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Abstract. We present a matrix characterization of logical validity in the
multiplicative fragment of linear logic with exponentials. In the process
we elaborate a methodology for proving matrix characterizations correct
and complete. Our characterization provides a foundation for matrix-
based proof search procedures for MELL as well as for procedures which
translate machine-found proofs back into the usual sequent calculus.

1 Introduction

Linear logic [12] has become known as a very expressive formalism for reasoning
about action and change. During its rather rapid development linear logic has
found applications in logic programming [14, 19], modeling concurrent computa-
tion [11], planning [18], and other areas. Its expressiveness, however, results in
a high complexity. Propositional linear logic is undecidable. The multiplicative
fragment (MLL) is alreadyNP-complete [16]. The complexity of the multiplica-
tive exponential fragment (MELL) is still unknown. Consequently, proof search
in linear logic is difficult to automate. Girard’s sequent calculus [12], although
covering all of linear logic, contains too many redundancies to be useful for effi-
cient proof search. Attempts to remove permutabilities from sequent proofs [1,
10] and to add proof strategies [23] have provided significant improvements. But
because of the use of sequent calculi some redundancies remain. Proof nets [7],
on the other hand, can handle only a fragment of the logic.

Matrix characterizations of logical validity, originally developed as foundation
of the connection method for classical logic [2, 3, 5], avoid many kinds of redun-
dancies contained in sequent calculi and yield a compact representation of the
search space. They have been extended successfully to intuitionistic and modal
logics [24] and serve as a basis for a uniform proof search method [20] and a
method for translating matrix proofs back into sequent proofs [21, 22]. Resource
management similar to multiplicative linear logic is addressed by the linear con-
nection method [4]. Fronhöfer [8] gives a matrix characterization of MLL that
captures some aspects of weakening and contraction but does not appear to gen-
eralize any further. In [15] we have developed a matrix characterization forMLL
and extended the uniform proof search and translation procedures accordingly.

In this paper we present a matrix characterization for the full multiplicative
exponential fragment including the constants 1 and ⊥. This characterization
uses Andreoli’s focusing principle [1] as one of its major design steps and does



not appear to share the limitations of the previous approaches. Our approach
also includes a methodology for developing such a characterization. By introduc-
ing a series of intermediate calculi the development of a matrix characterization
for MELL becomes manageable. Each newly introduced calculus adds one com-
pactification principle and is proven correct and complete with respect to the
previous one. We expect that this methodology will generalize to further frag-
ments of linear logic as well as to a wide spectrum of other non-classical logics.

We first create a compact representation Σ′
1 of Girard’s sequent calculus [12]

by adopting Smullyan’s tableaux notation to MELL (Section 2). By introducing
the notion of multiplicities, i.e. an eager handling of contraction and a lazy
handling of weakening, we arrive at a dyadic calculus Σ′

2 which we then refine to
a triadic calculus Σ′

3 by removing redundancies which are due to permutabilities
(Section 3). In Section 4 we develop a calculus Σpos which operates on positions
in a formula tree instead of on the subformulas themselves. In order to express
the peculiarities of some connectives we insert special positions into the formula
tree. Finally, in Section 5, we arrive at the matrix characterization, technically
the most demanding but also the most compact of all calculi. Proofs are only
sketched briefly. Details can be found in the first author’s technical report [17].

2 Multiplicative Exponential Linear Logic

Linear logic [12] treats formulas like resources that disappear after their use
unless explicitly marked as reusable. Technically, it can be seen as the outcome
of removing the rules for contraction and weakening from the classical sequent
calculus and re-introducing them in a controlled manner. Linear negation ⊥ is
involutive like classical negation. The two traditions for writing the sequent rule
for conjunction result in two different conjunctions ⊗ and & and two different
disjunctions ...................................................

..............

.............................. and ⊕. The constant true splits up into 1 and > and false
into ⊥ and 0. The unary connectives ? and ! mark formulas for a controlled
application of weakening and contraction. Quantifiers ∀ and ∃ are added as usual.

Linear logic can be divided into the multiplicative, additive, and exponential
fragment. While in the multiplicative fragment resources are used exactly once,
resource sharing is enforced in the additive fragment. Exponentials mark for-
mulas as reusable. All fragments exist on their own right and can be combined
freely. The full power of linear logic comes from combining all of them.

Throughout this article we will focus on multiplicative exponential linear
logic (MELL), the combination of the multiplicative and exponential fragments,
leaving the additive fragment and the quantifiers out of consideration. ⊥, ⊗, ...................................................

..............

.............................. ,
−◦ , 1, ⊥, !, and ? are the connectives ofMELL. Linear negation ⊥ expresses the
difference between resources that are to be used up and resources to be produced.
F⊥ means that the resource F must be produced. Having a resource F1⊗F2

means having F1 as well as F2. F1−◦F2 allows the construction of F2 from F1.
F1

...................................................
..............
.............................. F2 is equivalent to F1

⊥−◦F2 and to F2
⊥−◦F1. Having a resource 1 has

no impact while nothing can be constructed when ⊥ is used up. A resource
!F acts like a machine which produces any number of copies of F . During the
construction of !F only such machines can be used. ? is the dual to !.
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〈A, +〉, 〈A,−〉 axiom
τ

τ
Υ

Υ, ω
ω

Υ, succ1(o)

Υ, o
o

Υ, succ1(α), succ2(α)

Υ, α
α

Υ1, succ1(β) Υ2, succ2(β)

Υ1, Υ2, β
β

Υ, succ1(ν)

Υ, ν
ν

ν, succ1(π)

ν, π
π

Υ

Υ, ν
w

Υ, ν, ν

Υ, ν
c

Table 1. Sequent calculus Σ′
1 for MELL in uniform notation

The validity of a linear logic formula can be proven syntactically by using a
sequent calculus. For multi-sets Γ and ∆ of formulas Γ −→ ∆ is called a sequent .
It can be understood as the specification of a transformation which constructs
∆ from Γ . The formulas in Γ are connected implicitly by ⊗ while the formulas
in ∆ are connected implicitly by ...................................................

..............

.............................. .
By adopting Smullyan’s uniform notation to MELL we receive a compact

representation of sequent calculi, which simplifies proofs about their properties.
A signed formula ϕ = 〈F, k〉 denotes an occurrence of F in ∆ or Γ . Depending
on the label F and its polarity k ∈ {+,−}, a signed formula will receive a type
α, β, ν, π, o, τ , ω, or lit according to the tables below. The functions succ1 and
succ2 return the major signed subformulas of a signed formula. Note that during
the decomposition of a formula the polarity switches only for ⊥ and −◦ . We
use type symbols as meta-variables for signed formulas of the respective type,
e.g. α stands for a signed formula of type α.
lit 〈A,−〉 〈A, +〉
τ 〈⊥,−〉 〈1, +〉
ω 〈1,−〉 〈⊥, +〉

α 〈F1⊗F2,−〉 〈F1
.........................................................
...................................... F2, +〉 〈F1−◦F2, +〉

succ1(α) 〈F1,−〉 〈F1, +〉 〈F1,−〉
succ2(α) 〈F2,−〉 〈F2, +〉 〈F2, +〉

β 〈F1⊗F2, +〉 〈F1
.........................................................
...................................... F2,−〉 〈F1−◦F2,−〉

succ1(β) 〈F1, +〉 〈F1,−〉 〈F1, +〉
succ2(β) 〈F2, +〉 〈F2,−〉 〈F2,−〉

o 〈F⊥,−〉 〈F⊥, +〉
succ1(o) 〈F, +〉 〈F,−〉

ν 〈!F,−〉 〈?F, +〉
succ1(ν) 〈F,−〉 〈F, +〉

π 〈?F,−〉 〈!F, +〉
succ1(π) 〈F,−〉 〈F, +〉

A sequent calculus Σ′
1 based on this uniform notation is depicted in table 1.

In a rule the sequents above the line are the premises and the one below the
conclusion. A principal formula is a formula that occurs in the conclusion but
not in any premise. Formulas that occur in a premise but not in the conclusion
are called active. All other formulas compose the context. Σ′

1 is shown correct
and complete wrt. Girard’s original sequent calculus [12] by a straightforward
induction over the structure of proofs.

In analytic proof search one starts with the sequent to be proven and reduces
it by application of rules until the axiom-rule or the τ -rule can be applied. There
are several choice points within this process. First, a principal formula must be
chosen. Unless the principal formula has type ν, this choice determines which
rule must be applied. If a β-rule is applied the context of the sequent must be
partitioned onto the premises (context splitting). Several solutions have been pro-
posed in order to optimize these choices [1, 10, 23, 6, 13]. Additional difficulties
arise from the rules axiom, τ , and π. The rules axiom and τ require an empty
context which expresses that all formulas must be used up in a proof. The π rule
requires that all formulas in the context are of type ν. Though the connectives
of linear logic make proof search more difficult they also give rise to new possi-
bilities. Some applications for linear logic programming are illustrated in [19].

171



a000, a0100
axiom

a000, o010
o

a000, ν01
ν

a0010, a′0100
axiom

a0010, o′010
o

a0010, ν′01
ν

π001, ν′01
π

β00, ν01, ν′01
β

β00, ν01
c

α0
α

lab(ϕ′) ϕ′

(A⊗!A)
.........................................................
...................................... ?(A⊥) α0

A⊗!A β00
A a000
!A π001
A a0010

?(A⊥) ν01, ν′01
A⊥ o010, o′010
A a0100, a′0100

Fig. 1. Example Σ′
1-proof.

Example 1. Figure 1 presents a Σ′
1-proof of ϕ = 〈(A⊗!A)...................................................

..............

.............................. ?(A⊥), +〉. We ab-
breviate subformulas ϕ′ of ϕ by position markers as shown in the table on the
right. The proof requires that the contraction rule c is applied before the β-rule.

3 N-adic Sequent Calculi for MELL
In this section we define two intermediate sequent calculi which are closely re-
lated to Andreoli’s dyadic calculus Σ2 and triadic calculus Σ3 [1] but differ in the
way structural rules are handled. While Andreoli uses a lazy strategy for both
contraction and weakening, our calculi Σ′

2 and Σ′
3, which are not intended for

proof search, are based on an eager strategy for contraction. Eager contraction
corresponds to the concept of multiplicities in matrix characterizations [24].

3.1 Dyadic Calculus

Θ : 〈A, +〉, 〈A,−〉 axiom
Θ : τ

τ
Θ : Υ, succ1(o)

Θ : Υ, o
o

Θ : Υ

Θ : Υ, ω
ω

Θ : Υ, succ1(α), succ2(α)

Θ : Υ, α
α

Θ1 : Υ1, succ1(β) Θ2 : Υ2, succ2(β)

Θ1, Θ2 : Υ1, Υ2, β
β

Θ, succ1(ν)µ(ν) : Υ

Θ : Υ, ν
ν

Θ : succ1(π)

Θ : π
π

Θ : Υ, ϕ

Θ, ϕ : Υ
focus

Table 2. Dyadic sequent calculus Σ′
2 for MELL in uniform notation

In sequent proofs there are two possible notions of occurrence of a formula
ϕ: an occurrence of ϕ as subformula in some formula tree or its occurrences
within a derivation. The difference between these two becomes only apparent
when contraction is applied. In MELL only formulas of type ν are generic,
i.e. may be contracted. Since we are aiming at a matrix characterization, we
apply contraction in an eager way. For this purpose we introduce a function µ
which determines the multiplicity of an occurrence of a formula, i.e. the number
of copies of that occurrence in a proof.1 Let Θ and Υ be multi-sets of signed
formulas. A dyadic sequent S = Θ : Υ has two zones which are separated by a
colon. Θ is called the unbounded zone and Υ the bounded zone of S.

The sequent calculus Σ′
2 for dyadic sequents depicted in table 2 employs

eager contraction. Derivations of a dyadic sequent S are defined with respect to
1 Wallen’s multiplicities for modal and intuitionistic logics are based on occurrences

within a formula tree [24]. Our notion respects the resource sensitivity of linear logic.
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a fixed multiplicity function µ. This function is important whenever the ν-rule is
applied. Additionally, Σ′

2 uses lazy weakening. There is no explicit weakening rule
but weakening is done implicitly in the rules axiom and τ . The π rule requires
that all context formulas are in the unbounded zone instead of requiring them
to have a specific type as in Σ′

1. A special rule focus moves a formula from the
unbounded into the bounded zone. A signed formula ϕ is derivable in Σ′

2 if · : ϕ
is derivable for some multiplicity, where · denotes the empty multi-set.

Theorem 1 (Completeness). Let P1 be a Σ′
1–proof for S1 = Υ, νc where νc

consists of all signed formulas of type ν in S1 to which the contraction rule is
not applied in P1. Then there is a multiplicity µ2 such that the dyadic sequent
S2 = succ1(νc) : Υ can be derived in Σ′

2.
2

Theorem 2 (Correctness). Let P2 be a Σ′
2–proof for S2 = Θ+

1 , Θ−
2 : Υ with

multiplicity µ2 where Θ+
1 and Θ−

2 contain only positive and negative signed
formulas, respectively. Then there exists a Σ′

1–proof P1 for the unary sequent
S1 = ?Θ+

1 , !Θ−2 , Υ .

3.2 Triadic Calculus

Θ : 〈A, +〉, 〈A,−〉 ⇑ · axiom
Θ : τ ⇑ · τ

Θ : Υ ⇑ Ξ

Θ : Υ ⇑ Ξ, ω
ω

Θ : Υ ⇓ succ1(o)

Θ : Υ ⇓ o
o ⇓ Θ : Υ ⇑ Ξ, succ1(o)

Θ : Υ ⇑ Ξ, o
o ⇑

Θ : Υ ⇑ Ξ, succ1(α), succ2(α)

Θ : Υ ⇑ Ξ, α
α

Θ1 : Υ1 ⇓ succ1(β) Θ2 : Υ2 ⇓ succ2(β)

Θ1, Θ2 : Υ1, Υ2 ⇓ β
β

Θ, succ1(ν)µ(ν) : Υ ⇑ Ξ

Θ : Υ ⇑ Ξ, ν
ν

Θ : · ⇑ succ1(π)

Θ : · ⇓ π
π

Θ : Υ ⇓ ϕ

Θ, ϕ : Υ ⇑ · focus1
Θ : Υ ⇓ ϕ

Θ : Υ, ϕ ⇑ · focus2
Θ : Υ, ϕ ⇑ Ξ

Θ : Υ ⇑ Ξ, ϕ
defocus

Θ : Υ ⇑ ϕ

Θ : Υ ⇓ ϕ
switch

In focus2 ϕ must not be of type lit or τ . In defocus ϕ must be of type
lit, τ , β, or π. In switch ϕ must be of type lit, τ , ω, α, or ν.

Table 3. Triadic sequent calculus Σ′
3 for MELL in uniform notation

During proof search in sequent calculi the order of some rule applications
may be permuted. For linear logic, the permutabilities and non-permutabilities
of sequent rules have been investigated in [1, 10]. Andreoli’s focusing principle [1]
allows to fix the order of permutable rules without losing completeness. A dis-
tinctive feature of this principle is that the reduction ordering is determined for
layers of formulas rather than for individual formulas. Let ϕ be a signed for-
mula, Ξ be a sequence and Θ and Υ be multi-sets of signed formulas. A triadic
sequent S = Θ : Υ ⇓ ϕ or S = Θ : Υ ⇑ Ξ has three zones. Θ is called the
unbounded zone, Υ the bounded zone, and ϕ or Ξ the focused zone. The sequent
is either in synchronous (⇓) or in asynchronous mode (⇑).
2 For convenience we extend functions and connectives to multi-sets of signed formulas.

succ1(�c) abbreviates {succ1(ν) | ν ∈ �c}, ?Θ denotes {〈?F , k〉 | 〈F, k〉 ∈ Θ}, etc.
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The sequent calculus Σ′
3 for triadic sequents depicted in table 3 employs the

focusing principle. Derivations are defined with respect to a fixed multiplicity
function µ. The multiplicity is important whenever the rule ν is applied. A signed
formula ϕ is derivable in Σ′

3 if the sequent · : ϕ ⇑ · is derivable for some µ.
In Σ′

3 there are two focusing rules, focus1 and focus2, which move a signed
formula into the focus. Both rules switch the sequent into synchronous mode.
Depending on the structure of the formula this enforces a sequence of rules to be
applied next. Since selection of these rules is deterministic, the permutabilities of
rule applications are removed from the search space. The matrix characterization
developed in this article exploits this focusing principle. However, it yields a
representation with even less redundancies than a calculus like Σ′

3 can.

Theorem 3 (Completeness). Let P2 be a Σ′
2–proof for S2 = Θ : Υ with

multiplicity µ2 and let Υ ′ be a linearization of Υ . Then there is a multiplicity µ3

such that the triadic sequent S3 = Θ : · ⇑ Υ ′ is derivable in Σ′
3.

Theorem 4 (Correctness). Let P3 be a Σ′
3–proof for S3 = Θ : Υ ⇑ Ξ (or

Θ : Υ ⇓ ϕ) with multiplicity µ3. Then there is a Σ′
2–proof P2 for the dyadic

sequent S2 = Θ : Υ, Ξ ′ (or Θ : Υ, ϕ) for some multiplicity µ2, where Ξ ′ is the
multi-set that contains the same signed formulas as the sequence Ξ.

4 A Position Calculus for MELL

r φM

r

Rr r ∈ {τ, a}

Rν
r r ∈ {β, π}

φE

r

ψM

ν ν

r

φM

ν ν

r

r

φE

π π

r

ψE

r

π

r

π

φM

r

ψE

Rπ
r r ∈ {α, ν, ω} Rπ

r r ∈ {β, π, τ, a}

β

r

β

ψM

φM

r

Rβ
r r ∈ {α, ν, ω}

β β

ψM

r

r

Rβ
r r ∈ {τ, a}

Rν
r r ∈ {τ, a}

Rα
r r ∈ {β, π, τ, a}

Rν
r r ∈ {α, ν, ω}

α

r

α

φM

r

ν

φE

r

r

ψM

ν

Fig. 2. Rules for inserting special positions into basic position trees

In the previous section we have used established techniques for removing re-
dundancies in the search space of a specific sequent proof. In order to reason
about logical validity as such, the non-classical aspects of sequent proofs must
be expressed in a more compact way. Wallen [24] uses prefixes of special posi-
tions for modal logics and intuitionistic logic. We adapt this approach to MELL
and introduce position calculi as intermediate step in the development of matrix
characterizations. We capture the difference between an occurrence of a formula
within a proof or as subformula by basic positions and positions.
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Basic Position Trees Let Vb be an arbitrary set of basic positions. The ba-
sic position tree for a signed formula ϕ is a directed tree Tb = (Vb, Eb) which
originates from a formula tree by inserting additional nodes.3 These nodes are
inserted by applying rewrite rules from figure 2 until none of them is applicable.
The functions succ1 and succ2 are redefined for basic position trees such that
succ1(bp) is the left and succ2(bp) the right successor of the node bp. For a basic
position bp ∈ Vb, the corresponding formula, main connective, signed formula,
polarity, and type can be retrieved by the functions lab, con, sform, pol , and
Ptype, respectively. For the inserted nodes we introduce new special types φM ,
ψM , φE , and ψE which are assigned according to the rewrite rules. For an in-
serted basic position of type φM , ψM , or φE the value of the functions lab, con,
and pol equals the value of the successor node and for type ψE it is the value of
the predecessor node. We use type symbols as meta-variables for basic positions
of the respective type and a as a meta-variable for basic positions of type lit.

A rewrite rule R can be applied to a tree T if its left hand side matches a
subtree T ′ of T . In this case T ′ is rewritten according to the pattern on the right
hand side of R. The dotted lines in the patterns match arbitrary subtrees that
contain only nodes of type o. A special case are the rules Ra and Rτ . They can
only be applied if there are just positions of type o between the root and the leaf.
The other rewrite rules separate layers of subformulas within a formula tree: Rt1

t2
inserts special positions wherever a subformula of type t1 has a subformula of
type t2. The rewrite system is confluent and noetherian.

Example 2. We illustrate the application of the rule Rα
β . Below, we have depicted

the formula tree T1 for 〈(A⊗!A)...................................................
..............
.............................. ?(A⊥), +〉. β00 is a successor of α0 with no

nodes in between. The subtree consisting of α0, β00, and the edge between them
matches the left hand side of Rα

β . The tree is rewritten to T2 and can further be
rewritten by applying Rβ

a , Rπ
a , and Rν

a. The resulting basic position tree is T3.

T1 T2 T3

a000

β00

π001

a0010 a0100

o010

ν01

α0

a0100

o010

ν01

α0

a000

β00

π001

a0010

φM
0

ψM
0000

a000000

π0001

ψE
00010

φM
000100

a0001000

β000

φM
00

φM
00000

α0

φE
010

ν01

φM
010000

a0100000

ψM
01000

o0100

p con(p)

α0
.........................................................
......................................

φM
00,β000 ⊗

π0001,ψE
00010 !

ν01 ?

φE
010

⊥

o0100
⊥

ψM
01000

⊥

Special positions represent the possible behavior of a layer within a deriva-
tion. Positions of type ψM and ψE are called constants while those of type φM

and φE are variables. Inserted variables express that the corresponding formula
may be part of the bounded (φM ) or unbounded (φE) zone. During a sequence of
3 We denote basic positions by strings over {0, 1}. 0 is the root position of a tree.

Extending a tree by 0 or 1 yields the basic position for the left or right successor node.

175



proof rule applications that ends with a constant position, a part of the context
may have to be of a specific type. The requirements of the π–rule, for instance,
are expressed by a ψE position.

Position Trees, Position Forests, and Position Sequents A position tree
for a signed formula wrt. a multiplicity µ is constructed from a basic position tree
by subsequently replacing subtrees of positions ν with µ(ν) = n with n copies
of that tree starting from the root. New positions are assigned to the copies.4

r r

φE

r

rψM

φE

r

φM

r

φM

rψM
r r ψM

r

φM

r

ψM

φMr

r φM

r

φE

φM

r

ψM

φM

r
RΥ

r r ∈ {α, ν, ω} RΥ
r r ∈ {β, π} RΥ

r r ∈ {τ, a} Rϕ
r r ∈ {α, ν, ω}

RΘ
r r ∈ {α, ν, ω} RΘ

r r ∈ {β, π} RΘ
r r ∈ {τ, a} RΞ

r r ∈ {β, π, τ, a}

Rϕ
r r ∈ {τ, a}

φM

r

o φM

r

o

ψM

φM

Fig. 3. Rules for inserting special positions into basic position forests

As formulas can be represented as formula trees, sequents can be represented
as sequent forests, i.e. collections of formula trees that are divided into different
zones. A basic position forest for a triadic sequent is a collection of basic position
trees which consists of three zones (unbounded, bounded, and focused) and has
a mode (⇓ or ⇑). The trees are modified by the rewrite rules in figure 3, which
modify trees only at their roots. The exponent of a rewrite rule defines the
zone in which it can be applied. RΘ

? , RΥ
? ,RΞ

? , and Rϕ
? can be applied to trees

in the unbounded zone, bounded zone, focused zone (mode ⇑) and focused zone
(mode ⇓), respectively. A position forest is a collection of position trees which
is divided into three zones, has a mode, and which is constructed from a basic
position forest together with a multiplicity. We use position sequent as well as
position matrix as a synonym for position tree. We denote trees by their roots
if the rest of the tree is obvious from the context. Note, that by the definition
of the rewrite rules a root in the unbounded zone is always of type φE . A root
in the bounded zone is of type φM . A root in the focused zone in mode ⇑ has a
type in {o, ω, α, ν, φM} and a root in mode ⇓ has a type from {o, β, π, ψM , ψE}.
Example 3. Position sequents can be represented graphically. Let φM

0 be the root
of a position tree which corresponds to 〈(A⊗!A)...................................................

..............

.............................. ?(A⊥), +〉 with multiplicity
µ(ν0001)=2. The position sequent for · : φM

0 ⇑ · is depicted in figure 4.
4 We denote positions by strings over {0, 1, 0m}

m∈IN. Positions in different copies of
a subtree are distinguished by their exponents.
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ψM
000000

a00000000

φM
0000000

β00000

φM
0000

π000001

ψE
0000010

φM
00000100

a000001000

ν0001

φE
000101

φM
000101000

a0001010000

φE
000102

φM
000102000

a0001020000

α000

ψM
00

• : φM
0 ⇑ •

ψM
00010100

o0001020

ψM
00010200

o0001010

p preM(p)

a00000000 φM
0 ψM

00φM
0000ψM

000000φM
0000000

a000001000 φM
0 ψM

00φM
0000ψE

0000010φM
00000100

a000101000 φM
0 ψM

00φE
000101

ψM
00010100

φM
000101000

a000102000 φM
0 ψM

00φE
000102

ψM
00010200

φM
000102000

Prefixes of leaves (see section 5)

Fig. 4. Position sequent for the sequent · : φM
0 ⇑ ·

Position Calculus A sequent calculus for position sequents is depicted in ta-
ble 4. Derivations of a position sequent S are defined with respect to a fixed
multiplicity function µ for S. The position calculus makes apparent that, as
pointed out earlier, inserted positions express how the context is affected in cer-
tain rules. The rewrite rules in figure 3 guarantee that the reduction of a position
sequent by a rule results again in a position sequent. In a proof, the mode of a
position sequent can be switched either by ψM or ψE . There is no defocus rule
as in Σ′

3 nor does the π rule cause a switch. Defocusing is done by the rules φM

and ν. For all other rules there is a corresponding rule in Σ′
3.

ΦE : φM
1 , φM

2 ⇑ ·
axiom

where Ptype(succ1(φ
M
1 )) = Ptype(succ1(φ

M
2 )) = lit,

lab(φM
1 ) = lab(φM

2 ), and pol(φM
1 ) 6= pol(φM

2 )

ΦE : ΦM ⇓ succ1(o)

ΦE : ΦM ⇓ o
o ⇓ ΦE : ΦM ⇑ Ξ, succ1(o)

ΦE : ΦM ⇑ Ξ, o
o ⇑

ΦE : ΦM ⇑ Ξ

ΦE : ΦM ⇑ Ξ, ω
ω

ΦE : φM
1 ⇑ ·

τ where Ptype(succ1(φ
M
1 )) = τ

ΦE : ΦM ⇑ Ξ, succ1(α), succ2(α)

ΦE : ΦM ⇑ Ξ, α
α

ΦE
1 : ΦM

1 ⇓ succ1(β) ΦE
2 : ΦM

2 ⇓ succ2(β)

ΦE
1 , ΦE

2 : ΦM
1 , ΦM

2 ⇓ β
β

ΦE : ΦM ⇓ succ1(π)

ΦE : ΦM ⇓ π
π

ΦE , succ1
1(ν), . . . , succ

µ(ν)
1 (ν) : ΦM ⇑ Ξ

ΦE : ΦM ⇑ Ξ, ν
ν

ΦE : ΦM ⇓ succ1(φ
E
1 )

ΦE , φE
1 : ΦM ⇑ ·

focus1
ΦE : ΦM ⇓ succ1(φ

M
1 )

ΦE : ΦM , φM
1 ⇑ ·

focus2

where Ptype(succ1(φ
M
1 )) /∈ {lit, τ}

ΦE : ΦM , φM
1 ⇑ Ξ

ΦE : ΦM ⇑ Ξ, φM
1

φM
ΦE : ΦM ⇑ succ1(ψ

M
1 )

ΦE : ΦM ⇓ ψM
1

ψM
ΦE : · ⇑ succ1(ψ

E
1 )

ΦE : · ⇓ ψE
1

ψE

Table 4. Position calculus Σpos for MELL in uniform notation

Theorem 5 (Completeness). Let P3 be a Σ′
3–proof for S3 = Θ : Υ ⇑ Ξ (or

S3 = Θ : Υ ⇓ ϕ) with multiplicity µ3. Then there is a multiplicity µ̃3 such that
the corresponding position sequent S̃3 is derivable in Σpos.

Theorem 6 (Correctness). Let P be a Σpos–proof for S = ΦE : ΦM ⇑ Ξ (or
S = ΦE : ΦM ⇓ ϕ) with multiplicity µ. Then there is a multiplicity µ̃ such that
the corresponding triadic sequent S̃ = sform(ΦE) : sform(ΦM ) ⇑ sform(Ξ) (or
S̃ = sform(ΦE) : sform(ΦM ) ⇓ sform(ϕ)) is derivable in Σ′

3.
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5 The Matrix Characterization for MELL
On the basis of the position calculus we can now develop a compact character-
ization of logical validity. For this purpose we extend the concept of position
forests by important technical notions, state the requirements for validity in
MELL, and prove them to be sufficient and complete. We then summarize all
the insights gained in this paper in a single characterization theorem.

Fundamental Concepts. A matrix characterization of logical validity of a
formula ϕ is expressed in terms of properties of certain sets of subformulas of ϕ.
We use positions to achieve a compact representation of ϕ and its subformulas.

A matrix M is a position forest, constructed from a basic position forest and
a multiplicity µ. The set of positions in a matrix M is denoted by Pos(M). The
set of axiom positions AxPos(M) contains all positions with principal type τ
or lit. The set of weakening positions WeakPos(M) contains all positions with
principal type ω and all positions of type ν with µ(ν) = 0. The set of leaf
positions is defined as LeafPos(M) = AxPos(M) ∪WeakPos(M). β(M) is the
set of all positions in Pos(M) of type β. The sets ΦM (M), ΨM (M), ΦE(M),
and ΨE(M) are defined accordingly. The set of special positions is defined as
SpecPos(M) = ΦM (M) ∪ ΨM (M) ∪ ΦE(M) ∪ ΨE(M).

A weakening map for M is a subset of ΦE(M) ∪WeakPos(M). This novel
concept is required because of the restricted application of weakening in MELL.

A path is a set of positions. The set Paths(T ) of paths through a position tree
T is defined recursively by
– P = {0}, the set containing the root of T , is a path through T .
– If P ∪ {p} is a path through T then the following are paths

P ∪ {succ1(p), succ2(p)} if Ptype(p) = α
P ∪ {succ1(p)} and P ∪ {succ2(p)} if Ptype(p) = β
P ∪ {succ1(p)} if Ptype(p) ∈ {o, π, φM , ψM , φE , ψE}
P ∪⋃

i≤µ(p){succi
1(p)} if Ptype(p) = ν, and µ(ν) > 0

The set of paths through a set of position trees Fs is defined recursively by
Paths(∅) = ∅,
Paths({T }) = Paths(T ), and
Paths({T } ∪ F ′s) = {P1 ∪ P2 | P1 ∈ Paths(T ), P2 ∈ Paths(F ′s)}.

The set of paths through a matrix is defined by
Paths(ΦE : ΦM ⇓ ϕ) = Paths(ΦE ∪ ΦM ∪ {ϕ}) and
Paths(ΦE : ΦM ⇑ Ξ) = Paths(ΦE ∪ ΦM ∪Ξ) .

A path of leaves through M is a subset of LeafPos(M). LPaths(M) denotes the
set of all paths of leaves through M. Since leaf positions are not decomposed in
the definition of paths, a path of leaves contains only irreducible positions.

A connection in a matrix M is a subset of AxPos(M). It is either a two-
element set {p1, p2} where p1 and p2 are positions with different polarity,
lab(p1) = lab(p2), and Ptype(p1) = lit = Ptype(p2), or a one-element set {p1}
with Ptype(p1) = τ . A connection C is on a path P if C⊆P .
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The prefix preM(p) of a position p ∈ Pos(M) is defined by

– preM(0) =
{

r0 if r = Ptype(0) ∈ {φM , ψM , φE , ψE}
ε otherwise

– preM(p′i) =
{

preM(p′)rp′i if r = Ptype(p′i) ∈ {φM , ψM , φE , ψE}
preM(p′) otherwise

If p1 ¿ p2, i.e. p1 is a predecessor of p2 in the position tree, then preM(p1)
is an initial substring of preM(p2). We denote this by preM(p1)∠preM(p2). The
prefixes of leaves of the example position sequent are displayed in figure 4.

A multiplicative prefix substitution is a mapping σM : ΦM → (ΦM∪ΨM )∗. An
exponential prefix substitution is a mapping σE : ΦE → (ΦM ∪ ΨM ∪ΦE ∪ ΨE)∗.
A multiplicative exponential prefix substitution is a mapping σ : (ΦM ∪ ΦE) →
(ΦM∪ΨM∪ΦE∪ΨE)∗ which maps elements from ΦM to strings from (ΦM∪ΨM )∗

only. Substitutions are extended homomorphically to strings and are assumed
to be computed by unification.

Complementarity. Matrix characterizations for classical [5] and non-classical
[24] logics are based on a notion of complementarity . Essentially this means
that every path through a matrix must contain a unifiable connection. These
requirements also hold for linear logic but have to be extended by a few additional
properties. We shall specify all these requirements now.

In the following we always assume M to be a matrix, C and W to be a set
of connections and a weakening map for M, and σ to be a prefix substitution.
– The spanning property is the most fundamental requirement. Each path of

leaves must contain a connection. A set of connections C spans a matrix M
iff for every path P ∈ LPaths(M) there is a connection C ∈ C with C ⊆ P .

– The unifiability property states that connected leaves must be made identi-
cal wrt. their prefixes. Furthermore, because of the restricted application of
weakening in MELL, that each position in a weakening map must be related
to a connection. 〈C,W〉 is unifiable if there exists a prefix substitution σ such
that (1) σ(preM(p1)) = σ(preM(p2)) for all C ∈ C and p1, p2 ∈ C and (2) for
all wp ∈ W there is some C = {p, . . . } ∈ C with σ(preM(wp))∠σ(preM(p)).
In this case σ is called a unifier for 〈C,W〉.
A unifier σ of 〈C,W〉 can always be modified to a unifier σ′ such that
σ′(preM(φE)) = σ′(preM(p)) holds for all φE ∈ W and some connection
C = {p, . . . } ∈ C. A grounded substitution σ′ is constructed from a substi-
tution σ by removing all variable positions from values. If σ is a unifier for
〈C,W〉 then the corresponding grounded substitution σ′ is a unifier as well.

– The linearity property expresses that no resource is to be used twice, i.e. con-
traction is restricted. A resource cannot be connected more than once and
cannot be connected at all if that part of the formula is weakened. 〈C,W〉 is
linear for M iff (1) any two connections C1 6= C2 ∈ C are disjoint and (2) no
predecessor φE of a position p in a connection C ∈ C belongs to the set W.

– The relevance property requires that each resource must be used at least once.
A resource is used if it is connected or weakened. 〈C,W〉 has the relevance
property for M if for p ∈ LeafPos(M) either (1) p ∈ C for some C ∈ C, or
(2) p ∈ W, or (3) some predecessor φE of p belongs to W.
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– The cardinality property expresses that the number of branches in a sequent
proof is adequate. It substitutes the minimality property in [8], which would
require a complicated test for MELL. A pair 〈C,W〉 has the cardinality
property for M if |C|+ ∑

φE∈W β(φE) = β(M) + 1.

Definition 1. A matrix M is complementary iff there are a set of connections
C, a weakening map W and a prefix substitution σ such that (1) C spans M, (2) σ
is a unifier for 〈C,W〉, and (3) 〈C,W〉 is linear for M and has the relevance and
cardinality properties. We also say that M is complementary for C, W, and σ.

The complementarity of a matrix ensures the existence of a corresponding Σpos-
proof. Each requirement captures an essential aspect of such a proof. Thus, there
are relations between basic concepts in matrix proofs and Σpos-proofs. Paths are
related to sequents. A connection on a path expresses the potential to close a
Σpos-branch by an application of axiom or τ which involves the connected posi-
tions. A weakening map W contains all positions which are explicitly weakened
by the rules ω and ν (for µ(ν) = 0) or implicitly weakened in axiom and τ . The
unifiability of prefixes guarantees that connected positions can move into the
same Σpos branch and that positions in W can be weakened in some branch.
Linearity and relevance resemble the lack of contraction and weakening for ar-
bitrary formulas, while cardinality expresses the absence of the rule of mingle,
i.e. a proof can only branch at the reduction of β-type positions.

Since complementarity captures the essential aspects of Σpos-proofs but no
unimportant details the search space is once more compactified. Problems like
e.g. context splitting at the reduction of β-type positions simply do not occur.

Soundness. The unifiability property requires that each position in a weakening
map W is related to some connection C ∈ C. Let AssSet(C) be the union of C
and the set of all positions in W which are related to C.

A matrix M can be seen as a collection of trees, i.e. a forest. Let T1 and
T2 be position trees in M. We add for each connection C edges which link all
positions in AssSet(C). In order to identify the connected components of the
resulting graph we define a relation AssRel by

AssRel(T1, T2) iff ∃C ∈ C.∃p1 ∈ Pos(T1), p2 ∈ Pos(T2).p1, p2 ∈ AssSet(C)
Let ∼ be the reflexive transitive closure of AssRel . A connected component in
M is a set of position trees which is an equivalence class of ∼.

We define a function FCons which reduces a set of connections C to those
connections C whose elements are contained within a certain position forest F .
We define FCons(F , C) = {C ∈ C | ∀p ∈ C.p ∈ Pos(F)} .

Theorem 7. Let 〈C,W〉 be linear and relevant for the matrix M and σ be a
unifier for 〈C,W〉. Then |β(F)| < |FCons(F , C)|+ ∑

φE∈W |β(φE)| holds for
any connected component F in M.
Theorem 7 is proven by induction over the size of β(F). In the induction step
one first shows that there is always a node of type β, the separator of a β–chain,
which can be removed such that the preconditions of the theorem hold. The
induction hypothesis can be applied after removing that node.
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Corollary 1. Let 〈C,W〉 be linear for the matrix M and have the relevance and
cardinality properties for M. Let σ be a unifier for 〈C,W〉. Then there is exactly
one connected component in M.

Lemma 1. Let 〈C,W〉 be linear for the matrix M and have the relevance and
cardinality properties for M = ΦE : ΦM ⇓ ψE

1 . Let σ be a grounded prefix
substitution which unifies 〈C,W〉. Then for any p ∈ LeafPos(M) there is a
string s such that σ(preM(p)) = ψE

1 .s holds.

Corollary 1 and lemma 1 show how the prefix substitution guarantees a
proper context management. Due to the definition of prefix substitutions the
multi-set ΦM in lemma 1 must be empty. This ensures that the rule ψE is
applicable in the constructed position calculus proof.

Theorem 8 (Correctness). If a matrix M is complementary for a set C of
connections, a weakening map W, and a substitution σ then there is a position
calculus proof P for M.
Proof. Define the weight of a matrix M by weighing the number of positions in M
and use well-founded induction wrt. the weight of matrices. In the induction step we
perform a complete case analysis of the structure of M. The difficult cases where β or
ψE must be applied is shown with the help of corollary 1 and lemma 1. The remaining
proof is tedious but straightforward. Details can be found in [17].

Completeness. For a Σpos-proof P of a matrixM we construct a set ConSet(P)
of connections, a weakening map WeakMap(P), and a relation @P⊆SpecPos(M)2.
The connections in ConSet(P) are constructed from applications of axiom and
τ in P. If axiom is applied on ΦE : φM

1 , φM
2 ⇑ · then {succ1(φM

1 ), succ1(φM
2 )} is

in ConSet(P). If τ is applied on a sequent ΦE : φM
1 ⇑ · then {succ1(φM

1 )} is in
ConSet(P). WeakMap(P) contains those elements of WeakPos(M) which are ex-
plicitly weakened by ω or ν and those elements from ΦE(M) which are implicitly
weakened in axiom or τ . @P resembles the order in which special positions are
reduced. We write p@Pp′ if p is reduced before p′, i.e. the reduction occurs closer
to the root of the proof tree P. For any proof P, @P is irreflexive, antisymmetric,
and transitive, thus an ordering and ¿ (for M) is a subordering of @P .

Lemma 2. Let M be a matrix, P be a position calculus proof for M, and
p1, p2 ∈ (ΨM (M) ∪ ΨE(M)) be positions in M with p1 6= p2. If there is a po-
sition p ∈ SpecPos(M) with p1@Pp and p2@Pp then either p1@Pp2 or p2@Pp1

holds.

We finally construct the substitution σP from @P . Let φ ∈ (ΦM (M) ∪ ΦE(M))
be a variable special position in M. We define σP(φ) = Z = ψ1 . . . ψn where the
string Z ∈ (ΨM (M) ∪ ΨE(M))∗ has the following properties.

– sortedness: ψi@Pψi+1 holds for all i ∈ {1, . . . , n− 1}.
– prior reduction: ψi@Pφ holds for all i ∈ {1, . . . , n}.
– exclusivity: p ¿ φ ⇒ p@Pψ1 holds for all p ∈ SpecPos(M).
– maximality: For any ψ∈ ΨM (M)∪ΨE(M) not in Z with ψ@Pφ exists a p¿φ

with ψ@Pp.
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According to the structure of Σpos-proofs, σP really is a prefix substitution. The
construction guarantees that for any φM ∈ ΦM holds σP ∈ (ΦM (M)∪ΨM (M))∗.

Theorem 9 (Completeness). Let P be a position calculus proof for a matrix
M. Then M is complementary for ConSet(P), WeakMap(P), and σP .
Proof. Each of the following properties is proven by induction over the structure of P.
(1) ConSet(P) spans M. (2) σP is a unifier for 〈ConSet(P),WeakMap(P)〉.
(3) 〈ConSet(P),WeakMap(P)〉 is linear, has the relevance property for M, and has
the cardinality property for M. The individual proofs are lengthy because induction
over P and case analysis is necessary. Details can be found in [17].

The Characterization. The characterization theorem proven in this section
is the foundation for matrix based proof search methods. It yields a compacti-
fied representation of the search space which can be exploited by proof search
methods in the same way as for other logics [20]. The method has been extended
uniformly to multiplicative linear logic, as shown in [15]. Along the same lines
an extension to MELL is possible.

Theorem 10 (Characterization Theorem). A formula ϕ is valid in MELL
if and only if the corresponding matrix is complementary for some multiplicity.
Proof. Correctness follows from theorems 8, 6, 4, 2, and the correctness of Σ′

1. Com-
pleteness follows from theorems 9, 5, 3, 1, and the completeness of Σ′

1.

Example 4. Let M be the matrix for ϕ = 〈(A⊗!A)...................................................
..............
.............................. ?(A⊥), +〉 from figure 4.

We choose C = {{a00000000, a0001020000}, {a000001000, a0001010000}}, W = ∅, and
σ = {φM

0000\ε, φM
0000000\ψM

00010200, φM
00000100\ψM

00010100, φE
000101\ψE

0000010,

φM
000101000\ε, φE

000102\ψM
000000, φM

000102000\ε} .

Then M is complementary for C, W, and σ. Consequently ϕ is valid in MELL.

6 Conclusion

We have presented a matrix characterization of logical validity for the full multi-
plicative exponential fragment of linear logic (MELL). It extends our characteri-
zation for MLL [15] by the exponentials ? and ! and the multiplicative constants
1 and ⊥. Our extension, as pointed out in [8], is by no means trivial and goes
beyond all existing matrix characterizations for fragments of linear logic.

In the process we have also outlined a methodology for developing matrix
characterizations from sequent calculi and for proving them correct and com-
plete. It introduces a series of intermediate calculi, which step-wisely remove re-
dundancies from sequent proofs while capturing their essential parts, and arrives
at a matrix characterization as the most compact representation for proof search.

If applied to modal or intuitionistic logics, this methodology would essentially
lead to Wallen‘s matrix characterization [24]. In order to capture the resource
sensitivity of linear logic, however, we have introduced several refinements. The
notion of multiplicities is based on positions instead of basic positions. Different
types of special positions are used. The novel concept of weakening maps makes
us able to deal with the aspects of resource management.
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Fronhöfer has developed matrix characterizations for various variations of the
multiplicative fragment [8]. Compared to his work for linear logic our charac-
terization captures additionally the multiplicative constants and the controlled
application of weakening and contraction. In fact, we are confident that our
methodology will extend to further fragments of linear logic as well as to other
resource sensitive logics, such as affine or relevant logics.

In the future we plan to extend our characterization to quantifiers, which
again is a non-trivial problem although much is known about them in other
logics. Furthermore, the development of matrix systems as a general theory of
matrix characterizations has become possible. These systems would include a
uniform framework for defining notions of complementarity and a methodology
for supporting the proof of characterization theorems. Matrix systems might also
enable us to integrate induction into connection-based theorem proving.

Matrix characterizations are known to be a foundation for efficient proof
search procedures for classical, modal and intuitionistic logics [20] andMLL [15].
We expect that these proof procedures can now be extended to MELL and a
wide spectrum of other logics, as soon as our methodology has led us to a matrix
characterization for them.
Acknowledgements. We would like to thank Serge Autexier for his patience
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