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The results of this paper extend those in Recursive Definitions in Type
Theory [2]. In that paper it was shown how recursive type definitions
could be could be given meaning in the framework of type theory. The
objects inhabiting the recursively defined types were all finite and no notion
of approximation was used. In the present paper we shall show how the
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Abstract

In this paper we show how infinite objects can be defined in a
constructive type theory. The type theory that we use is a variant
of Martin-Lof’s Intuitionistic Type Theory. We show how one can
express the intuition that infinite objects are understood through a
limiting process without having to introduce partial objects in the
theory. This means that we can adhere to the propositions-as-types
principle. The type of infinite objects thus contains only total ele-
ments. The approximation is expressed through a sequence of types
that approximate the type of infinite objects. We give two semantic
accounts of types of infinite objects. The first is lattice theoretic and
shows how these types can be understood as fixed points. The second
is category theoretic and shows the duality between types of infinte
objects and the ordinary recursive type definitions.
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type theoretic framework can be used to define types containing infinite
objects such as streams. The type theory we use is the NuPRL type theory
developed by Constable and Bates [1] which is essentially a variant of Per
Martin-Lof’s Intuitionistic Type Theory [4,5].

In domain theory [8] it is well known how to define domains containing
potentially infinite objects. The basic intuition behind the domain theo-
retic account of infinite objects is that they are limits of sequences of partial
objects. The domains containing the infinite objects thus necessarily also
contain partial objects. In particular, there is a single element called “bot-
tom” and written L which is an approximation to all other elements and a
member of all domains. In type theory a key principle is that propositions
may be viewed as types [3] and that the empty type void represents falsity.
If the domain theoretic account of infinite objects were literally mimiced in
type theory it would be impossible to have an empty type and the propo-
sitions as types principle would not be tenable. In this paper we describe
how to define proof rules which do describe types containing infinite ob-
jects (or lazy types as we often call them) and we give a semantic account
which gives a fixed point characterization of these types but which does not
require a notion of partial object. We shall also briefly sketch a category
theoretic explanation of the proof rules and point out the duality between
lazy types and the recursive types of [2]. A more complete account of the
category theoretic semantics is given in [6].

The basic notion from type theory is that a type is a method of con-
struction [5]. To specify a type we say how to construct its members and
what it means for two members of a type to be equal. Among the types are
those built from x for cartesian product, + for disjoint union, and — for
function space, allowing us to form types such as int x int, int x (int x int).
Recursive types arise when the method of construction is used in its own
description, as in “a tree over A is either a, or a triple (a,,,¢;) where ¢,
and ¢, are trees over A and a belongs to A.” We write such a type as
rec(t. A| (A x t xt)). In general we write rec(t,z.T;a) where T is an
expression which may use ¢(¢) and z. Such recursive types describe only
finite constructions over the types used in building T.

Potentially infinite objects are useful when we are considering a process
of generation, say as in producing a specific sentence according to the pro-
ductions of a context free grammar or in forming the sequence of moves



of a Turing machine. In these cases the sequence, say of elements from A,
can be defined also as a function f:N — A. But such a definition might be
very inefficient, causing recomputation of f(1),..., f(n) in order to define
f(n+1); it might also be inconvenient, causing us to compute a dependence
on n which is inessential to the process. Sometimes the generation process
appears to be quite arbitrary as in the sequenced of characters generated at
a terminal or as in a sequence of bits from a physical process. To account
for these streams one might want to go beyond generators specified as rules
to completely lawless sequences. In this paper we shall not consider lawless
sequences. It seems best to first understand the limitations imposed on the
theory, if any, by the requirement that all generators are given by rules.

Typically one specifies an infinite object such as a stream by using a
recursive equation. For example, the stream of 1’s can be defined by the
equation z = cons(l,z). Such equations are understood through an it-
erative process of unwinding the equation. This generative approach to
understanding infinite objects is embodied in our syntax for members of
the lazy type. As notation for elements of lazy types we introduce ele-
ments called generators denoted as gen(2.G). These belong to “infinite
recursive types” or “lazy types” denoted by inf(z.T). A stream of A’s
is written inf(z.A x z) and the generator producing an infinite list of a’s
is just gen(z.(a,2)). A generator produces its elements according to a
lazy evaluation mechanism given by the rule gen(z.G) = G[gen(2.G)/],
so gen(z.(a,2)) = (a,gen(z.(a,2))). It is important to note that the gen
notation just introduced does not define the canonical members of the lazy
types. We have merely introduced a convenient notation for the elements
of a lazy type. Indeed, since the gen forms can always be unwound they
are not canonical. The introduction rule below describes the canonical el-
ements. However, with lazy objects we cannot expect to have a notation
for the canonical elements, at best we can give a rule for describing the
element and that is exactly what the gen forms do.

The account of infinite objects to be described in section 2 is formal
and proof-theoretic. We give the rules for building snf(z.T) types and for
showing that elements belong to these types and rules for computing with
generators. In sections 3 and 4 we describe two semantic accounts of our
rules. In the first we use lattice theoretic ideas and define infinite recursive
types as fixed points and in the second we sketch a category theoretic
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explanation in terms of limits.

2 The Proof Rules

This section describes the proof rules for reasoning about lazy objects in
type theory. The intuition behind these rules is captured formally in the
semantic accounts presented in the later sections. The essential idea is that
lazy objects can be understood as fixed points in an appropriate lattice of
types. All the lazy types are built by refining a single type written O and
called box, which is a trivial type and plays a role analogous to L in the

category of domains.
The rules are written in refinement style: the main goal is written above

the subgoal(s).

2.1 Box Proof Rules

Formation
Ht O €U by intro
HtF o =0 €U by intro

The type O is a new type whose members are all closed canonical
terms and whose equality is trivial — all members are considered to be
equal. Thus this type is extensionally the same as a singleton type but
establishing membership in this type is trivial.

These rules express the fact that O is present in all universes.

Introduction
Htec O by intro (if e has canonical form)

Hleec O by intro using E
HtecE

These rules state that any member of any type is in O. In the second
rule the “using E” phrase specifies that the type of e is E; in other words,
E must be a type expression. Whether a term is canonical is a syntactic
question and therefore easily checked.
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HFe=¢ €O by intro
(if e and ¢' have canonical form)

HFe=¢ €0 by intro using E, E
HtecE
Hr-eekF

These rules state that the equality in the type O is trivial.

2.2 Lazy Type Proof Rules

The types of lazy or infinite objects are constructed by refining the mem-
bership and equality in the type O. Thus, in our proof rules, we mimic
the idea that an infinite object is built through a sequence of successive
approximations. Note that we are not doing this by introducing any “un-
defined” object or partial element. Since the type O has trivial membership
we can prove that larger and larger pieces of an infinite object are in the
appropriate approximate type, leaving the rest of the object as a member
of O. The introduction rule for a lazy type will thus have an inductive
character. Because we do not introduce any partial elements, the objects
that inhabit the lazy types are all total objects. This is in contrast to the
domain theoretic constructions where the domain of streams (for example)
contains all the partial streams in addition to the infinite streams.

The types of infinite objects are built using the new type constructor
inf. The syntax is of the general form inf(z.c), where z is a bound variable
and c¢ is an expression that may contain free occurrences of z. Such a type
expression can be read as the greatest solution to the fixed point equation
z = ¢. Members of the infinite type can have form gen(z.b). These can also
be viewed as solutions to fixed point equations of the form z = b.

There is a syntactic restriction on the free occurrences of z in inf(z.c):
£ may not occur free in left hand side of a function space type, in the argu-
ment of a function application, or in the principal argument(s) of the other
elimination forms. This restriction is the same as the restriction imposed
on recursive type definitions and prohibits impredicative definitions.

































