML-programs are just files contain-
ing some program text we must first parse this text and then hand the the
information gained during the process over to NUPRL. This means combining
the OcAML-parser with the meta-level of NUPRL and requires working on the
meta-level of OCAML as well.

3 Embedding OcAaML-Constructs into NUPRL

In this section we shall discuss the formal representation of the programming
language OCAML in type theory. We shall first summarize the type-theoretic
equivalences of the most frequently used OCAML-types and expressions® , their
formal definitions, and the corresponding term-generators. Afterwards we shall
describe the key techniques which were necessary to establish this equivalence
between OCAML and type theory.

3.1 Representing Types and Expressions

Each formalization of a language construct from OCAML involves providing one
or several abstractions, display forms, a term generator, and meta-level programs
for analyzing the generated term. Term generators® will usually be prefixed with
amk_ as in mk_int, mk number, mk_add, etc. Functions prefixed with dst_ usu-
ally invert the corresponding term generator and yield subterms and possibly

5 Unfortunately notions like type, term, expression, etc occur both in OcAML and type
theory. We will try to minimize confusion by prefixing them from time to time.

® It is generally advisable to use term constructors instead of instantiating abstractions
within NUPRL‘s term editor, particularly if there is a nontrivial correspondence
between an OcaML-construct and a rather complex type-theoretical expression.

10



additional information. Functions prefixed with is_ check whether a given term
represents a specific OCAML-construct.

Since OCAML is conceptually close to type theory there are many constructs
which can be embedded straightforwardly. In many cases only the syntactical
presentation needed to be changed. We shall summarize them by types, begin-
ning with atomic OCAML-types.

— The data type unit contains a single element, denoted by (), and is already
contained in the standard library of NUPRL. A matcher (see section 3.3)
had to provided for the pattern () which is used in function declarations
and matches arbitrary expressions.

— The data type bool with elements true and false needed only a few syn-
tactical adjustments. The conditional now reads if e then a else b, con-
junction and disjunction are p & ¢ and p or ¢. Negation is a function
not: bool -> bool instead of a boolean operator containing a subterm.
Matchers had to be defined for the constant patterns true and false.

— Integers (int) come with a rich variety of predefined expressions. Natural
and negative numbers0, 1, -1, 2, -2, ... can be converted into number
terms using the generator mk_num, standard operationsare+, -, *, /, mod
and the tests =, <, >, <>, <=, >= which yield boolean values as results.
Each number also corresponds to a constant pattern.

— Floating point numbers (float) are embedded only in a very limited
way. They are only necessary for dealing with time. They are represented as
pairs consisting of an integer and a list of digits and can be generated from
a token like ‘-24.55° using the generator mk_FloatNum.

— Characters (char) and strings (string) are necessary for composing mes-
sages in ENSEMBLE-programs. Characters are represented by token-terms,
i.e. members of the predefined type Atom. Strings are list of characters. A
string term "string" can be generated using the function mk_StringExpr
which is based on several NUPRL-abstractions since the size of strings is
not fixed (see section 3.2 for methodology). String concatenation strq “ stry
and character selection str. [i] are expressed by predefined list-functions.

Other functions from the OCAML-module String have been embedded auto-
matically using the translation algorithm described in section 5.

With the exception of product and function types, OCAML‘s type constructors
such as lists, arrays, queues, and user-defined type constructors are functions
from (products of) types to types whose application is written in a postfix-
notation (7'y *..* T,) Constr. We have introduced a separate abstraction for
type constructor application in order to distinguish it from the usual function
application. We also introduced formal representations of the class of all types
(TYPES) and the classes of all n-ary type constructors. These two concepts
do not belong to the Objective Caml programming language but are essential
for reasoning about OCAML types. They can be defined via the universe U;.

— Products T; *..* T, can be variable-sized and contain tuplesai, .., an
as elements. Both can be generated iteratively from NUPRL‘s product types

11



and pairs using a display forms without parentheses. For convenience we
have added term generators mk_PROD and mk_Tuple which generate multiple
products and tuples in a single step. Tuples also correspond to patterns
which are discussed explicitly in section 3.3.

Function spaces 77 ->..-> T, can be variable-sized as well as function
application f e; ..e,. Both are simple iterations of predefined NUPRL-
terms and can be generated conveniently via mk_FUN and mk_Apply.

OcaML has two constructs for defining functions, both involving pattern
matching. function p;->t; |..| p,—>t, expects a single input expression
which is subsequently matched against the p;. If matching is successful for
some p; then the free variables in ¢; will be instantiated accordingly and ¢;
will be evaluated. To create this term one has to apply mk_function to a list
of term pairs p;, ¢;. mk_function will automatically convert each p; into the
corresponding pattern p;. This allows generating function definitions without
having to understand the peculiarities of pattern matchers. The other con-
struct, fun p; ..p, -> ¢, is a shorthand notation for function definitions
with only one case. It accepts an arbitrary number of input values and is
created by applying mk_fundef to a list of pattern terms p; and a term t.

Strongly related is the concept of local definitions. 1et p = e in ¢ matches
the expression e against the pattern p and binds variables in ¢ accordingly.
let f p1..pn =t in t' describes a local binding of a function variable.
let rec f p1..pn = t in t' even allows a recursive binding of f in ¢. The
first two expressions are created using mk_let, the last via mk_letrec.

Function definition is also related to the case expression, the fundamental
matching construct. match e with p1->t; |..| p,—>t, matches the ex-
pression e against the p; and instantiates the first term ¢; where matching
was successful. It is created using mk_MatchWith which, in addition to a list
of term pairs for the p; and ¢;, expects the term e as input.

Further details of the the above constructs are discussed in section 3.4.

The list type constructor list is a 1-ary type constructorin the above sense
which requires a slight modification of NUPRL*s list constructor. Constant
list expressions [e;;..e,] are variable-sized and have to be generated via
mk_ListExpr. The cons-operation ¢::! and list concatenation l; @ [y are
already predefined. Functions such as computing the length of a list or
selecting its nth element are already contained in the NUPRL-library and
had only to be converted from operations into functions. List expressions
and the cons-operation also correspond to patterns.

The array type constructor array can be represented in several ways. One
option is to use lists which would make the two essential operations, storing
values at certain positions (a.(¢) <- ezpr) and retrieving values from ar-
rays (a. (7)) rather unnatural. Representing arrays by finite functions from
{0..1g-1} into the type T proved to have several disadvantages when reason-
ing about operations on arrays including an inconsistency with the typings
described in [15, section 15.2]. We finally decided to represent them by pairs
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of natural numbers (the length) and functions from the space int — 7.7

Constant array expressions [|e;;..e,|] are created via mk_ArrayExpr as
usual. a.(z) is represented by function application. a.(:) <- expr is im-
perative and will only be used in the context of states. Its representation
is based on the value substitution a[i < expr] (which does not belong to
OcaAML), the functional counter-piece of an assignment. All other operations
from the module Array such as length, create, create_matrix, to_list,
of 1ist, etc. are represented as functions.

The above type constructors have a comparably simple structure and involve
only a fixed number of data types. Records and variant records are much more
complex. They combine arbitrarily many types and address them by labels.

— A record is a collection of values v1,..,v,, addressed by field labels 1,..,l,,.
Each value can have its own type and a record type {l1:T1;...;ln:Tyn} is
the type of all records {l1=v1; . .;l,=v,} whose values v; are of type T;.

Since records are similar to tuples one might select the product Ty *. .*T,
as a representation of {l;:71;..;l,:T,} and provide a selector function
for each label /; in order to address a component. But this representation
has several drawbacks. When translating OcAML-programs into NUPRL we
would have to create a series of selector and assignment functions for each
type declaration which would create a significant overhead and be quite un-
natural. Furthermore, the nested projections in the selector functions would
make formal reasoning about records unnecessary complicated.

In mathematics, indexed product types (II-types IT, e T,) are a natural
counter part to records since they select a particular type through an index.
II-types are identical with NUPRL‘s dependent function types which hence
are the best choice for representing records. A record {l1=v1; .. ;l,=v,} can
be expressed by a function r on fields which on input /; yields the value v;.
The type of this function is 1:FIELDS — T(1) where T is a higher-order
function which on input /; yields the type 7;. We chose Atom, the type of
token terms, as representation of FIELDS.

To create record expressions mk_RecordExpr step-wisely builds a case ex-
pression from the function table where the unit value () is used as default.
The record type {l1:T1;..;ln:T,} can be created similarly using unit as
default type. Addressing a record component r. f can be realized by applying
the function r to the field f. The imperative assignment r. f <- ezpr will
only be used in the context of states. As in the case of arrays we introduce
value substitution r[f < ezpr] for representing it.

Record expressions are also used as patterns. They match against records
which have at least the mentioned fields and match with each sub-pattern.

" The concrete representation of a data type and its operations is not really important
as long as it can be proven to have certain desired properties. These properties, the
interface of the data type, are essential for reasoning purposes while the ‘implemen-
tation’ only guarantees the existence of a faithful representation of the interface.
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— Variant records are elements from a collection of operators c;(e;) called
constructors which are identified by their name ¢; and may have arguments
e; from a type T;. This collection is described by a variant record type
ci of Ty |..| ¢, of T,. We write ¢; instead of ¢; of T; if there are no
arguments. Variant records are often used to mark alternatives and construc-
tors frequently occur as patterns of a case expression.

Intuitively one might select disjoint unions 7'11. .17, for a representation
but this leads to the same drawbacks as representing record types by prod-
ucts. Instead, indexed union types (Z‘—types Yaee ITm) which are the same as
NUPRL‘s dependent product types are the most reasonable choice. A con-
structor c;(e;) is represented by the pair <c¢;,e;>. The variant record type
ci of T1 |..| ¢, of T, is constructed similarly to the record type (via
mk_VariantType) but we use unit for constructors without arguments and
Void as default type for unmentioned labels.

OcaML-declarations of user defined types and functions introduce a name for
a newly defined object and bind it to a certain expression. In NUPRL this is
done by adding the corresponding abstractions and display forms to the library.
Since the outer appearance of these formal definitions differs from the style used
in OcAML we have introduced a few notations for declarations.

The declarations type 7 = e and type (ai,..,an) T = e are used to
define types and type constructors. They are represented by e and Aa1, . . ,a, -€.
The name 7" has no meaning but will be identical to the name of the NUPRL-
object containing the declaration. Similarly let x = e is represented by e and
let f p1..pn = € by fun p;..p, -> e, adding z and f as syntactical sugar.

Our embedding currently consists of about 500 library objects for abstrac-
tions, display forms, and theorems containing typing information and 1500 lines
of meta-level code for programming the term-generators. A detailed description
of the library can be found in appendix B.

3.2 Dealing with Variable-sized Expressions

While many OCAML-constructs can be described by a single abstraction and a
simple display form which arranges the available information in a convenient
form, most variable sized expressions require a combination of several abstrac-
tions whose display forms suppress implicit information in order to make a
NUPRL expression look like the OCAML-construct it represents. In some cases,
variable sized expressions just need a simple iteration of one basic definition.
Tuples a1, . . ,a, can be generated by composing pairs a,b without any modifi-
cations. List expressions [e;1;..;e,] can be generated from the cons-operation
t::l using the iteration feature in display forms which replaces : : by ; and puts
square brackets around the whole expression if [ is the empty list [].

In many other cases, however, variable-sized expressions require an itera-
tion over several expressions, display forms for iteration, and some additional
internal information which is handled only internally. A typical example is the
construction of a record {l1=v1; .. ;l,=v,}.
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Ezample 1. As discussed above, a record expression {l1=vy;..;l,=v,} is rep-
resented by a function which takes labels (i.e. token terms) as arguments and
returns the value v; if the input is ;. The canonical representation of such a
function is a type-theoretical expression of the kind

Al. if 1=l; then wv; else
if 1=, then vy else

if 1=/, then v, else O

The unit value () is given as default value since we have to provide some value
for labels other than [y, ..,l,. Thus the representation consists of three parts:
the A-abstraction, one call of the conditional for each label, and the default
case. Only the labels /; and the values v; are to appear when displaying the
record expression. This means that the running variable 1 and several other
informations must be supressed from the display.

— The default case must not be displayed on the screen at all.

— if 1=[; then v; else ... must be presented as [;=v;. A semicolon needs
to be added if the expression after the else is another conditional.

— The outermost A-abstraction A1. if ... must hide the ‘A1.’ and display
only the remaining term ‘{if ...}’ in brackets.

All three forms are special for building records and thus require separate
abstractions and display forms. It should be noted that the variable 1 which is
bound by the A-abstraction has to occur as subterm in all conditionals but this
information has to be kept implicit. One might select a fixed variable name in
the abstraction-objects of the conditional and the outermost A-abstraction in
order to achieve that. However, it seems to be better to have the term generator
select an appropriate variable name and pass it on to the A-abstraction and all
conditionals which are necessary for building the record. These considerations
have led to the following abstractions (*A) and display forms (*D).

*A RecordExpr_Null: RecordExpr_Null{}() = 0O
*D RecordExpr_Null df: = RecordExpr_Null{}()
*A RecordExpr_Step: RecordExpr_Step{}(l; lab; v; next)

if [=lab then v else next
*D RecordExpr_Step._df:
lab = vnext
#Hd a :: lab = v;#
#T1 a :: lab = vnext

RecordExpr_Step{}(l; lab; v; next)

RecordExpr_Step{}(l; lab; v; #)

RecordExpr_Step{}(l; lab; v; next)
#T1 a :: lab = v;# RecordExpr_Step{}(l; lab; v; #)

*A RecordExpr: RecordExpr{}(l.next[l]) = A .nextll]

*D RecordExpr_df: {next} = RecordExpr{}(l.next[l])

o~

In the display form for RecordExpr_Step we make use of iteration. The first form
shows how a single occurrence of the conditional is to be presented. The second
is the head of an iteration where # is a placeholder for another abstraction of the
same kind. The third is a terminating tail form and the last is a tail form in which
the iteration will be continued. Note that the placeholder [ occurs only on the
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right hand side but is suppressed from the display. In the abstraction RecordExpr
the subterm [.next[l] on the left hand side means that free occurrences of / in
next will be bound in this abstraction.

The algorithm for the term generator is now easy to define. Given a list of
fields (tokens) and values (terms) we iteratively instantiate RecordExpr_Step
using the same field variable (as a term) again and again and finally apply
RecordExpr Null. The result will be taken as subterm for RecordExpr which
again uses the same variable. Formally this algorithm is described as follows

let mk RecordExpr field expr_list =
let mk_RecordExpr_Null = mk_simple_term ‘RecordExpr_Null‘ []
and mk _RecordExpr_Step lab v next =
mk_simple_term ‘RecordExpr_Step®
[ FieldVarTerm; mk_field lab; v; next]
in
mk_std_term ‘RecordExpr‘ [ [FieldVar], reduce2 mk_RecordExpr_Step
mk_RecordExpr_Null
field_expr_list

Many variable-sized expressions such as record types, variant records, array
expressions, case expressions, function definitions etc. can be generated using
the same methodology as described in this example. Only the construction of
patterns for local and global definitions requires a much more complex technique
a technique which heavily relies on supressing implicit data.

3.3 Patterns

Pattern matching is a very convenient way of assigning values to certain free
variables in some target expression. The language OCAML provides several con-
structs which perform pattern matching among which the case expression is the
most fundamental one. Evaluating

match ezpr with p1 -> 4

| :
| DPn 4 tn

subsequently tries to match the expression expr against the patterns p; ... pn.
Matching succeeds if the free variables of p; can be instantiated by values such
that the instantiated pattern is identical to ezpr. In this case the (target) ex-
pression t; will be evaluated. The evaluation of #; takes place in an environment
that binds the free variables of p; according to the result of the matching.

The outer appearance of a pattern is identical to that of a conventional
expression except for the fact that only variables, constants, Or-patterns, and
certain canonical expressions such as tuples, list and record expressions, etc. are
allowed. Semantically, a pattern serves an entirely different purpose: it has to
bind free variables in a target expression and to provide structural information
which allows decomposing ezpr in order to determine values for the free variables.
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While running OCAML the distinction between expressions and patterns can
be captured by looking at the language constructs from the outside. This will
eventually lead to different evaluation mechanisms. In a type-theoretical simula-
tion of OCAML, however, we have to represent the semantics of patterns explicitly
on the object level, i.e. by NUPRL-terms which semantically are different from
the corresponding expressions but have the same outer appearance.

Computationally, a pattern can be viewed as a matching function (briefly
matcher) which takes an expression expr and a target ¢, performs a structural
analysis of erpr, and returns an instance of ¢ where the free variables of the
pattern are instantiated according to the result of matching. A pattern z, for in-
stance, contains the free variable z and matches agains any expression. Applying
the matcher to ezpr and ¢ thus results in ¢ [ezpr/x]. This idea will be fundamen-
tal for our treatment of matching. Matchers will be terms which have an input
expression and a target expression as subterms. However, we need to address a
few problems which cause the technicalities to become somewhat complex.

To make a NUPRL-representation look like the original OCAML program
both the input and the target expression must not be displayed. This can be
achieved by appropriate display forms but one should keep in mind that the
display on the screen differs greatly from the data which are handled internally.

Most patterns are not atomic like variable or constant patterns but are con-
structed from other patterns. Thus a matcher can have several other matchers as
(second-order!) subterms and its meaning must be defined with respect to them.
A paired pattern (p;,p2), for instance, consists of two sub-matchers and expects
the input expression expr to be a pair (e;,es). The expression e; together with
the target expression ¢ will be handed down to the matcher p; and es together
with the result of matching® to ps.

The number of free variables to be bound by a pattern can vary greatly and
does not depend only on the outer structure of a pattern. Therefore the free
variables must be bound already in the target expression by some A-abstraction
which also has to be hidden from the display. The order of hidden variable
bindings must fit their occurrence in the pattern. Variable instantiation can
then be represented by function application.

Since all type-theoretical expressions must have a meaning, a failing match
cannot be expressed directly. Instead we must express success and failure by a
boolean value which will be passed to the outside and can then be analyzed by
language constructs that are based on matching.

Taking all these considerations into account a pattern can formally be defined
via a collection of NUPRL-abstractions and display forms. The abstraction will
define the internal structure and the semantics of a matcher while the display
form describes the pattern it represents.

Ezxzample 2. The abstraction for paired patterns introduces a term with the op-
erator identifier Product___Match_Pair and four formal subterms, separated by

8 Since the environment which binds variables of ¢ cannot be handled separately, ¢ has
to be threaded through these two applications.
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z (true, t expr)
(true, t)
let b’,t’ = pilexpr;t] in

if b’ then (true, t’) else pylexpr;t]

pilei;ti] | palea;ta]

O = (true, t)

true = (expr, t)
false = (not expr, t)
n = (expr = n, t)
] = (null(ezxpr), t)

rec-case(ezpr) of
[1 — (false, t)
| e1::e9 — R.let bi1,t1 = P1 [el;t] in
if b; then palex;t1] else (false, 1)
let e1,e2 = expr in
let by,t1 = piler;t] in
if by then pylez;t1] else (false, t1)
(true, t)
let by,t; = pilexpr.l;¢] in
if b; then polexpr;ti] else (false, t1)
let nc(arg) = ezpr in
if nc = constr then p;larg;t] else (false, t)
let nc(nullvar) = expr in (nc = constr, t)

piler;tiliipalen;tal

pilei;ti], pales;tal

{l=p1le1;t1] palez;tal}

constr (p1Le1;t1])

constr

Table 1. Patterns and their Type-Theoretical Representation

a semicolon: the input expression ezxpr, the target expression ¢ and two sub-
matchers p; and ps. The sub-matchers must contain two free variables — for
the input and target expressions which will be passed down — and hence are
second-order variables. The right hand side of the abstraction formalizes the
above intuition of paired matchers while the display form suppresses ezpr, t,
and the variable bindings and causes the matcher to appear as simple pair.

Product___Match_Pair{}(. erpr; ei1,t1.p1 [e1;t1], ea,ts .p2 [ea;ta]; . 1)
= let e1,e2 = expr in
let bi,t1 = pilei;t] in
if b; then polez;ti] else (false, t71)

p1, p2 = Product__Match Pair{}(.expr; ei,t1.p1le1;t1], ex,ta.palea;ta]; .1)

Table 1 shows the formal definitions of all the pattern constructs? used in the
embedding. The display forms are given on the left hand side of the equivalence
symbol (expr and ¢ are always suppressed) and the formal semantics of each
expression is given on the right. Record patterns {l1=p1; .. ;l,=pn}, like record
expressions, are variable-sized and thus require two definitions (c.f. example 1).

® These definitions are not intended for interactive use but for the automatic transla-
tion of OcAaML-code into NUPRL. The second-order variables for sub-matchers and
the requirement to bind the target expression with hidden-lambda bindings make it
rather difficult to enter correct simulations of OcAML-pattern. Should there be a need
to type in a pattern during a derivation one should create it from the corresponding
expression using the term-generator build_Matcher_term.
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3.4 Local and Global Definitions

Based on the embedding of pattern matching we can now explain the mean-
ing and representation of the language constructs that involve matching. These
are the case expression, function definitions, local definition of constants and
(recursive) functions, and global declarations of user-defined constructs.

— A case expression with a single case match e with p -> ¢ is the easiest
version of matching. The pattern p is to be matched against e and the result
will be the corresponding instance of ¢. Since this is exactly the effect of
applying the matcher which represents the pattern p to e and ¢ we only
have to remove the boolean value which expresses success or failure of the
matching and return the computed term.

match e with p -> ¢ = let b,t’ = ple;¢] in ¢’

This definition is based on the convention that ENSEMBLE-programs are not
allowed to fail (which can be checked while reasoning). Matching must be
used in a way that it succeeds eventually. This can be ensured by adding
further cases, the last one involving a universal match.

— The full case expression match e with p; -> ¢ | .. | p, -> t, can
be represented as iterated conditional which matches e against a pattern and
hands it down to the remaining cases if matching has failed. The final case
must succeed. The internal representation of the case expression is thus

let by,t1’ = pile;t1] in if by then t;’ else
let ba,ta’ = pale;te] in if by them ta’ else

let bn,tn) = pn[e;tn] in tn’

and can be created in the same way as record expressions (see example 1).

— The function definition function p; -> ¢; | .. | pp, -> t, is similar
to the case expression. Ae .match e with p; -> ¢1 |..| p, —> t, hasthe
same meaning and is used for representing it.

— fun p; .. p, -> t can be seen as a shorthand notation for

function p; -> function p» -> ... function p, -> ¢

Its representation uses an iteration of A-abstractions combined with the base
case of the case expression. Two additional definitions are necessary for cre-
ating the fun at the beginning and the arrow between the last pattern and
the target expression ¢. A more sophisticated display mechanism would make
this superfluous.

— A local definition let p = e in t binds the variables of p locally in t.
Except for syntactical differences this is the same as match e with p -> ¢.

let f p1..pn =t in t' binds the variable f locally in ¢ to a function
which matches its inputs against the patterns p; and returns an instance of
t. Thisis the sameas let f = fun p; ..p, -> t in ¢’ and will be created
in the same way as the function definition. Only the syntactical appearance
has to be be different.

19



— A local recursive definition, let rec f p;..p, =t in t/, does not only
bind the occurences of f in ¢’ but also recursively in ¢. Semantically, f is the
fixpoint of Af. fun p;..p, -> t. We have to make use of the Y-combinator
to express it. Its type-theoretical representation is

let f = Y (\f. fun p1..p, > t) in ¢
Except for a definition involving the Y-combinator we can proceed as before.

— A global declaration of an individual constant let z = e has to be rep-
resented as a meta-level construct using object generators instead of term
generators. The intended meaning of this construct is to declare a constant
which can be addressed by the name z and whose value is e. In NUPRL this
can only be done by creating an abstraction object with name x which is de-
fined to be equivalent to e. The ‘let z =’ in the definition is just syntactical
sugar which does not have a meaning in the object level of type theory.

A more complex version let p = e would bind several constants at once
through pattern matching thus generating several abstractions. This feature
is not used within ENSEMBLE and we have not implemented it yet.

A global function declaration let f p;..p, =t binds the name f to
the function fun p; .. p, -> ¢t while let rec f p;..p, =t binds it to
Y (Af. fun p; ..p, -> t). Except for syntactical differences this can be
handled as above.

3.5 Imperative Features

Due to the limited use of imperative features in ENSEMBLE, their formal repre-
sentation in type theory can be kept comparably simple. Statements may modify
only the state s of a protocol layer which is a record containing various informa-
tions about incoming, outgoing, and not yet processed events. Thus statements
can be expressed as functions modifying the state, i.e. as elements of the type
STATES -> STATES. As usual, statements are built from assignments and various
programming structures
— The basic assignment consists of a modification of the components of the
state s. s.f <- expr is represented as As.s[f < expr], i.e. as function
returning a state whose component f has been modified (which is easy to
represent because states are dependent functions).

— Sequencing statements stmt; ; stmtys means composing the corresponding
functions, i.e. As. stmis (stmit; s). The conditional if e then a else b
remains unchanged. Loops for i=e; [down|to e do stmt¢ done can be
expressed by induction on integers. The while loop while c¢ do stmi done
is represented by Y (Awhile.if c¢ then stmt; while else id), where id
is the identity function.

Exceptions are an imperative feature which would be rather difficult to represent
in the purely functional setting of type theory. ENSEMBLE raises exceptions only
through the function failwith which sends a failure message to the outside.
Since these messages will not be processed at all, it is sufficient to represent
failwith as a statement with no specific effect.
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4 Derived Inference Rules

Tools for automated reasoning about OCAML-programs will essentially rely on
three basic mechanisms: typechecking, computation, and logical reasoning. While
all three mechanisms are in principle already supported by the NUPRL system
the difficulty lies in making the underlying type theory invisible such that a user
of the reasoning tools will not be burdened by unfamiliar notions. Therefore
we have designed a system of inference rules for typechecking and computat-
ing OcAML-expressions and implemented them as tactics which are based on
the type-theoretical representations given in the previous section. We have also
developed a small set of simple strategies for automatic typechecking and evalu-
ation of OcAML-programs. These tools will be the foundation for implementing
more sophisticated techniques for semi-automatic verification and optimization
of OcAML-programs within NUPRL.

In the following we shall first summarize the type system and the computation
system for the embedded subset of OcAML. We shall then present the techniques
which were necessary to realize the inference rules as tactics of the NUPRL proof
development system and discuss efficiency problems and solutions.

4.1 The Type System

The type of an expression is one of its fundamental properties. In a suffienctly
expressive type system such as type theory every property of a program can be
expressed within its type. A type system describes the inference rules which are
used for proving that an expression belongs to some given type or that a complex
type expression does in fact denote a type or a type constructor. It provides the
basis for reasoning about the properties of OCAML-expressions.

For all OcAML-operators which do not require subterms, i.e. functions and
fixed constants, the type is explicitly given in a wellformedness theorem that has
been proven while creating the formal definition of the operator. These operators
can be handled by the rules PreDefinedObjectMem and PreDefinedTypeMem
which look up the type in the theorem. No subgoals need to be generated. These
rules also provide a convenient way of automatically extending the type system
to arbitrary user-defined types and functions since the translation algorithm will
automatically generate wellformedness theorems for them.

Most other fixed-size operators have explicit wellformedness theorems which
involve universally quantified variables. The corresponding inference rules will
generate subgoals which are left to be proven and should be presented explicitly.
For variable-sized and other complex expressions there is no explicit wellformed-
ness theorem because they are composed out of several abstractions in a way
which cannot be described by a fixed expression within a theorem.

All rulenames consist of a name for the operator or type and a postfix Mem, ex-
pressing that they prove the expression to be a member of some type. To simplify
interaction with the system, all rules about type-expressions are collected under
the name CamlTypehood and all other rules under the name CamlMembership.
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Types and Type Constructors The following rules prove typehood without
creating subgoals. A variable is a type if it is declared to be one; atomic OCAML-
types are in fact types; 1list and array are type constructors, i.e. functions
which map types into types. Other predefined types or type constructors can be
validated if there is a typehood theorem which is identical to the conclusion.

A, T:TYPES + T € TYPES

by VarMem

A F unit € TYPES A F bool e TYPES A F int € TYPES
by UnitMem by BoolMem by IntMem

A F float e TYPES A F char € TYPES A F string € TYPES
by FloatMem by CharMem by StringMem

A F list € 1-ary TYPE-constructors
by ListMem

A | array € 1-ary TYPE-comnstructors
by ArrayMem

A+ T e TYPES A+ T € n-ary TYPE-constructors
by PreDefinedTypeMem" by PreDefinedTypeMem"

Rules for complex type constructs decompose the typehood proof into typehood
problems for their subterms. The rules decompose variable sized constructs, i.e.
multiple products and function spaces, record types, variant record types, and
the application of an n-ary type constructorin a single step. The rule for module
calls simply reduces the long name of a type to the local name. Type declarations
will be decomposed into the defining type expression.

AF Ty *..x T, € TYPES Ar+Ty ->..-> T, € TYPES
by ProductMem by FunctionMem
A F Ty e TYPES A F Ty e TYPES
A + T, e TYPES A + T, € TYPES
AF {li:Tv5..5ln: T} € TYPES A F Iy of Ty |..| I, of T, € TYPES
by RecordMem by VariantMem
A F T, € TYPES A F T; e TYPES
A + T, € TYPES A + T, € TYPES
A+ Module. T € TYPES AF (Ty *..% T,) Constr € TYPES
by LongIdMem by TypeApplyMem
A + T e TYPES A | Constr € n-ary TYPE-constructors

A + Ti1 e TYPES
A + T, € TYPES

A F type T = expr € TYPES A type (a1,-.,an) T = expr
by TypeDeclMem € n-ary type constructors
A+ expr € TYPES by TypeDeclMem
A,a1:TYPES,..,a, :TYPES + expr ¢ TYPES

Note that the rule VariantMem generates typehood subgoals for the argument
types of a constructor (label) I;. If the constructor does not have arguments then
no subgoal will be generated for it.
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Basic expressions. Most of the rules for Unit expressions, boleans, integers,
floats, characters, and strings are obvious. They simply decompose an expression
or check whether it is actually a natural or floating point number, a character,
or a string. Variables are accepted as of type 7T if they have been declared so
and Predefined objects can be validated if there is a typing theorem which is
identical to the conclusion.

A, t:T Ft eT AFt eT

by VarMem by PreDefinedObjectMem™
AF () e unit

by AxMem

A F true € bool A F false e bool

by Truellem by Falsellem Ak if e then a else b € C
AF p& g € bool AF por g € bool by CondMem
by AndMem by OrMem A F e € bool
AF p € bool AF p € bool A, e=strue F a € C
Al g € bool A+ g € bool A, e=false - b ¢ C
AF n € int AF -i € int

by NatnumMem by MinusMem

AF i € int

AF topj € int
by opnameMem
Al i € int
Al j e int

Al z.d € float

by FloatnumMem

A F ‘a‘ € char
by CharConstMem

where op € {+, -, *, /, mod, =, <, >, <>, <=, >=}
where opname € {Add, Sub, Mul, Div, Mod,
Eq, Lt, Gt, Neg, Le, Ge}

A F stri"stry € string
by StrCatMem
A F str; € string
A F stry € string

A F "string" € string
by StrConstMem

The rule PreDefinedObjectMem can also be used for dealing with many stan-
dard OcAML functions whose abstract representation in NUPRL does not have
subterms. For all these functions there are typing theorems in the library.

Lists and Arrays. Most operations on lists and arrays are functions and are
handled by PreDefinedObjectMem. Only a few expressions need explicit rules.

AF [e1;..5en] € T 1list A F a::l € T list AF i @ly e T list
by ListExprMem by ListConsMem by ListConcatMem
AFe €T AFa e T AF i e T 1list

. AFIl e T list AF Iy ¢ T 1list
At e, €T
ALl [leis..;enl]l € T array A F a.(d) € T

by ArrayExprMem
AF e €T

by ArrayGetMem
At a € T array
. At ¢ € int
AFe, €T
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Note that ArrayGetMem does not check array bounds. This is consistent with
the typing of Array.get in the OCAML-system. We have decided to deal with
array bounds only during a verification process. The rule ArraySubstMem below
does not immediately characterize an OCAML-construct but will be helpful when
reasoning about assignments.

A F ali « expr] € T array
by ArraySubstMem
AF a € T array
Al i € int
AbFexpr ¢ T

Products, Functions, Records, and Modules. Some rules about functions
and records require that the type of the function or record is provided as an
additional argument. This is somewhat inconvenient for building reasoning tools.
We have provided a second version of these rules which tries to find the required
type automatically. In RecordGetMem this involves proving exactly what would
usually be left as subgoal. Therefore the rule has no subgoals anymore. Since
many record types are introduced via type declarations we also allow a record
rules to reduce a type to a record type if necessary.

A F Module.t € T AF ar,..,an € T1 *..%T,
by LongIdMem by TupleMem
A FteT AF a € Ty
Avra, ¢ T,
AF feeT Al fe ...en €T
by ApplyM S by ApplyMem
AF f e §->T AF f e S >..5, >T
AFecec S Al ere S
At e, € S,
AF {l1=’U1;..;ln=’U.,L} e T where T reduces to {l;; :Tiy; .5 i, :Ts,}
by RecordExprMem
A (= 11 € T1
AFl, € T,
Al r.f e Ty Al r.f e Tf
by RecordGetM {l1:T1;..;f:Tf;5..50n:T0} by RecordGetMem
AbFr e {li:Tvs..5f:Tr5. 50n:T0}
AF 'f‘[f — expr] € T where T reduces to {l1:T1;..;f:Ts;..;1n:Th}
by RecordSubstMem
Arr e T
A F expr € Ty
AF c(a’rg) e T where T reduces to ¢1 of T1 |..| ¢ of T. |..| ¢, of T,
by VariantConstrMem
Al oarg € T,
AkFrceT where T reduces to ¢1 of T1 |..l ¢ |..| ¢ of T,

by VariantConstrMem
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Expressions involving Patterns. For typing purposes patterns can be viewed
as a complex version of A\-abstraction. Patterns, however, may bind several vari-
ables at once and it requires greater effort to bind these variables correctly. In
order to do so, the type of the pattern as a whole must be known. We can then
decompose this type in order to determine the typing of the individual variables.

By p:51 we denote a yet unknown typing of the variables of the pattern p
whose combination will be of type S. This is a meta-notation which in a concrete
rule application has to be replaced by the result of evaluating it (see below). Some
of the rules require that the type S is provided as additional argument. Again
we provide a second version in which this type will be found automatically.

A F match e with A F match e with
p1=>t1 |..| pp=>tn, € T p1=>t1 l..| po=>tn, € T
by MatchWithM S by MatchWithMem
A, p;1:5TFt; €T A, ;:STFt ¢ T
A, pp:STFHt, ¢ T A, (p:S1TFHt, ¢ T
AFe e S
A F function p1->t1 |..| po=>t, ¢ S > T

by FunctionPatMem
A, rp1:5’1 F it e T

A, p:STFt, ¢ T
AF fun p1..p, >e¢ € §1->..5,->T

by FunPatternMem
A, Tp1:517,..,pp:Sx1 Fe e T

AF let p=eint ¢ T A F let pi=e; and ..pp,=€, int ¢ T
by LetPatternM S by LetPatternMem
A,ip:STFHt €T A,p1:S11, .., pp:Spl H t € T
AFe e S AFe €5

AF e, € S,

Al let fpi..pp =eint € T Al let fpi..pn =eint € T
by LetFunPatternM S;->..5,->S by LetFunPatternMem
A, p1:517,..,p:S,1Fe € S A, f:51>..8.,>SFt T
A, f:S1->..8,->S+FteT

AFletp=t ¢ T AF let fpr-.pn =t € §1->..5,>T
by LetDeclMem by LetDeclMem
AFt eT A, p1:517,..,pp:S,1 Ft €T

The rules MatchWithMem and LetFunPatternMem have to determine the type of
the expression e in order to provide the required type S. It is not necessary
to prove the goal e € S again. LetDeclMem deals with user-defined object and
functions and is similar to LetPatternMem and LetFunPatternMem except that
is causes a global binding of names instead of a local one. The left version of it
fails if 1p:S71 does not lead to a typing.

25



Typing Variables in a Pattern. The algorithm for determining a typing for
the individual variables of a pattern can be described by the following rule
system. It terminates whenever variables, constants, (), _, or ‘Or-patterns’ are
encountered. Note that Or-patterns, in contrast to case expressions, are not
allowed to have free variables.

A, 1z:51F C A, 1251 C A, Te:51 F C
by MatchVar by MatchAll by MatchConst
A, 2:SFC AFC AFC

A, 1Q0:51F C A, pilp: :+ ST FC
by MatchUnit by MatchOr
AR C ArC

A, (P1,p2 : SxT1 - C
by MatchPair
A, Tp1:871, pe:T1 + C

A, Tp1::ps : S listl F C A, [p1;..5p.1 ¢+ S 1list1 F C
by MatchListCons by MatchListExpr
A, Tp1:87, Ipe: S listl F C A, Tp1:5,..,p:S1T F C
A, Te(p)icr of T1 |..l cof T, |..| ¢n of T,1 F C

by MatchConstr
A, p:Ta + C

A, fl1=p1; . ;lk=pk : {lil :Ti1 I ;lin :Tin}1 F C where k<n
by MatchRecordExpr
A, p1:T1,..,Ipp:Tx1  C

Type Inference. The above rules provide the framework for reasoning about
Ocaml programs but they do not explain how to find a proof. Since typecheck-
ing OCAML expressions is decidable we have elaborated an algorithm which
automatically determines the type of an OCAML-expression on the meta-level of
NUPRL! and provides a proof plan for verifying this type. Currently our type
inference algorithm has about the same capabilities as the OCAML typechecker.
Future versions shall also perform extended typechecking, which means address-
ing problems such as array bounds and other logical constraints which usually
have to be checked during an optimization or the verification of a program.

4.2 The Computation System

While the type system is good for analyzing the extensional properties of a pro-
gram, computation rules are necessary for analyzing its concrete behavior. Since
all OcAaML-constructs are represented completely in terms of type-theoretical
expressions we could simply use NUPRL’s evaluator and reduce these expres-
sions as long as possible. This would, however, lead to uncontrollable results. In
many cases the evaluator would not stop at an OcAML-value but continue and
make the type-theoretical representation visible.

10 Note that the rules ApplyMem, RecordGetMem, and LetPatternMem require that the
type of an expression can be found automatically.
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Redex Contractum
if true then a else b a

if false then a else b b

true & ¢ q

false & ¢ false

p & true P

p & false false

true or ¢ true

false or ¢ q

p or true true

p or false p

not true false

not false true

-i, 1+), 1-J, %], ’L/], t mod j as usual

=7, 1<>7, 1<, <=5, 1>7, 1>=] as usual

L PRPO, TLURSRLLY/ PR WL "Q1..0nb1 . by "
"a1..a,". [i] a;

a::ler;..;enl
[er;..;en] @ [1;5..3tm]

[a; e1;..5€en]
[ei;..5€6n; t15..5tm]

length [e1;..3€n] n

nth [e1;..;e.] 1 e;

[lei;..5eal]. () €;

length [lei;..;enl] n

[le1;..;enl]l [t « €] [le1; ea;. e.. enll

create n % [lz;..;21] (n-times)
creatematrix n m =z [ Clz;. 52115 .. 5 Dlzs.o52z1] 1]

to_list [le1;..;enl] le1;..5€n]
of list [e1;..;3€n] [leis..zenld
match e with pi1->t1 |..|pp—>t, t: [ Te/p1 1]
(function p1->t1 |..Ipn->t,) e t.[ re/p:1 1]
(fun p1..pn -> t) €1..€n tl Tei/pil,..,Ten/pnal 1]

(fun p1..pn > t) €1..€m pn => tL Ter/p1l,..,Tem/pml 1]
let p1=e; and..pn=€, in ¢ t [ lrei/p1l,..,Ten/pal ]

let f pi..pn = € in ¢ t [fun p1..pn > e / f]

first matching pattern is p;
first matching pattern is p;

{li=v15..5 lo=va}.1; Vs
{li=v15..5 ln=vn}. [l; — €] {li=v1;..5lL=e;5. . ;ln=vn}
(let f p1..pn =1) €1..6n tL Tei/pil, .. Ten/pal 1

Table 2. Computation Rules for OcaML-expressions

We therefore have provided a set of computation rules for each reducible
OcAML-expression. In contrast to the typing rules these computation rules can
operate on an arbitrary subterm of a program and require the address of that
subterm to be provided as argument. This is essential for optimizing programs
which — after inserting certain assumptions about their input values — contain
reducible expressions. All computation rules are collected under the name RedAt
but could also be called by their individual names.
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Table 2 describes the computation system by listing the reducible OCAML-
expressions and the results of applying one evaluation step. In the arithmetic
reductions ¢ and ;7 are placeholders for integer expressions built from numbers
and -, +, *, /,and mod. In reductions involving pattern matching the notation
L re1/p11,..,7en/pn1 1 describes a substitution where the free variables of the
pattern p; are instantiated by the subterms of e; which result from matching p;
against e;. This substitution is defined as the result of evaluating the following
reduction rules.

[ re/a1 1] — [ e/z ]
[re/0 1] =[]
[ Te/pilpa1 ] — fe/p1l 1] if this succeeds
fe/pﬂ ] otherwise
re/(O1 1 1
le/truel ] ] if e=true
le/falsel 1] 1 if e=false
re/nl 1] 1 if e=n

fa/p11 , l/p21 1

— [
— [
— [
[
a::l/p1i:pal ] [
[ rei/p11, Tleas..;end/p2l 1]
[
[
[
[
[

Me1;..5enl /p1i:p2l ]
Mfe1;..5end / [p15.. 50011 1]

—
—
—
—
fe1s.esn/Prye-sPnl ] —
—
—
—

fe1/p1l, .-, Ten/pal ]
fe1/p1l, .- Ten/pal ]
[ /P11, .o, (g, /PRl ]
re/pl 1]

]

F{ll=’U1 3. ;ln=vn} / {l‘i]_:pl; .. ;lzk=pk}-|
lconstr(e) / constr(p) 1 ]
I constr/constr1 ]

{ s I e I e T s I e B e A s B s B e I s B |

Matching will fail (i.e. return false in the boolean component) if evaluating
[ rex/p11,..,7en/pa1 ] leads to a situation where none of the above rules is
applicable and a proper substitution has not been generated yet. This requires
some meta-level analysis in the reduction rules.

We intend to extend the rule system by a collection of symbolic computation
rules on the basis of distributive laws such as length(a::l) = 1+length(l).
These rule will support partial evaluation and add flexibility to the reasoning
tools for symbolic optimization.

4.3 Strategies

In addition to the derived inference rules we have developed a few strategies
which automate simple reasoning problems such as validating the type of a
user-defined OcAML-program. These strategies will become a vital part of more
sophisticated reasoning tools which shall be developed in the future.

In a typing problem ¢ € 7T the tactics CamlTypehood and CamlMembership
analyze the outer structure of the term ¢ and determine the specific rule which
needs to be applied. They are helpful for developing a proof step by step, par-
ticularly when investigating the reason for a failed proof.

The tactic CamlWF applies to theorems about the type of a given expression
and proves them completely (provided they are correct). Its major applications
are the wellformedness theorems which are generated by the translation process
(section 5.2) but it can also be used for educational purposes. CamlWF generates
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let init () 1s, vs
= let acks = Array.create_matrix ls.nmembers ls.nmembers 0
in
{ explicitack = Param.bool vs.params '"stable_explicit_ack";

sweep = Param.time vs.params 'stable_sweep";
failed = Array.create ls.nmembers false;
ncasts = Array.create ls.nmembers O;
my_row = acks.(ls.rank);
acks = acks;

next_gossip = Time.invalid;

blocking = false;

block_ok = false;

dbg_mins = Array.create ls.nmembers O;
dbg_maxs = Array.create ls.nmembers O;
byp-hdr = NoHdr

Fig. 5. Initialization procedure of ENSEMBLE‘s Stability Layer

a proof tree which consists only of applications of derived inference rules. This
proof tree will usually be hidden but can be made visible on demand.

An example of such an automatically created proof is given in appendix A. It
validates the type of the initialization procedure of ENSEMBLE's stability layer
whose OcAML-implementation is presented in figure 5 (this is also the display
form of the NUPRL-representation of init).

The tactic RedAt subsumes all the computation rules for OCAML-expressions.
It expects a subterm address as argument and determines the reduction which
can be applied to that subterm. The tactic Red tries to find the first reducible
subterm and applies the appropriate reduction to it. Red does not require an ar-
gument but cannot be guided towards a particular expression. Finally, the tactic
RedAll applies reductions to a term as long as it contains reducible subterms.

4.4 Implementation Issues

The NUPRL proof development system requires that all implementations of
proof techniques are based on applying type-theoretical inference rules or proven
lemmata. This guarantees that the proof techniques are actually correct. The
implementation of a derived inference rule for an OCAML-construct therefore
has to be based on its type-theoretical representation. For constructs which
have a simple representation the implementation is straightforward. We only
have to unfold the definition, apply the type theoretical rules corresponding to
the representation, and fold back definitions in some of the subgoals. Often it
also suffices to instantiate the corresponding typing theorem and leave the typing
of the instances for universally quantified variables as subgoals.

Records, variant records, and patterns lead to rather complex implemen-
tations of the inference rules. This is due to the complex semantics of these
constructs. Analyzing a record expression (cf. example 1), for instance, means
decomposing a hidden A-abstraction, a conditional for each label, and the default
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case. In each step we have to deal with wellformedness subgoals'! which are left
by the type-theoretical inference rules. The autotactic of the NUPRL-system
can handle some of them automatically but often requires assistance.

The implementation of rules for expressions with patterns can be based on
the typing rules for pattern given at the end of section 4.1. The only additional
complications come from the various iterations which are involved (many cases
or several patterns at once). Thus a rule, which from the outside such appears
to be a single inference step actually performs a series of up to several thousand
primitive inferences.

Computation rules could often be implemented as straightforward applica-
tions of NUPRL‘s evaluation mechanism and unfolding of definitions. We had
to make sure that only a certain number of evaluation steps can be applied.
Otherwise the evaluation might end in some term which does not represent an
OcAML expression. Therefore each rule had to be programmed individually.

Again, the evaluation of expressions with patterns was the most complex one.
We had to control the reductions very specifically and to evaluate the boolean
value indicating failure or success in each step. The implementation essentially
follows the rules given at the end of section 4.2.

The tactics CamlTypehood, CamlMembership, and RedAt are programmed
as an exhaustive case analysis which identifies the operator of the term or the
kind of the redex that has to be handled. CamlWF consists of a few initialization
steps and repeated applications of either CamlTypehood or CamlMembership.
The tactic Red goes through a term in left-most, depth-first order in order to
find a reducible expression. RedAll is simply a repeated application of Red.

A major problem is speed. Most inference rules will be applied interactively
and should compute their subgoals in a short period of time. The implemen-
tation of these rules, however, has to perform all the primitive type-theoretical
inferences which are necessary to establish the relation between the original goal
and its subgoals. Wellformedness subproblems make the situation particularly
awkward because they deal with problems that seem unrelated to the initial
question but require many basic inferences. This causes a considerable delay in
the execution of the rule and much time had to be spent on methods reducing
the number of wellformedness problems during the execution of the rule. De-
composing the record of the function init (see the proof in appendix A), for
instance, originally took 190 seconds of time on a Sparc 20/71 and required 100
megabytes of space!? for searching the proof tree.

We have discovered that more than 98% of the proof efforts go into proving
wellformedness problems. For experimental purposes, NUPRL can skip subgoals
by applying a rule which is only valid in “development mode”. We have developed

1 The rich expressivity of type theory makes the question whether a complex expression
is syntactically well-formed undecidable. Wellformedness has to be shown during a
proof. This leads to additional subgoals in many inference rules.

12 The response time would have been even worse if the whole proof could not have
been constructed within the memory. The need for swapping between memory and
disk on smaller machines would cause an additional delay of up to a factor of 5.
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a second set of implementations for all inference rules which can be executed only
in development mode. They skip all wellformedness subgoals which can easily
be identified as such. With these rules the tactic CamlWF generated the whole
proofin appendix A within 5.5 seconds, using only 4.4 megabytes of memory. We
expect that another improvement of factor 25-50 will be possible by representing
derived inferences as primitive rules'® which are justified externally.

An interesting application of this methodology would be a separation of proof
development and proof execution. One would provide two implementations of
each inference mechanism, one for creating proofs which are completely based
on primitive type-theoretical inferences, and a fast version which only performs
the essential step without validating it explicitly. The latter could then be used
for interactive proof development and automated proof search with acceptable
response times. Once a derivation is finished, a formally complete proof could be
constructed from it in the background where speed is a less important require-
ment. This cooperation between trusted refiners and background proof processes
will be supported by future releases of the NUPRL proof development system.

5 Translating between OcAML and NUPRL

In the previous sections we have described the embedding of fundamental con-
structs from the OCAML programming language and derived inference rules for
reasoning about OCAML-programs. In order to reason about the ENSEMBLE com-
munication toolkit we have to represent its implementation in terms of the em-
bedded constructs. This representation should be generated fully automatically
because the code of the system is likely to change over the years and protocol
layers will be composed in various ways depending on the particular application.
On the other hand, fast track reconfigurations of application specific commu-
nication systems generated in NUPRL have to be converted back into OcAML
source code in order to become applicable. Hence we had to develop algorithms
which automatically translate user-defined OCAML-programs into abstraction
objects of the NUPRL library and vice versa. The general methodology of these
translations is illustrated in figure 6.

The translation algorithm from OcAML into NUPRL has to perform a syn-
tax analysis of the program text and to convert it into structured terms which
then will be stored as library objects. In order to ensure faithfulness to the pro-
gramming environment used for executing ENSEMBLE-code, the first step should
be performed by the original OcAML-parser. The second obviously has to be
realized on the meta-level of NUPRL. Both steps are strongly related and had
to be approached simultaneously.

— Parsing OCcAML-programs leads to a syntax tree which is already a structured
description of the program text. Unfortunately the syntax tree is an object of
the OcAML-programming environment which has a different structure than

13 NUPRL-LIGHT [11], a modular re-implementation of the NUPRL refiner also influ-
encing its next release, supports the creation inference rules as system primitives.
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Fig. 6. Translating between OcAML and NUPRL: General Methodology

the meta-level of NUPRL. Therefore the OCAML-parser cannot build syntax
trees that can immediately be interpreted by the NUPRL-system!* but has
to send its results as text. This text will describe program code which can
be executed by the NUPRL system and eventually leads to the construction
of type-theoretical terms and library objects.

— The programs generated by the OCcAML-parser should not only create type
theoretical terms but also abstraction objects and display forms. These are
necessary for storing the generated terms permanently in the library under
a name given by the user. Without them no references to existing user-
defined functions could be made within the type-theoretical representation
of a program. Typing theorems should be generated and proven in order to
automatically expand the type inference system to all user-defined functions
and constants. We have provided a set of meta-level programs which will gen-
erate these objects and cause the OCAML-parser to create the corresponding
text for each top-level declaration.

Besides providing object-generators we also have to deal with a few issues
that cannot be handled during the parsing process but require a deeper
analysis. In particular we have to manage the name space to avoid conflicts
between declarations which occur in different modules under the same name
and to analyze the role of identifiers.

The translation from NUPRL into OCAML is comparably simple and inde-

pendent from the other two steps because it converts structured objects into un-
structured ones. Since the embedded programs are displayed as genuine OCAML-
code it only has to build a print representation of the terms contained in the

library which we wish to convert.

4 The combination between the OcamL-parser and the meta-level of NUPRL would
be less complicated if the meta-language of NUPRL would not be the original ML
language but OcaML as in NUPRL-LIGHT [11]. In this case structural information

could be passed directly.
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5.1 Parsing and Preprocessing OcaML-code

Taking the original parser of OCAML for analyzing the structure of program
text is not only more efficient but also the only way of ensuring the faithfulness
with respect to the programming environment which is used for running the
ENSEMBLE communication system. A modifiable, isolated version of the OCAML-
parser is the CAMLP4 parser-preprocessor [7] which parses a source file, generates
an abstract syntax tree, and returns the result either as pretty-printed text or
as binary dump. To run, it loads separate files holding operations which define
parsing and printing. These files can be provided by a user if there is need for a
modified input syntax or a different method for printing the result.

For our purposes, CAMLP4 is almost the ideal tool. We ‘only’ had to write
a module for converting the abstract syntax tree into the source code of the
corresponding term- and object-generators. This means generating pieces of text
for each possible content of a syntax tree node, distinguishing the various kinds of
identifiers, language expressions, patterns, types, signature items, module types,
and module expressions (see [7, Appendix A]). Although not all of these are used
within the implementation of ENSEMBLE, about 80 cases had to be distinguished.

We have decided to modify one of the existing pretty printing modules for this
purpose instead of creating the conversion module from scratch. Some amount of
pretty printing was necessary anyway to keep the generated ‘intermediate code’
comprehensible and to allow the detection of typing errors and similar mistakes
during the development phase.

Except for these considerations the solution was straightforward. To give an
example how a syntax tree node is analyzed and converted into meta-language
code for the NUPRL-system we present a piece of the module which deals with
types, indicated by the so-called quotations <:ctyp_<..>> and <:ctyp<..>>.

(fun curr next t _ k ->
match t with
[ (#***** TYPE VARIABLES #sk%*%%)
<:ctyp< ’$s$ >> ->
[: ‘S LO " (Typ-Var ‘"; ‘S NO (var_escaped s); ‘S NO "‘) "; k :]

(***x*x* TYPE IDENTIFIERS / Constants *****x)
| <:ctyp< $lid:s$ >> ->
[: ‘HVbox [: ‘S LO " (Typ-Id ‘"; ‘S NO s; ‘S NO "¢) ":1; k :]

* (k*%%%% RECORD TYPES s%k%*%%)
| <:ctyp< { $list:ft1$ } >> ->
[: ‘S LR "(Typ-_record [";
‘HVbox [: labels [: :1 £t1 " [: :1 :1;
tS RO n] )n ;
) k :]
*(kkx*xx FUNCTION TYPES #kk**%)
| <:ctyp< $x$ -> $y$ >> -
[: ‘S LR "(Typ_fun ";
‘next x "" [: :];
curr y "" [: ‘S LR ")" :];
k ]
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The module matches the actual syntax tree t against possible structures and
emits a sequence of text blocks, formatted by various commands. Sometimes
subterms need to be converted into text and inserted in between and some
priorities have to be settled for this purpose (using next and curr). To avoid a
possible confusion between expressions, patterns, types, modules, and top-level
declarations when the created meta-language text is evaluated in NUPRL we
have created term-generators with different prefixes.

Figure 7 shows an example of meta-level code which has been generated
by the parser-preprocessor module. The code is the result of translating the
OcAML-implementation of the initialization procedure of ENSEMBLE‘s stability
layer (see figure 5). It will create a type-theoretical representation of the function
init whose display form will be the same as the original program.

A parser is restricted to a syntactical analysis of a single text file and cannot
solve problems which arise when linking the code of several modules.

— Name Resolution: parsing can only determine the local name of a user-
defined function or type. If the same name occurs in different modules it
must be guaranteed that different objects are created and that references to
that name will always be bound to the intended object.

— The Role of Identifiers: parsing cannot determine whether an identifier refers
to a local variable or a user-defined operator. It is necessary to analyze
bindings of variable names in order to decide whether an identifier shall be
represented as variable or not. In the latter case a reference to the appropriate
library object needs to be established.

— Qwerloading: some operations like equality can have different meanings, de-
pending on the type of the arguments. Type inference is required before the
correct implementation can be selected.

Solutions for these problems had to be provided at the meta-level of NUPRL
during the evaluation of the term- and object-generators

5.2 Constructing Terms and Library Objects

After parsing and preprocessing the meta-level of NUPRL has to assign meaning
to the generated intermediate code and evaluate it. While representations of the
individual language constructs can be created using term-generators (see section
3.1) top-level declarations must lead to the construction of abstractions, display
forms, and typing theorems. We therefore had to provide a set of meta-level
programs which will create such library objects and also address the above-
mentioned issues which could not be handled during the parsing process.

Name Resolution. The Objective Caml programming language supports a
modular approach to programming and allows to use the same name for dif-
ferent operators in different modules. To avoid ambiguities, an operator name
must be prefixed by the module name (with a dot as separator) unless the op-
erator belongs to the local module or to modules which were opened at the
beginning of the module. In contrast to that, the library of the NUPRL system
has essentially a flat name space and does not support duplicate names.
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DECLARE_BINDING
[ (Pat_Id ‘init¢); (Pat_Const ‘() ¢);
((Pat_Tup [(Pat_Id ‘1s‘);(Pat_Id ‘vs‘) 1))
1, (mk_Stmt [

(mk_let [
[ (Pat_Id ‘acks‘) 1,
(mk_Stmt [

(mk_apply (mk_apply (mk_apply
(mk RemoteId ‘Array‘ ‘create matrix®)
(mk_RecordGet (mk_Id ‘1ls‘) ‘nmembers® ) )
(mk_RecordGet (mk_Id ‘ls‘) ‘nmembers® ) )
(mk_num Q) )
1)1
(mk_Stmt [
(mk_RecordExpr [
‘explicitack®, (mk_apply (mk_apply
(mk_RemoteId f‘Param‘ ‘bool‘)
(mk_RecordGet (mk_Id ‘vs‘) ‘params® ) )
(mk_StringExpr "stable_explicit_ack") );
‘sweep®, (mk_apply (mk_apply
(mk_RemoteId f‘Param‘ ‘time‘)
(mk_RecordGet (mk_Id ‘vs‘) ‘params® ) )
(mk_StringExpr "stable_sweep") );
‘failed®, (mk_apply (mk_apply
(mk_RemoteId ‘Array‘ ‘create‘)
(mk_RecordGet (mk_Id ‘ls‘) ‘nmembers‘ ) )
(mk_Const ‘false‘) );
‘ncasts’, (mk_apply (mk_apply
(mk_RemoteId f‘Array‘ ‘create®)
(mk_RecordGet (mk_Id ‘ls‘) ‘nmembers® ) )

(mk_num 0) );
‘my_row*, (mk_ArrayGet (mk_-Id ‘acks‘)

(mk_RecordGet (mk_Id ‘1s‘) ‘rank‘ ));
‘acks®, (mk_Id ‘acks‘) ;
‘next_gossip‘, (mk_RemoteId ‘Time‘ ‘invalid‘);
‘blocking*, (mk_Const ‘false‘) ;

‘block_ok‘, (mk_Const ‘false‘) ;
‘dbgmins¢, (mk_apply (mk_apply
(mk_RemoteId ‘Array‘ ‘create‘)
(mk_RecordGet (mk_Id ‘1s‘) ‘nmembers® ) )
(mk_num 0) );
‘dbg maxs‘, (mk_apply (mk_apply
(mk_RemoteId f‘Array‘ ‘create‘)
(mk_RecordGet (mk_Id ‘1ls‘) ‘nmembers‘ ) )
(mk_num 0) );
‘byp_hdr‘, (mk_Const ‘NoHdr¢) 1 ) 1)
) 1)

Fig. 7. Code for Constructing the Representation of init
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In order to separate the operators of different modules from each other each
top-level declaration of a type, function, or constant will be stored in an object
whose name is built from the name of the local module and the name of the
declaration.'® Types, which are allowed to have the same name as functions of
the same module, will additionally be prefixed by the keyword Type_. The display
form of all generated objects will consist only of the name of the declaration.
Otherwise local references will not be displayed as such. Thus the initialization
procedure of ENSEMBLE's stability layer (see figure 5) will be stored within the
abstraction Stable DOT_init and displayed as init.

If a reference includes the name of a module the corresponding NUPRL-
object can be identified easily. Otherwise we need to know which modules are
currently open and have to search for the corresponding objects in the library.
Name spaces can therefore not be managed without caches for the name of
the local module and for currently open modules. The former will be set when
importing the module into NUPRL while the contents of the other will be deter-
mined when executing the translation of the OcAML-command open module.

Identifying the Role of Identifiers. Because of lexical conventions OCAML‘s
parser is able to distinguish constants from other identifiers but it cannot de-
termine whether an identifier refers to a variable or a user-defined operator.
This decision can only be made in later steps of the compilation when variable
bindings are being analyzed.

In our translation we have to simulate this process on the meta-level of
NUPRL. The decision about the nature of an identifier cannot be made by
a term-generator for it but only in the context of the whole expression in which
it occurs. If there is a binding occurrence of the identifier then it must be a
variable since local bindings have priority over global declarations. Otherwise it
is either a user definition or some predefined function such as ‘not‘, ‘failwith
etc. Neither OcAML nor NUPRL allow free variables in top-level expressions.

Technically, terms are constructed bottom-up and the term-generator for
identifiers will be executed before its context is known. Therefore it has to gen-
erate a special identifier term without an external meaning and postpone the
decision about the role of the identifier to the generators for expressions with
bindings and top-level declarations. The generators for function declarations,
function definitions, local definitions, case expressions, and for-loops will inter-
pret variable bindings by turning the corresponding identifier terms into vari-
ables. Identifier terms which have not been converted when an abstraction is
being formed must refer to an operator and the reference is built according to
the guidelines explained above.

This requires a few meta-level functions which can detect identifiers in arbi-
trarily nested subterms and convert them into variables or operator references.
These functions will be called by modified term generators for language con-
structs with bindings and whenever an abstraction is being generated.

15 NUPRL 4.2 does not support dots within object names. Instead we use the naming
convention module DOT_name.
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Overloading. In many programming languages the equality function is univer-
sally being denoted by the symbol ‘=‘ although it has different implementations
for integers, floating point numbers, strings, etc. Parsing will identify ‘=* as equal-
ity function but it cannot yet determine the concrete algorithm which has to be
executed at runtime since this requires finding the type of the function’s argu-
ments. In statically typed languages like OCAML this can usually be done at
compile time while object-oriented languages require a type analysis at runtime.

Overloading is one of the key features of modular programming languages*®
and related to the problem of name spacing. As in the latter case we have to find
a reference to the operator (i.e. implementation) that can be applied to the given
expressions. But overloading requires to choose between several alternatives. In
our translation we have to use type inference for this purpose and to assign a
reference to the correct abstraction accordingly.

This method is, however, limited to monomorphic occurrences of overloaded
functions. Otherwise we would have to find a reference to a polymorphic imple-
mentation. ENSEMBLE uses overloading only in this restricted sense.

Extended Term Generators. Term generators as described in section 3.1
were originally designed independently from the translation process in order
to obtain a unique representation of each OCAML-construct. It has turned out
that in some cases the OCAML-parser leads to a finer analysis of terms while in
others it does not distinguish well enough. Thus besides extending some of the
term generators by name space management procedures we had to implement
additional constructors which exist only for translation purposes.

Constructors defined by variant records and constant operators like (), [J,
true, false, None are only identified as constants with a certain name. The
generator mk_Const must make a finer distinction and create the appropriate
NUPRL-terms. Similarly assignments are only identified as such. We need to
analyze the term which shall be modified by the assignment, check whether
values are allowed to be assigned to it at all (see section 3.5), and then create
the corresponding assignment abstraction.

On the other hand types, patterns, and expressions can be separated from
each other during the parsing process. This is particularly helpful when dealing
with identifiers and constants while in most other cases generators for types and
patterns turn out to be the same as the original term generators. For the sake of
clarity in the intermediate code we have kept the distinction in our conversion
module and provided additional term generators prefixed with Typ_ or Pat_.

Object Generators. Each top-level declaration in a module, including com-
ments and opening of other module must lead to the construction of library ob-

16 Overloading is not to be confused with polymorphism which can be handled easily
in type theory. A polymorphic function like the identity is a reference to a single
algorithm which can be applied to objects of various types. An overloaded function
like equality refers to different implementations for objects of different types. Over-
loading supports an elegant and semantically well structured programming style.
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jects. Comments and commands for opening other modules are converted into
comment objects. The latter also affect the cache of currently open modules.
For declarations of types, functions, and constants the translation must define
an abstraction whose right hand side looks like the original declaration, turn
the declaration’s name into a display form, and create a verified theorem which
states the type of the newly defined object.

Since the basic mechanism is the same in all these cases we have written a
universal object generator DECLARE which expects as inputs a name, its defin-
ing expression, and a term describing its (possibly polymorphic) type. DECLARE
creates references for unidentified identifiers in the defining expression and cre-
ates all the required objects while making sure that naming conventions are
respected. The tactic CamlWF (see section 4.3) is used to prove the typing theo-
rem. A fourth parameter is necessary to distinguish types from operators while
keeping the name unchanged.

Each kind of top-level declarations has its own kind of object generator which
is built on top of DECLARE. The generator DECLARE_BINDING, which has been used
in figure 7, expects as input a list consisting of (a variable containing) the name
of an operator to be declared, possibly some input patterns, and the target
term which defines the new operator. Using the term generator mk_LetDecl for
operator declarations and an appropriate binding of the variables of the patterns
it constructs the defining term of the new object. The term describing its type
will be created via type inference and all the information is passed to the function
DECLARE as shown below.

let DECLARE_BINDING (declared.input_patterns), target =

let name = dvar (dst_var declared)

and bound_target = mk_LambdaBindings input_patterns target

in
let ab_rhs
and type
in

DECLARE nulltok name ab_rhs type

mk_LetDecl name bound_target
wf_goal of name bound_target

The object generators DECLARE_REC_BINDING (recursive function declaration)
and DECLARE_TYPE (type declaration) are implemented in a similar fashion.

Determining the Type of Generated Expressions. The type of a type
declaration can easily be identified by the number n of type parameters involved
in the declaration and then be checked with CamlWF. The type is either Types if
there are no parameters or n-ary type declarations.

The type of a newly defined object could be determined by a universal type
inference algorithm (see section 4.1) before it is being checked with CamlWF. In
the context of top-level declarations, however, there is a much more efficient
method. We can make use of the fact that in a well-structured modular system
like ENSEMBLE each module implementation is accompanied by a module inter-
face which contains a typing of each operator. By translating this interface and
loading it into another cache before the module itself is being translated we can
use the typing information effectively.l”
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Another interesting application of module interfaces is an abstract translation
of OcAML-modules into NUPRL which currently is only possible in development
mode. It provides a possibility for reasoning about programs containing certain
operators without having to translate their implementation. An abstract trans-
lation just introduces new terms and typing theorems for the operators of a
module without providing a type-theoretical definition of the term or a proof
of the theorem. Technically, the abstraction object will have some dummy term
as right hand while the typing theorem is proven by the special rule of the de-
velopment mode. The object generator DECLARE_ABSTRACTLY will create such an
abstract declaration from a signature interface contained in the cache.

Importing Modules. Modules are imported as a whole using the meta-level
function IMPORT. Applying this function initializes the caches and causes the
parser to convert a module file and the corresponding interface file, if present, into
intermediate code. This code will then be executed which may result in loading
certain meta-level data of other modules in order to determine which ‘remote’
constructors and record fields should be known within the current module. After
all types and operators have been converted into objects of the library, the meta-
level data of the current module will be stored as a library object as well.

Importing a module usually results in the creation of several hundred library
objects and is rather time consuming. The conversion of ENSEMBLE’s stability
layer and the 19 modules on which its implementation depends, for instance,
generated more than 1800 library objects and took about 15 minutes on a Sparc
20/71. Most of this time is needed for creating and checking library objects while
the time for generating the intermediate code was comparably short.

5.3 Translating from NUPRL into OcAML source code

The translation from NUPRL into OCAML requires only a mechanism for gener-
ating a print representation of structured terms which is identical to its display
on a computer screen. Fortunately the NUPRL system already provides such a
mechanism for printing libraries and proofs (see the appendices) and we only
had to write a procedure which automatically selects the objects which shall be
printed while suppressing unwanted information.

Only the right hand sides of abstractions should be selected for printing.
Theorems, display forms, meta-level objects, etc. contain information which was
valuable for representing OCAML-programs and reasoning about them but does
not contribute to the program itself. If a program has been reconfigured then
only the reconfigured version should be printed. Comments may be printed if
desired. All these requirements can be implemented straightforwardly.

17 One might also go one step further and use the translation mechanism to connect
the Ocami-typechecker as external refiner to the NUPRL-system which will be used
whenever type information is needed. Since type inference is a major aspect of formal
reasoning this method may improve the efficiency of reasoning about larger pieces
of code and lead to an even stronger consistency with the OCAML-runtime system.
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6 Conclusion

We have presented an embedding of the Objective Caml programming language
into the type theory of the NUPRL proof development system which is based on
a direct formalization of the (intuitive) semantics of OCAML language constructs
in terms of type-theoretical expressions. We also have implemented (derived)
inference rules for reasoning about the embedded OcCAML-constructs as pro-
grammed applications of type-theoretical inferences. We also developed a type
inference algorithm as well as a few simple strategies for typechecking and evalu-
ating OcAML-programs within NUPRL. Finally we have provided algorithms for
automatically translating between original OCAML-code and its type-theoretical
simulation. Together, these tools and formalizations form the foundation for
the development of automated tools for reasoning about group communication
systems.

In our work we have focused on a comprehensible representation of a reason-
ably large subset of OCAML. Meta-level term constructors and appropriate dis-
play forms for type-theoretical abstractions make sure that embedded OCAML-
programs appear to be genuine OCAML-code. The type theoretical peculiarities
of the formalization usually remain hidden from a user but may be revealed
on demand. By formalizing only a subset of OCAML which is targeted towards
the particular application we could avoid the overhead of a formal model of the
complete OcAML-language. Full imperative features, exceptions, unrestricted re-
cursion, and other language constructs with an extremely complex functional
representation are not used in the implementation of the ENSEMBLE group com-
munication toolkit and were not represented.

Despite this restriction, our techniques are general enough to support the
development of automated reasoning tools not only for communication systems
but for all systems which can be implemented in a clean mathematical fashion
(especially algorithms based on finite state systems). It will be possible for system
experts to use such tools interactively even without knowledge about type theory
while on the other hand a partial automation of the reasoning process becomes
practically feasible.

In the future we will develop automated reasoning tools as support for a fast-
track reconfiguration and verification of group communication systems which
are constructed with the ENSEMBLE communication toolkit. These tasks will
require the realization of several inference techniques on top of the basic inference
system. Fast-Track reconfiguration is essentially symbolic optimization under a
given set of assumptions and can be realized by (conditional) rewriting. For
this purpose we need to develop strategies for context analysis and automatic
simplification and other program transformation techniques.

Program verification, on the other hand, requires techniques for reasoning
about program properties. Among those, typechecking is the most fundamental
one since many basic properties involve reasoning about the type of certain ob-
jects. We intend to develop an algorithm for eztended typechecking which will be
able to deal with all elementary program properties which are usually checked
at runtime. In addition to that we need to investigate methods for the formal
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specification of distributed systems in a sequential theory and apply them for
specifying the properties of ENSEMBLE‘s protocol layers. Proof presentation and
automated proof structuring will also be an important research issue. A for-
mal proof verifying a specified system property can serve as documentation of
the system which provides precise insights into the system’s behavior. Tools for
browsing formal proofs shall allow to present this information at various levels
of detail thus supporting both the beginner and the expert. Finally a full pro-
gramming logic*® for reasoning about OCAML-constructs needs to be explicitly
formulated and automated techniques for constructing proofs in that logic have
to be elaborated. The field of automated deduction provides a variety of decision
procedures and proof search techniques which could be adapted and specialized
for this purpose.
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A Example proof

F init € unit -> View.local * View.state -> state

BY unfold ‘Stable DOT_init°®

I

F let init () 1s, vs

| = let acks = Array.create_matrix ls.nmembers ls.nmembers 0
I in

| { explicitack = Param.bool vs.params "stable_explicit_ack";
| sweep = Param.time vs.params "stable_sweep";

[ failed = Array.create ls.nmembers false;

| ncasts = Array.create ls.nmembers O;

| my_row = acks.(ls.rank);

| acks = acks;

| next_gossip = Time.invalid;

| blocking = false;

| block_ok
I

I

I

I

[

B

= false;
dbg_mins = Array.create ls.nmembers O;
dbg_maxs = Array.create ls.nmembers O;
byp_hdr = NoHdr
€ unit -> View.local * View.state -> state
Y LetDeclMem

|
1. 1s: View.local
2. vs: View.state
F let acks = Array.create_matrix ls.nmembers ls.nmembers 0
in
{ explicitack = Param.bool vs.params "stable_explicit_ack";
sweep = Param.time vs.params "stable_sweep";
failed = Array.create ls.nmembers false;
ncasts = Array.create ls.nmembers O;
my_row = acks.(1ls.rank);
acks = acks;
next_gossip = Time.invalid;

blocking = false;
block_ok = false;
dbg_mins = Array.create ls.nmembers O0;
dbg_maxs = Array.create ls.nmembers O0;

byp_hdr = NoHdr

€ state
LetPatternMem

. acks: int array array

{ explicitack = Param.bool vs.params "stable_explicit_ack";
sweep = Param.time vs.params "stable_sweep";
failed = Array.create ls.nmembers false;
ncasts = Array.create ls.nmembers O;
my_row = acks.(ls.rank);
acks = acks;
next_gossip = Time.invalid;
blocking = false;
block_ok false;
dbg_mins = Array.create ls.nmembers O0;
dbg_maxs = Array.create ls.nmembers O;
byp_hdr = NoHdr

T w

}

€ state

I
I
I
I
I
|
I
I
I
I
I
|
I
|
I
BY
A\
I
I
I
I
I
I
I
I
I
I
I
|
I
I
I
1 BY RecordExprMem

H———— - - - ——
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F Param.bool vs.params "stable_explicit_ack" € bool
BY ApplyMem

F Param.bool € Param.tl -> string -> bool
Y LongIdMem

—

bool € Param.tl -> string -> bool
Y PreDefinedObjectMem

@ T

\

T

vs.params € Param.tl

I
3
|
I
3
|
|
3 BY RecordGetMem

F "stable_explicit_ack" € string
BY StringExprMem

F Param.time vs.params "stable_sweep" € Time.t

I
BY ApplyMem
I

| - Param.time € Param.tl -> string -> Time.t
3 BY LongIdMem

||

| F time € Param.tl -> string -> Time.t

3 BY PreDefinedObjectMem

A\

| F vs.params € Param.tl

3 BY RecordGetMem

F "stable_sweep" € string
BY StringExprMem

F Array.create ls.nmembers false € bool array
BY ApplyMem

F Array.create € nmembers -> bool -> bool array
BY LongIdMem

|
3
||
| F create € nmembers -> bool -> bool array
3 BY PreDefined(bjectMem

I\
| + 1s.nmembers < nmembers
3 BY RecordGetMem

F false € bool

BY FalseMem

F Array.create ls.nmembers O € seqno array
BY ApplyMem

F Array.create € nmembers -> int -> seqno array
BY LongIdMem

|
3
||
| F create € nmembers -> int -> seqno array
3 BY PreDefinedObjectMem

I\
| F 1s.nmembers € nmembers
3 BY RecordGetMem

F 0 € int

BY NatnumMem
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\

\

\

\
\

\

F acks.(ls.rank) € seqno array
BY ArrayGetMem

I\

| F acks € int array array

3 BY VarMem

F ls.rank ¢ int
BY RecordGetMem

F acks € seqno array array
BY VarMem

F Time.invalid € Time.t
BY LongIdMem

I

F invalid € Time.t

BY PreDefinedObjectMem

 false € bool
BY FalseMem

 false € bool
BY FalseMem

F Array.create ls.nmembers 0 € seqno array
BY ApplyMem
I

BY LongIdMem

I
create € mnmembers -> int -> seqno array

| - Array.create € nmembers -> int -> seqno array
3

I

|

3 BY PreDefinedObjectMem
I

I

3

\

F 1ls.nmembers ¢ nmembers
BY RecordGetMem

F 0 € int
BY NatnumMem

F Array.create ls.nmembers 0 € seqno array
BY ApplyMem

| F Array.create € nmembers -> int -> seqno array
3 BY LongIdMem

!

| F create € mnmembers -> int -> seqno array

3 BY PreDefinedObjectMem

I\

| F 1s.nmembers € nmembers
3 BY RecordGetMem

F 0 € int
BY NatnumMem

F NoHdr e header
BY VariantConstrMem
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F Array.create_matrix ls.nmembers ls.nmembers 0 € int array array
BY ApplyMem

F Array.create_matrix € nmembers -> nmembers -> int -> int array array
BY LongIdMem

reate_matrix € nmembers -> nmembers -> int -> int array array
Y PreDefinedObjectMem

F c
\
 ls.nmembers ¢ nmembers

B
BY RecordGetMem

_—

 1s.nmembers ¢ nmembers
BY RecordGetMem

B R s —
— —

F 0 e int
BY NatnumMem
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B The NuPRL-Theory Ocaml

Comment objects add structure to the library and make it more comprehensible.

*C
*C
*C

*D
*A
*T
*D
*A
*T

*C
*C
*C

*D

*D
*A
*T
*D
*A
*T
*D
*A
*T
*D
*A
*T
*D
*A
*T
*D
*A
*T

*D
*A
*T
*T
*T

*T

*T

*T

*T

*C
*C
*C

*D
*A
*D
*A

*D
*A
*D
*A

Ocaml_begin
Ocaml_begi_
Ocaml_beg__

0_fail df
0_fail
0_fail wf
LongId df
LongId
LongId wf

Ocaml_classes1
Ocaml_classes2
Ocaml_classes3

TYPES

TypeConstri_df
TypeConstril
TypeConstri_wf
TypeConstr2._df
TypeConstr2
TypeConstr2_wf
TypeConstr3_df
TypeConstr3
TypeConstr3_wf
TypeConstr4_df
TypeConstr4
TypeConstr4_wf
TypeConstr5_df
TypeConstrb
TypeConstrb5_wf
TypeConstr6_df
TypeConstré
TypeConstré_wf

TypeApplydf
TypeApply
TypeApply wfl
TypeApply wf2
TypeApply wf3

TypeApply wf4
TypeApply wfb

TypeApply wfé

TypeSubst

DECLARATIONSO
DECLARATIONS1
DECLARATIONS2

LetDecl_df
LetDecl
LetRecDecl df
LetRecDecl

TypeDeclO_df
TypeDeclO
TypeDecli df
TypeDecli

*kk *kok
*k Theory OCAML *k
*okkkok ok

fail== 0_fail

fail == any O

F VT:U;. fail € T

<module:tok>.<t:term:*>== LongId{<module>:t}(<t>)
$module.t == t

F VT:Up. Vt:T. Vmodules:Atom. modules.t € T

Classes for Ocaml Types / Type constructors

TYPES== Uy

1-ary Type Constructors== TypeConstri

1-ary Type Constructors == TYPES -> TYPES

- 1-ary Type Constructors € Us

2-ary Type Constructors== TypeConstr2

2—-ary Type Constructors == TYPES*TYPES —> TYPES

- 2-ary Type Constructors € Up

3-ary Type Constructors== TypeConstr3

3-ary Type Constructors == TYPES*TYPES*TYPES -> TYPES

- 3-ary Type Constructors € Ug

4-ary Type Constructors== TypeConstr4

4-ary Type Constructors == TYPES*TYPES*TYPES*TYPES -> TYPES
- 4-ary Type Constructors € Ug

5-ary Type Constructors== TypeConstr5

6-ary Type Constructors == TYPES*TYPES*TYPES*TYPES*TYPES —-> TYPES
- B-ary Type Constructors € Us

6-ary Type Constructors== TypeConstr6

6-ary Type Constructors == TYPES*TYPES*TYPES*TYPES*TYPES*TYPES —> TYPES

- 6-ary Type Constructors € Us

<T:Type> <TC:TypeConstr>== TypeApply(<KTC>; <T>)
T TC == TC (T)
b VTC:1-ary Type Constructors. VT:TYPES.
= VTC:2-ary Type Constructors. VT1,T2:TYPES.
- VTC:3-ary Type Constructors.
VT1,T2,T3:TYPES. (T1,T2,T3) TC € TYPES
- VTC:4-ary Type Constructors.
VT1,T2,T3,T4:TYPES. (T1,T2,T3,T4) TC € TYPES
- VTC:5-ary Type Constructors.
VT1,T2,T3,T4,T5:TYPES. (T1,T2,T3,T4,T5) TC € TYPES
= VTC:6-ary Type Constructors.
VT1,T2,T3,T4,T5,T6: TYPES. (T1,T2,T3,T4,T5,T6) TC € TYPES

T TC € TYPES
(T1,T2) TC € TYPES

F VS,T:TYPES. S =T € TYPES = (Vt:S. t € T)

——————————— e +

| Constructs for introducing new types / functions
; e +

let <name:tok> <expr:expr> == LetDecl{<name>:t} (<expr>)
let $name expr == expr

let rec <name:tok> <e:expr> == LetRecDec1{<name>:t}(<e>)
let rec $name e == r

type <name:tok> = <T:type>== TypeDeclO{<name>:t}(<T>)
type $name = type == type
type

type ’tp $name = T[tp] == Atp.T[tp]

47

’<tp:var> <name:tok> = <T:type>== TypeDecll{<name>:t}(<tp>.<T>)



*D

*A

*D

*A

*D

*A

*D

*A

*D

*A

*C
*C
*C

*D
*A
*D
*A
*D
*A
*D

*A

*C
*C
*C
*D
*A
*C
*C
*C

*C
*C
*C
*D
*D
*D
*A
*C
*C
*C
*D
*D
*D
*D
*T
*D
*D
*D
*A
*T

*D
*A
*D
*A

TypeDecl2_df type (’<tpl:var>, ’<tp2:var>) <name:tok> = <T:type>
== TypeDecl2{<name>:t} (<tp1>,<tp2>.<T>)

TypeDecl2 type (’tpl, ’tp2) $name = T[tpl; tp2]
== AT2.let <tpil,tp2> = T2 in T[tpl; tp2]
TypeDecl3_df type (’<tpl:var>, ’<tp2:var>, ’<tp3:var>) <name:tok> = <T:type>)
== TypeDecl3{<name>:t} (<tpl>,<tp2>,<tp3>.<T>)
TypeDecl3 type (’tpl, ’tp2, ’tp3) $name = T[tpl; tp2; tp3])
== AT3.let tpl,tp2,tp3 = T3 in T[tpl; tp2; tp3]
TypeDecl4_df type (’<tpl>, ’<tp2>, ’<tp3>, ’<tp4>) <name:tok> = <T:type>)
== TypeDecl4{<name>:t} (<tpl>,<tp2>,<tp3>,<tp4>.<T>)
TypeDecl4 type (’tpl, ’tp2, ’tp3, ’tp4) $name = T[tpl; tp2; tp3; tp4l)
== AT4.let tpl,tp2,tp3,tp4 = T4 in T[tpl; tp2; tp3; tp4l
TypeDecl5_df type (’<tpl>, ’<tp2>, ’<tp3>, ’<tp4>, ’*<tp5>) <name:tok> = <T:type>
== TypeDecl5{<name>:t} (<tp1>,<tp2>,<tp3>,<tp4>,<tp5>.<T>)
TypeDecl5 type (°tpl, ’tp2, ’tp3, ’tp4, ’tp5) $name = T[tpl; tp2; tp3; tp4; tp5l]
== AT5.let tpl,tp2,tp3,tp4,tp5 = T5 in T[tpl; tp2; tp3; tp4; tp5]
TypeDecl6_df type (’<tpl>,’<tp2>,’<tp3>,’<tp4>,’<tp5>,’<tp6>) <name:tok> = <T:type>
== TypeDecl6{<name>:t} (<tpl>,<tp2>,<tp3>,<tp4>,<tp5>,<tp6>.<T>)
TypeDecl6 type (’tpl,’tp2,’tp3,’tp4, ’tp5,’tp6) $name = T[tpl;tp2;tp3;tp4;tp5;tp6]
== AT6.let tpl,tp2,tp3,tp4,tp5,tp6 = T6 in T[tpl;tp2;tp3;tp4;tp5;tp6l
Matchingt == -———————————————— -
Matching2 PATTERN MATCHING
Matchingd = -————————————————— -
Matching Union df <ti1:pattern-term> | <t2:pattern-term>== Matching Union(<t1>; <t2>)

Matching Union t1 | $2 == t1 + t2

Match__ Var_df <x:variable-name>== Match___Var{<x>:t}(<expr>; <t>)
Match___Var $x == (true, t expr)
Match___All_df == Match__Al1l(<expr>; <t>)
Match__ All _ == (true, t)
Match___Alternatives_df <pl:matcher> | <p2:matcher>
== Match_Alternatives(<expr>; <el>,<t1>.<pi1>; <e2>,<t2>.<p2>; <t>)
Match___Alternatives pilel; t1] | p2[e2; t2]
== let <b’,t’> = pilexpr; t] in if b’ then (true, t’) else p2[expr; t]
Matchingd e a e
Matchingb Hidden lambda abstractions are necessary to keep the ML style
Matching6 e a e ia e i
Match___HideLambda_df <t:t>== Match__HideLambda(<x>.<t>)
Match___HideLambda tlx] == Ax.t[x]
Ocaml_datal == ===
Ocaml_data2 Basic Ocaml Data Structures
Ocaml_data3 == ===
Ocaml_unitil - -
Ocaml_unit2 UNIT
Ocaml_unit4 - -
Unit_df unit== Unit
Null df (== Ax
Unit_ Match_All_df ()== Unit_Match_All(<expr>; <t>)
Unit__Match_All () == (true, t)
Bool1 === -
Bool2 BOOLEANS
Bool4 00— -—=
0_bool bool== 1B
O_true true== tt
0_false false== ff
O_cond if <p:bool> then <el:expr> == if <p> then <el> else () fi
O_cond_wf1l F Vp:bool. VA:TYPES. Va,b:A. if p then a elseb € A
O_and P & 9==p Ap q
O_or P or g==p Vs q
O_not_df not== O_not
O_not not == Ap.—pp
O_not_wf F not € bool —> bool
Bool__Match_True_df true== Bool_Match_True(<expr>; <t>)
Bool__ Match_True true == (expr, t)
Bool___Match_False_df false== Bool__Match_False(<expr>; <t>)
Bool___Match False false == (—pexpr, t)
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Int1l
Int2
Int4
O_int
O_add
O_pred_df
O_pred
O_pred wf
O_sub
O_minus
O_mul
0_div
O_mod

O_eq_df
O_eq
O_eq_wf
O_neq_df
O_neq
O_neq wf
0_lt_df
0_1t
0_lt_wf
0_gt_df
O_gt
O_gt_wt
0_le_df
0_le
0_le_wf
O_ge_df
O_ge
O_ge_wf

Int__Match Num_df
Int__Match Num

Float1l
Float2
Float4
Float_df
Float
Float_wf

FloatUp_df

FloatUp
FloatNum_df

FloatNum
Stringil
String2
String3
Char_df
Char
Char_wf
String df
String
String wf

StringGet_df
StringGet
StringGet_wf
StringCat_df
StringCat
StringUp._df

StringUp
StringExpr_df
StringExpr

INTEGERS

int==

<a:int>+<b:int>== <a> + <b>

pred== 0O_pred
pred == Ax.x - 1
F pred € int -> int

<a:int> - <b:int>== <a> - <b>

—<a:int>== —<a>

<a:int> * <b:int>== <a> * <b>
<a:int> / <b:int>== <a> + <b>
<a:int> mod <b:int>== <a> rem <b>

<i:i> = <j:j>== O_eq(<i>; <j>)

i = j == 1if i=j then true else false

F Vi,j:int. i = j € bool
<i:i> <> <j:j>== O_neq(<i>; <j>)

i <> j == 1if i=j then false else true

F Vi,j:int. i <> j € bool
<i:i> < <j:j>== 0_1t(<i>; <j>)

i < j == 1if i<j then true else false

F Vi,j:int. i < j € bool
<i:i> > <j:j>== 0_gt(<i>; <j>)

i > j == if j<i then true else false

F Vi,j:int. i > j € bool
<i:i> <= <j:j>== 0_le(<i>; <j>)

i <= j == 1if j<i then false else true

F Vi,j:int. i <= j € bool
<i:i> >= <j:j>== 0_ge(<i>; <j>)

i >= j == 1if i<j then false else true

F Vi,j:int. i >= j € bool

<n:number>== Int__Match Num(<expr>; <n>; <t>)

== (expr = mn, t)

FLOATING POINT NUMBERS

float== Float

float == int * {0...9} List

- float € TYPES

<d:digit><dl:diglist>== FloatUp(<d>; <d1>)

<d:digit>== FloatUp(<a>; [1)

ddl == d::dl

<n:number>.<dl:dig list>== FloatNum(<n>; <d1>)

<n:number>== FloatNum(<n>; [])

n.dl == (m, dl)

STRINGS

char== Char

char == Atom

I char € TYPES
string== String
string == char List
string € TYPES

<s:s>.[<idx:idx>]== StringGet(<s>; <idx>)

s.[idx] == if idx<||s|| then if idx<0 then fail else s[idx] else fail
s.[i] € char

- Vs:string. Vi:int.

<stril:string>~<str2:string>== StringCat(<str1>; <str2>)
str1”str2 == strl Q@ str2
<char:char><chars:chars>== StringUp(<char>; <chars>)

<char:char>== StringUp(<char>; [1)

charchars == char::chars

"<strg:strg>"== StringExpr(<strg>)

"strg" == strg
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List1 = - —-—=
List2 MODULE List: list operations (manual section 15.11)
List3 = - -
List_df list== List
List list == AT.T List
List_wf - 1list € 1-ary Type Constructors
ListNil 0== 1
ListExpr.step.df [<hd:head>;<tl:tail>]== ListExpr_step(<hd>; <tl1>)
[<hd:head>]== ListExpr_step(<hd>; []1)

#Hd a :: [<hd:head>;<#:tail>]== ListExpr_step(<hd>; <#>)

#T1 a :: <hd:head>;<#:tail>== ListExpr_step(<hd>; <#>)

#T1 a :: <hd:head>== ListExpr_step(<hd>; [])
ListExpr_step [hd;t1] == hd::tl
ListExpr_stepwf F VT:TYPES. Va:T. VL:T list. [a;L] € T list
ListCons_df <t:term>::<L:1list>== <t>::<L>
ListConcat_df as @ bs==as @ bs
List DOT_length df length== List_DOT_length
List_DOT_length length == AL.|ILII
List_DOT_length_wf -~ VT:TYPES. length € T list -> int
List_DOT_length nonneg F VT:TYPES. VL:T list. 0 < length L
List DOT_nth_df nth== List DOT_nth
List_DOT_nth nth == AL,i.if i<||L|| then if i<0 then fail else L[i] else fail
List_DOT_nth_wf F VT:TYPES. nth € T list —> int > T
List_DOT_iter_df iter== List_DOT_iter
List_DOT_iter iter == Af,L.rec-case(L) of [] => As.s | a::L’ => stmnt.f a; stmnt
List DOT_iter_wf - VS,T:TYPES. Vf:S -> T. VL:S list. diter f L € T

List_ Match_Nil_df
List_Match Nil

List___Match_Cons_df

List__Match_Cons

Arrayil
Array2
Array3
Array df
Array
Array wf

ArrayExpr_null df
ArrayExpr null
ArrayExprnull_wf
ArrayExpr_step_df
#Hd a ::
#T1l a ::
#T1 a ::
ArrayExpr_step
ArrayExpr_df
ArrayExpr

Array DOT_length df

Array DOT_length

Array DOT_length wf

Array DOT_get_df
Array DOT_get
Array DOT_get_wf
Array DOT_get_wfl
ArraySubst_df
ArraySubst

ArraySubst_wf

[1== List__Match Nil(<expr>; <t>)
[T == (null(expr), t)
<pl:matcher-hd>::<p2:matcher-t1>

== List__Match_Cons(<expr>;<el>,<t1>.<pl1>;<e2>,<t2>.<p2>;<t>)

pilel; t1]::p2[e2; t2]
== rec-case(expr) of
[1 => (false, t)
| e1::e2 => R.1let <b1,t1> = pifel; t] in
if b1l then p2[e2; t1] else (false, t1)

MODULE Array: array operations (manual section 15.2)

array== Array
array == AT.1g:IN X int -=> T
- array € 1-ary Type Constructors

ArrayExpr_null(<idx>)

any idx

F VT:TYPES. (0, Ai.) € T array

<cont:cont>;<val:val>== ArrayExpr_step(<idx>; <pos>; <val>; <cont>)
<#:cont>;<val:val> ArrayExpr_step(<idx>; <pos>; <val>; <#>)
<cont:cont><val:val>== ArrayExpr_step(<idx>; <pos>; <val>; <cont>)
<#:cont>;<val:val> == ArrayExpr_step(<idx>; <pos>; <val>; <#>)
cont;val == if idx=pos then val else cont

[I<cont:cont>|]== ArrayExpr(<size>; <idx>.<cont>)

[lcont[idx] 1] == (size, Aidx.cont[idx])

length== Array DOT_length

length == JAa.let <lg,values> = a in 1g

= VT:TYPES. length € T array -> int
<a:array>.(<i:index>)== Array DOT_get(<a>; <i>)
a.(i) == 1let <lg,values> = a in values i
F VT:TYPES. Va:T array. Vi:int. a.(i) € T
F VT:TYPES. Va:T array. Vi:{0..(lengtha)”}. a.(i) € T
<a:array>[.(<i:index>)«—<expr:expr>]== ArraySubst(<a>; <i>; <expr>)
al. (i) «—expr] == let <1lg,values> = a in

(1g, Aidx.if idx=i then expr else a.(idx))
F VT:TYPES. Va:T array. Vi:{0..(length a) " }. Vexpr:T.
al.(i)«expr] € T array
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Array DOT_set_df
Array DOT_set

<a:var>.(<i:index>) <- <expr:expr>== Array DOT_set(<i>; <a>.<expr>)

a.(i) <- exprlal == Ma.al.(i)<«exprl[all

Array set_matrixfield df <a:var>.(<i:index>).(<j:index>) <- <expr:expr>

== Array_set_matrixfield(<i>; <j>; <a>.<expr>)

Array_set_matrixfield a.(i).(j) <- exprlal == Aa.al.(i)«a.(i)[.(j)«—exprlall]

Array DOT _create_df
Array DOT_create

Array DOT_create wf

create== Array DOT _create

create == Alg,x. if 0<lg then (1lg, Ai.if i>0 & (lg-1)>i then x)

else (0, Ai.x)
F VT:TYPES. create € int -> T -> T array

Array DOT_creatematrix df creatematrix== Array DOT_create matrix
Array DOT_creatematrix creatematrix == Adimx,dimy,e.create dimx (create dimy e)

Array DOT_creatematrix wf

Array DOT_copy_df
Array DOT_copy
Array DOT_copy_wf

copy== Array DOT_copy
copy == JAa.a
F VT:TYPES. copy € T array -> T array

Array DOT_to_list_df to_list== Array DOT_to_list

Array DOT_to_list

to_list == Aa.I(length a - 1) where I(a) =
when i = o« < 0, L_to_i = I(a+1). []
when « = 0. a.(0)::[]
when i = « > 0, L_to_i = I(a-1).

if i<(length a) then L_to_i @ [a.(i)] else L_to_i

end where

Array DOT_to_list_wf F VT:TYPES. to_list € T array —> T list
Array DOT of list_df of_list== Array DOT_of_list
Array DOT_of_list of_1ist == AL.(length L, Aidx.nth L idx)
Array DOT_of_list_wf F VT:TYPES. of_list € T list -> T array
ValueGet_df !<VAR:imperative VAR>== ValueGet (<VAR>)
ValueGet 'VAR == VAR
ValueSet_df <cell:var> := <expr:expr>== ValueSet(<cell>.<expr>)
ValueSet cell := exprlcell]l == Acell.exprlcelll
Product2 PRODUCTS
Product3 e e e
Product_df <A:type> * <B:type>== <A> X <B>
Pair_df (<A:term>, <B:term>) == <<A>, <B>>
#Hd R :: (<A:term>, <#:term>)== <<A>, <#>>
#T1 R :: <A:term>, <B:term>== <<A>, <B>>
#T1 R :: <A:term>, <#:term>== <<A>, <#>>
Product__Match Pair_df <pl:matcherl>, <p2:matcher2>

== Product___Match Pair(<expr>; <el>,<t1>.<pl>; <e2>,<t2>.<p2>; <t>)

Product___Match_Pair pilel; t11, p2[e2; t2]
== let <el,e2> = expr in
let <b1l,t1> = pi[el; t] in
if bl then p2[e2; t1] else (false, t1)

Functionl e et
Function2 FUNCTIONS AND BINDINGS
Function3 et it
Fun <S:type> —> <T:type>== <S> — <T>
FunArgument_df <p:matcher> <target:term>

== FunArgument (<e>,<tVar>.<p>; <target>; <arg>.<expr>)
FunArgument ple; tVar] target == Marg.let <b,t> = plexprlargl; target] in t
FunBody_df -> <expr:expr>== FunBody (<expr>)
FunBody -> eXpr == expr
FunBinding df fun <funexpr:funexpr>== FunBinding(<funexpr>)
FunBinding fun funexpr == funexpr
FunctionBinding df function <matchcase:matchcase>== FunctionBinding(<e>.<matchcase>)
FunctionBinding function matchcase[e] == Ae.matchcasel[e]
FunApply.df <F:term:E> <A:term:L> == <F> <A>
MatchCase Last.df <p:matchcase> -> <target:target>

== MatchCase_Last(<expr>; <target>; <e>,<tVar>.<p>)
MatchCase Last ple; tVar]l -> target == 1let <b,t> = plexpr; target] in t
MatchCase_Step_df <p:matchcase> -> <target:target> | <cont:continuation>

== MatchCase_Step(<expr>; <target>; <e>,<t>.<p>; <e’>.<cont>)
MatchCase Step ple; tVarl -> target | contle’]

== let <b,t> = plexpr; target] in if b then t else cont[expr]
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MatchWith_df

MatchWith
LetBody._df
LetBody
LetPattern df

LetPattern

LetBindFunction df

LetBindFunction
LetBindRecursive_df

LetBindRecursive

Ocaml_Types1
Ocaml_Types2
Ocaml_Types8

FIELDS_df
FIELDS
FIELDS wf
Token_df
FieldEq.df
FieldEq
FieldEqwf
Recordl
Record2
Record3
RecordDecl_df
RecordDecl
RecordDecl_wf

RecordType Null_df
RecordTypeNull
RecordType Null wf
RecordType_Step_df
#Hd a ::
#T1 a ::
#T1 a ::

RecordTypeStep
RecordType_Step_wf

RECORDS_df
RECORDS
RECORDS_wf
RecordType._df
RecordType
RecordTypewf

RecordTypewfl

RecordExpr Null df

RecordExpr_Null

RecordExpr_Step_df
#Hd a ::
#T1 a ::

#T1 a ::

RecordExpr_Step

RecordExpr._df
RecordExpr

match <expr:expr> with <matchcase:matchcase>
== MatchWith(<expr>; <e>.<matchcase>)
matchcase [expr]

match expr with

matchcasele

= <expr:expr>== LetBody(<expr>)

= eXpr == expr
let <p:matcher> =

let ple; tvar] =
let

<expr:expr>in <target:target>
== LetPattern(<expr>; <target>; <e>,<tVar>.<p>)

expr in target == let <b,t> =
<f:var> <f_val:term>in <target:target>

plexpr; target] in t

== LetBindFunction(<f>.<target>; <f_val>)

let £ f_val

let

in target[f] == let f
rec <f:var> <f_val:term> in <target:target>

f_val in target[f])

== LetBindRecursive(<f>.<target>; <f>.<f_val>)
let rec £ f_vallf] in target[f] ==
=Y (Af.f_vall[f]) in target[f])

= let f

COMPLEX TYPE CONS

TRUCTORS

FIELDS== FIELDS
FIELDS == Atom

- FIELDS € TYPES

<a:token>== "<a>"

<fl:field> = <f2:field>== FieldEq(<f1>; <f2>)

f1 = £2 ==
+ V£1,f2:FIELDS.

RECORDdecl== Reco
RECORDdecl ==
I RECORDdecl € U

f1 =

if f1=f2 then true else false
f2 € bool

rdDecl

FIELDS -> TYPES

2
== RecordType Null
== unit

F € TYPES

{<lab:fieldname> :<T:Type> <cont:continuation>}
== RecordType_Step(<1>; <lab>; <T>; <cont>)

{ <lab:fieldname> :

<T:Type>; <#:continuation>}

== RecordType_Step(<1>; <lab>; <T>; <#>)
<T:Type> <cont:continuation>
== RecordType_Step(<1>; <lab>; <T>; <cont>)
<T:Type>; <#:continuation>
== RecordType_Step(<1>; <lab>; <T>; <#>)

if 1=lab then T else cont
F V1,lab:FIELDS. VT,cont:TYPES.

<lab:fieldname> :
<lab:fieldname> :
{lab :T cont} ==

RECORDS== RECORDS
RECORDS ==

(<TYPE-0F>)

1 {lab :T cont}

€ TYPES

field:FIELDS — TYPE-OF field

= VTYPE-OF :RECORDdecl. RECORDS € TYPES
<TypeCases:TypeCases>== RecordType(<1>.<TypeCases>)

TypeCases[1] ==

I VTYPE-OF :RECORDdecl. Vname:Atom.

RECORDS

TYPE-OF 1 € TYPES

I VTYPE-OF :RECORDdecl. Vname:Atom. Vs:TYPE-OF 1. Vfield:FIELDS.

s field € TYP

E-OF field

== RecordExpr_Null

== ()
<lab:lab> =

<val:val><cont:cont>
== RecordExpr_Step(<1>; <lab>; <val>;

<lab:lab> = <val:val>;<#:cont>

== RecordExpr_Step(<1>; <lab>; <val>;
<val:val><cont:cont>
== RecordExpr_Step(<1>; <lab>; <val>;

<lab:lab> =

<lab:lab> = <val:val>;<#:cont>

== RecordExpr_Step(<1>; <lab>; <val>;
if 1=1ab then val else cont

lab =

val cont ==

<cont>)
<#>)
<cont>)

<#>)

{<cont:cont>}== RecordExpr(<1>.<cont>)

{cont[11} ==

Al.cont[1]
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RecordGet_df <r:record>.<f:field>== RecordGet (<r>; <f>)

RecordGet s.f== s f

RecordGet_wf - VTYPE-OF:RECORDdecl. Vr:RECORDS. Vf:FIELDS. r.f € TYPE-OF £

RecordSubst_df <r:r>[.<f:field>«—<expr:expr>]== RecordSubst(<r>; <f>; <expr>)

RecordSubst r[.f«expr] == AfVar.if fVar=f then expr else r.fVar

RecordSubst_wf F VTYPE-OF:RECORDdecl. Vr:RECORDS. Vf:FIELDS. Vexpr:TYPE-OF f.
r[.f«expr] € RECORDS

RecordSet_df <s:statevar>.<f:field> <- <expr:expr>== RecordSet(<f>; <s>.<expr>)

RecordSet s.f <- exprls] == As.s[.f—exprlsl]

RecordSetwf F VTYPE-OF:STATEdecl. Vf:FIELDS. Vexpr:TYPE-OF f.

s.f <- expr € STATEMENTS

RecordSet_arrayfield df

RecordSet_arrayfield
RecordSet matrixfield df

RecordSet_matrixfield
Record___Match_Null df

Record_Match Null
Record__ _Match Step_df

<s:var>.<f:arrayfield>.(<idx:idx>) <- <expr:expr>

== RecordSet_arrayfield(<:f>; <idx>; <s>.<expr>)
s.f.(idx) <- exprl[s] == As.s[.f«s.f[.(idx)«—expr[s]1]]
<s:var>.<f:matrixfield>.(<i:idx>).(<j:idx>) <- <expr:expr>
== RecordSetmatrixfield(<f>; <i>; <j>; <s>.<expr>)
s.f.(1).(j) <- exprls]

== As.s[.f—s.f[.(1)s.f.(1)[.(j) «—expr[s]1]]

== Record__ Match Null(<expr>; <t>)
== (true, t)
{<f:field> = <pl:matcher—-field><p2:matcher—-cont>}
== Record___Match_Step(<expr>; <f>; <el>,<t1>.<pi>;
<e2>,<t2>.<p2>; <t>)

#Hd a :: { <f:field> = <pl:matcher-field>; <#:matcher-cont> }
== Record_Ma.tch_Step(<expr>; <f>; <el>,<t1>.<p1>;
<e2>,<t2>.<#>; <t>)
#T1 a :: <f:field> = <pl:matcher—field> <p2:matcher—cont>
== Record_Ma.tch_Step(<expr>; <f>; <el>,<t1>.<p1>;
<e2>,<t2>.<p2>; <t>)
#T1 a :: <f:field> = <pl:matcher—field>; <#:matcher—cont>
== Record___Match_Step(<expr>; <f>; <el>,<t1>.<pi>;
<e2>,<t2>.<#>; <t>)
Record_ Match Step {f = pilel; t1lp2[e2; t2]1 }
== let <b1l,t1> = pilexpr.f; t] in
if bl then p2[expr; t1] else (false, t1)
Varianti T
Variant2 VARIANT RECORDS
Variant3 m T
VariantDecl._df VARIANTdecl== VariantDecl
VariantDecl VARIANTdecl == FIELDS —-> TYPES
VariantDecl wf F VARIANTdecl € Up
VariantType Null df == VariantType Null
VariantType_Null == Void
VariantType_Step_df <c:constructor> of <T:Type> <cont:continuation>

== VariantType_Step(<1>; <c>; <T>; <cont>)

#Hd a :: <c:constructor> of <T:Type>| <#:continuation>
== VariantType_Step(<1>; <c>; <T>; <#>)
#T1 a :: <c:constructor> of <T:Type> <cont:continuation>
== VariantType_Step(<1>; <c>; <T>; <cont>)
#T1 a :: <c:constructor> of <T:Type>| <#:continuation>
== VariantType Step(<1>; <c>; <T>; <#>)
VariantType_Step c of T cont == if 1l=c then T else cont
VariantType_StepPure df <c:constructor> <cont:continuation> == <1> <c> of unit <cont>
#Hd a :: <c:comstructor> | <#:continuation> == <1> <c> of unit <#>
#T1l a :: <c:comnstructor> <cont:continuation> == <1> <c> of unit <cont>
#T1 a :: <c:comstructor> | <#:continuation> == <1> <c> of unit <#>
VARIANTS 4f VARIANTS== VARIANTS(<TYPE_OF>)
VARIANTS VARIANTS == f:FIELDS X TYPE-OF £
VARIANTS wif F VTYPE-OF:VARIANTdecl. VARIANTS € TYPES
VARIANTS wf1l F VTYPE-OF:VARIANTdecl. Vs:VARIANTS. Vf:FIELDS. s £ € TYPE-OF £
VariantType_df <TypeCases:TypeCases>== VariantType(<1>.<TypeCases>)
VariantType TypeCases[1] == VARIANTS
VariantConstr_df <c:constructor>(<expr:term>) == VariantConstr(<c>; <expr>)
VariantConstr c(expr) == (c, expr)
Variant_Cconstr <c:constructor>== <c>(())

VariantConstr_wf F VTYPE-OF:VARIANTdecl. Vc:FIELDS. Vobj:TYPE-OF c. c(obj) € VARIANTS
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Variant___let_constr_df

Variant___let_Cconstr

Variant__let_constr

Variant__let_constr.wf

Variant__Match Nconstr_df

Variant__Match Nconstr

Variant__Match_Cconstr.df
Variant__ Match_Cconstr

Basics_begin
Basics_begi_
Basics_beg _
O_ref df
O_ref

O_ref wf
0_failwith_df
0_failwith
O_failwith wf
O_option df
O_option
O_option wf

0bj_DOT_Type_t_df
0bj_DOT_Type_t

let <c:constructor>(<arg:var>) = <expr:expr> in <t:expr>

== Variant_let_constr(<expr>; <c>,<arg>.<t>)
let <c:constructor> = <expr:expr> in <t:expr>

== let <c>(nullvar) = <expr> in <t>
let c(arg) = expr in tlc; argl

== let <c,arg> = expr in tl[c; argl
I VTYPE-OF:RECORDdecl. Vvrec:VARIANTS.

let c(arg) = vrec in arg € TYPE-OF ¢

<c:constructor> (<p : matcher>)

== Variant___Match Nconstr(<expr>; <c>; <el>,<t1>.<p>; <t>)
constr(plel; t1]) ==

let c(arg) = expr in

if ¢ = constr then plarg; t] else (false, t)
<c:constructor> == Variant_Match_Cconstr(<expr>; <c>; <t>)
constr == let ¢ = expr in (¢ = constr, t)

%%k —_

** Module Basics: Miscellaneous predefined expressions
dk———— -—-

ref== O_ref

ref == Abstractly defined

- ref € 1-ary Type Constructors
failwith== 0_failwith

failwith == Abstractly defined

F VT:TYPES. failwith € string -> T
option== O_option

option == type ’a option = None of unit | Some of a
- option € 1-ary Type Constructors
t== 0bj_DOT_t

t == Abstractly defined

F t € TYPES

0bj_DOT_Type_t_wf

0bj_DOT_is_block_df is_block== 0bj_DOT_is_block

0bj_DOT_is_block
0bj_DOT_repr_df

is_bloc
repr== 0bj_DOT_repr

== ()

0bj_DOT_repr repr == ()

0bj DOT_magicdf magic== O0bj DOT_magic

0bj_DOT_magic magic == ()

Basics____ A
Basics__d *% END of Module Basics

Basics_nd *k—— Rttt bttt
Ocaml_statel - -—=
Ocaml_state2 STATES and STATE PROPERTIES

Ocaml_state3 - -—=
O_sDecl_df STATEdecl== 0O_sDecl

O_sDecl STATEdecl == RECORDdecl

O_sDecl_wf F STATEdecl € Up

O_sDecl all <prop:prop>== VTYPE-OF:STATEdecl. <prop>
O_states_df STATES== O_STATES(<TYPE-O0F>)

O_states STATES == f:FIELDS — TYPE-OF f

O_states_wf - VTYPE-OF:STATEdecl. STATES € TYPES

O_stateswfl
O_sProps_df
O_sProps
Ocaml_stmtA
Ocaml_stmtB
Ocaml_stmtC

O_stmt_df
O_stmt
O_stmt_wf
O_stmt_wf1l
O_Assert_df

O_Assert
O_Assert_wf

- VTYPE-OF:STATEdecl. Vs:STATES. Vf:FIELDS. s f
IP[s]== O_sProps(<TYPE-OF>)
P[s] == STATES -> IP;

€ TYPE-OF £

STATEMENTS operate on states only

STATEMENTS== O_STMT(<TYPE-OF>)
STATEMENTS == STATES —> STATES
- VTYPE-OF:STATEdecl. STATEMENTS € TYPES

F VTYPE-OF:STATEdecl. Vs:STATES. Vcmd:STATEMENTS.

{{<pre:pre>}} <stmt:stmt> {{<post:post>}}
== O_Assert(<pre>; <stmt>; <post>; <TYPE-OF>)

{{pre}} stmt {{post}} ==

cmd s € STATES

Vs:STATES. pre s = post (stmt s)

F VTYPE-OF:STATEdecl. Vstmt:STATEMENTS. Vpre,post:IP[s].

{{pre}} stmt {{post}} € IP;
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Ocaml_stmta
Ocaml_stmtb
Ocaml_stmtc

0_begin df
O_begin

O_assign
O_compound_df
O_compound

O_compound_wf

O_compound_vf

O_condl1
O_cond_wf
O_matchil
O_for_df

O_for

0_for_wf
O_fordown_df

O_fordown

0_fordown_wf

O_while_df
O_while

Ocaml____
Ocaml__d
Ocaml__nd
Ocaml_end

Basic Ocaml statements

begin <stmts:stmts>end== O_begin(<stmts>)
begin stmts end == stmts

——————— Assignments only to states (see module Record) ———-—

<stmtl:statement>;<stmt2:statement>== O_compound(<stmti>; <stmt2>)

stmtl; stmt2 == As.stmt2 (stmtl s)
I VTYPE-OF :STATEdecl. Vstmtl,stmt2:STATEMENTS.
stmtl;stmt2 € STATEMENTS

- VTYPE-OF:STATEdecl. Vstmtl,stmt2:STATEMENTS. Vpre,post,posti:IP[s].

{{pre}} stmt1 {{posti}} A {{posti}} stmt2 {{post}}

= {{pre}} stmt1l; stmt2 {{post}}

—————————— Conditional (see Bool) - -
I VTYPE-OF:STATEdecl. Vstmtl,stmt2:STATEMENTS. Vcond:bool.
if cond then stmtl else stmt2 € STATEMENTS

—————————— Case Expressions (see Functions and Bindings) ---

FOR <i:var>=<el:int> to <e2:int> do
== 0_for(<el>; <e2>; <i>.<stmt>)
FOR i=el to e2 do stmt[i] done
== I(e2 - el) where I(&) =
when n = o < 0, before = I(a+1). 1Id
when o = 0. stmt[el]
when n = a > 0, before = I(a-1).
end where
I VTYPE-OF :STATEdecl. Vstmt:STATEMENTS. Vel,e2:int.
FOR i=el to e2 do stmt done € STATEMENTS
FOR <i:var>=<el:el> DOWNTO <e2:e2> DO <stmt:stmt> DONE
== 0_fordown(<el>; <e2>; <i>.<stmt>)
FOR i=el DOWNTO e2 DO stmt[i] DONE
== I(e2 - el) where I(&) =
when n = o < 0, before = I(a+1).
when o = 0. stmt[ell
when n = o > 0, before = I(x-1). Id
end where
I VTYPE-OF:STATEdecl. Vstmt:STATEMENTS. Vel,e2:int.
FOR i=el DOWNTO e2 DO stmt DONE € STATEMENTS

<stmt:stmt> done

before; stmt[el+n]

before; stmt[el+n]

WHILE <cond:bool> DO <stmt:stmt> DONE== O_while(<cond>; <stmt>)

WHILE cond DO stmt DONE
== Y (Awhile.if cond then stmt; while else Id )

% sk ok ok k kk *kk sk k k

*k END of theory OCAML *k
ok ok ok ok skokok ok ok ok ko sk dkoksk sk ok sk sk kok skokok *kok
*k

This article was processed using the IATpX macro package with LLNCS style
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